Zdravko Cvetkovski 



Theorems, Techniques 
and Selected Problems 


Inequalities 




Zdravko Cvetkovski 


Inequalities 

Theorems, Techniques 
and Selected Problems 


Springer 



Dipl. Math. Zdravko Cvetkovski 
Informatics Department 
European University-Republic of Macedonia 
Skopje, Macedonia 
zdrc vet @ gmail .com 


ISBN 978-3-642-23791-1 e-ISBN 978-3-642-23792-8 

DOI 10.1007/978-3-642-23792-8 

Springer Heidelberg Dordrecht London New York 

Library of Congress Control Number: 2011942926 

Mathematics Subject Classification (2010): 26D20, 97U40, 97Axx 

© Springer- Verlag Berlin Heidelberg 2012 

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is 
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting, 
reproduction on microfilm or in any other way, and storage in data banks. Duplication of this publication 
or parts thereof is permitted only under the provisions of the German Copyright Law of September 9, 
1965, in its current version, and permission for use must always be obtained from Springer. Violations 
are liable to prosecution under the German Copyright Law. 

The use of general descriptive names, registered names, trademarks, etc. in this publication does not 
imply, even in the absence of a specific statement, that such names are exempt from the relevant protective 
laws and regulations and therefore free for general use. 

Printed on acid-free paper 

Springer is part of Springer Science+Business Media (www.springer.com) 


Dedicated with great respect 
to the memory of Prof. Ilija Janev 




Preface 


This book has resulted from my extensive work with talented students in Macedo- 
nia, as well as my engagement in the preparation of Macedonian national teams for 
international competitions. The book is designed and intended for all students who 
wish to expand their knowledge related to the theory of inequalities and those fas- 
cinated by this field. The book could be of great benefit to all regular high school 
teachers and trainers involved in preparing students for national and international 
mathematical competitions as well. But first and foremost it is written for students — 
participants of all kinds of mathematical contests. 

The material is written in such a way that it starts from elementary and basic in- 
equalities through their application, up to mathematical inequalities requiring much 
more sophisticated knowledge. The book deals with almost all the important in- 
equalities used as apparatus for proving more complicated inequalities, as well as 
several methods and techniques that are part of the apparatus for proving inequalities 
most commonly encountered in international mathematics competitions of higher 
rank. Most of the theorems and corollaries are proved, but some of them are not 
proved since they are easy and they are left to the reader, or they are too compli- 
cated for high school students. 

As an integral part of the book, following the development of the theory in 
each section, solved examples have been included — a total of 175 in number — 
all intended for the student to acquire skills for practical application of previously 
adopted theory. Also should emphasize that as a final part of the book an exten- 
sive collection of 310 “high quality” solved problems has been included, in which 
various types of inequalities are developed. Some of them are mine, while the oth- 
ers represent inequalities assigned as tasks in national competitions and national 
olympiads as well as problems given in team selection tests for international com- 
petitions from different countries. 

I have made every effort to acknowledge the authors of certain problems; there- 
fore at the end of the book an index of the authors of some problems has been 
included, and I sincerely apologize to anyone who is missing from the list, since 
any omission is unintentional. 

My great honour and duty is to express my deep gratitude to my colleagues Mirko 
Petrushevski and Dorde Baralic for proofreading and checking the manuscript, so 
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that with their remarks and suggestions, the book is in its present form. Also 1 want 
to thank my wife Maja and my lovely son Gjorgji for all their love, encouragement 
and support during the writing of this book. 

There are many great books about inequalities. But I truly hope and believe that 
this book will contribute to the development of our talented students — future na- 
tional team members of our countries at international competitions in mathematics, 
as well as to upgrade their knowledge. 

Despite my efforts there may remain some errors and mistakes for which 1 take 
full responsibility. There is always the possibility for improvement in the presen- 
tation of the material and removing flaws that surely exist. Therefore I should be 
grateful for any well-intentioned remarks and criticisms in order to improve this 
book. 

Skopje Zdravko Cvetkovski 
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Chapter 1 

Basic (Elementary) Inequalities 
and Their Application 


There are many trivial facts which are the basis for proving inequalities. Some of 
them are as follows: 

1. If x > y and y > z then x > z, for any x, y, z 6 R. 

2. If x > y and a > b then x + a > y + b, for any x, y, a,b el. 

3. If x > y then x + z > y + z, for any x, y, jei. 

4. If x > y and a > b then xa > yb, for any x, y e or a, b € R + . 

5. If x e R. then x 2 > 0, with equality if and only if x = 0. More generally, for 

Aj e R + and x,- e K, i = 1, 2, . . . , n holds Aix 2 + A 2 X 2 H + A n x 2 > 0, with 

equality if and only if x\ = xi = • • • = x n = 0. 

These properties are obvious and simple, but are a powerful tool in proving inequal- 
ities, particularly Property 5, which can be used in many cases. 

We’ll give a few examples that will illustrate the strength of Property 5. 

Firstly we’ll prove few “elementary” inequalities that are necessary for a com- 
plete and thorough upgrade of each student who is interested in this area. 

To prove these inequalities it is sufficient to know elementary inequalities that 
can be used in a certain part of the proof of a given inequality, but in the early 
stages, just basic operations are used. 

The following examples, although very simple, are the basis for what follows 
later. Therefore I recommend the reader pay particular attention to these examples, 
which are necessary for further upgrading. 

Exercise 1.1 Prove that for any real number x > 0, the following inequality holds 

1 

x H — >2. 
x 

Solution From the obvious inequality (x — l) 2 > 0 we have 
x 2 — 2x + 1 > 0 x 2 +1>2x, 

and since x > 0 if we divide by x we get the desired inequality. Equality occurs if 
and only if x — 1 = 0, i.e. x = 1 . 


Z. Cvetkovski, Inequalities, 

DOI 10.1007/978-3-642-23792-8_l, © Springer- Verlag Berlin Heidelberg 2012 


1 


2 


1 Basic (Elementary) Inequalities and Their Application 


Exercise 1.2 Let a, b e M + . Prove the inequality 

a b 
- + - > 2 . 
b a 

Solution From the obvious inequality ( a — b ) 2 > 0 we have 

1 t a 2 + b 2 a b 

a 1 — 2 ab + b z > 0 44 a 2 +b~ > 2 ab 44 >2 44 — | — >2. 

b a 

Equality occurs if and only if a — b = 0, i.e. a — b. 


Exercise 1.3 (Nesbitt’s inequality) Let a. b, c be positive real numbers. Prove the 
inequality 


a 


3 

> 

b + c c + a a + b 2 


b c 

+ + 


Solution According to Exercise 1.2 it is clear that 

a+b b + c a + c c + b b + a a + c 


+ 


+ 


+ 


b + c a + b c + b a + c a + c 
Let us rewrite inequality (1.1) as follows 


+ 


>2 + 2 + 2 = 6 . 


( 1 . 1 ) 


i.e. 


a + c 


b+c c+b 


2a 


b + c 


1 


c+b b+a 

1 

a+c a+c 

2b 


b+c a+c 


> 6 , 


c + a 


2c 

1 + + 1 > 6 

a + b 


3 

> 

b+c c + a a+b 2 


a b c 

+ + ■ 


a s required. 

Equality ■ 
easily we deduce a — b — c. 


Equality occurs if and only if«±| = ^,3±c = £±|,|±| = «±4, from where 


The following inequality is very simple but it has a very important role, as we 
will see later. 


Exercise 1.4 Let a,b,c e R. Prove the inequality 

a 2 + b 2 + c 2 > ab + be + ca . 

Solution Since (a — b ) 2 + (b — c) 2 + (c — a) 2 > 0 we deduce 

2(a 2 + b 2 + c 2 ) >2(ab + be + ca) 44 a 2 + b 2 + c 2 > ab + be + ca. 
Equality occurs if and only if a — b — c. 
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As a consequence of the previous inequality we get following problem. 
Exercise 1.5 Let a,i),ceR. Prove the inequalities 

3 (ab + bc + ca) < (a + b + c) 2 < 3 (a 2 + b 2 + c 2 ). 


Solution We have 


3 (ab + be + ca) = ab + be + ca + 2 (ab + be + ca) 

£ a^ T b~ - c 2 -\~ 2 (ab T be T ca) — (a 4- b T c)~ 

= a 2 + b 2 + c 2 + 2 (ab + be + ca) 

< a 2 + b 2 + c 2 + 2 (a 2 + b 2 + c 2 ) = 3 (a 2 + b 2 + c 2 ). 

Equality occurs if and only if a = b = c. 


Exercise 1.6 Let x, y, z > 0 be real numbers such that x + y + z = L Prove that 

VfoTT -|- yj 6y + 1 -f VfeTT L 3\/3. 

Solution Let V 6jc + 1 = a, + 1 = b, sjbz + 1 = c. 

Then 


a 2 + b 2 + c 2 = 6(x + y + z) + 3 = 9. 


Therefore 


(a + b + c) 2 < 3(a 2 + b 2 + c 2 ) = 27, i.e. a + b + c < 3V3. 


Exercise 1.7 Let a, b, c e R. Prove the inequality 

a 4 + b 4 + c 4 > abc(a + b + c). 
Solution By Exercise 1.4 we have that: If x, y, z e R. then 
x 2 + y 2 + z 2 > xy + yz + zx. 


Therefore 

a 4 + b 4 + c 4 > a 2 b 2 + b 2 c 2 + c 2 a 2 = (ab) 2 + (be) 2 + (ca) 2 

> (ab)(bc) + (bc)(ca) + (ca)(ab) — abc(a + b + c). 

Exercise 1.8 Let a, b, c e R. such that a + b + c > abc. Prove the inequality 

a 2 + b 2 + c 2 > V3 abc. 
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Solution We have 

(a 2 + b 2 + c 2 ) 2 = a 4 + b 4 + c 4 + 2 a 2 b 2 + 2 b 2 c 2 + 2 c 2 a 2 

= a 4 + b 4 + c 4 + a 2 {b 2 + c 2 ) + b 2 {c 2 + a 2 ) + c 2 (a 2 + b 2 ). 

( 1 . 2 ) 

By Exercise 1.7, it follows that 

a 4 + b 4 + c 4 > abc{a + b + c). (1.3) 

Also 

b 2 + c 2 > 2bc, c 2 +a 2 >2ca, a 2 + b 2 >2ab. (1.4) 

Now by (1.2), (1.3) and (1.4) we deduce 

(i a 2 + b 2 + c 2 ) 2 > abc{a + b + c) + 2 a 2 bc + 2 b 2 ac + 2 c 2 ab 

= abc(a + b + c) + 2 abc(a + b + c) — 3 abc(a + b + c). (1.5) 

Since a + b + c > abc in (1.5) we have 

(a 2 + b 2 + c 2 ) 2 > 3 abc(a + b + c) > 3 (abc) 2 , 


i.e. 


a 2 + b 2 + c 2 > \Fbabc. 
Equality occurs if and only if a — b — c = V 3. 


Exercise 1.9 Let a, b, c > 1 be real numbers. Prove the inequality 

111 1 

abc ~\~ — |- — -I - — a b ~\~ c ~\~ . 

abc abc 

Solution Since a,b,c > 1 we have a > l, b > 1, c > i.e. 



After multiplying we get the required inequality. 


Exercise 1.10 Let a, b, c, d be real numbers such that a 4 + b 4 + c 4 + d 4 = 16. Prove 
the inequality 

a 5 + b 5 + c 5 + d 5 < 32. 


Solution We have a 4 < a 4 + b 4 + c 4 + d 4 = 16, i.e. a <2 from which it follows 
that a 4 (a — 2) < 0, i.e. a 5 < 2a 4 . 

Similarly we obtain b 5 < 2b 4 , c 5 < 2c 4 and d 5 < 2d 4 . 


1 Basic (Elementary) Inequalities and Their Application 


5 


Hence 

a 5 + b 5 + c 5 + d 5 < 2 (a 4 + b 4 + c 4 + d 4 ) = 32. 

Equality occurs iff a = 2, b — c = d = 0 (up to permutation). 

Exercise 1.11 Prove that for any real number x the following inequality holds 

x l2 -x 9 +x 4 -x+ 1 >0. 

Solution We consider two cases: x < 1 and x > 1. 

(1) Let x < 1 . We have 

x 12 -x 9 + x 4 -x + l=x 12 + (x 4 - x 9 ) + (1 - x). 

Since x < 1 we have 1 — x > 0 and x 4 > x 9 , i.e. x 4 — x 9 > 0, so in this case 
x 12 — x 9 + x 4 — x + 1 >0, 

i.e. the desired inequality holds. 

(2) For x > 1 we have 

x 12 — x 9 + x 4 — X + 1 = x 8 (x 4 — x) + {x 4 — x) + 1 

= (x 4 — x)(x 8 + 1) + 1 —x(x 3 — l)(x 8 + 1) + 1. 

Since x > 1 we have x 2, > 1, i.e. x 2, — 1 > 0. 

Therefore 

.v 12 - JC 9 + x 4 - x + 1 > 0, 

and the problem is solved. 

Exercise 1.12 Prove that for any real number x the following inequality holds 

2x 4 + 1 > 2x 2 + x 2 . 

Solution We have 

2x 4 + 1 — 2x 2 — x 2 = 1 — x 2 — 2x 3 (1 - x) = (1 - x)(l + x) - 2x 3 (l - x) 
— (1 — x)(x + 1 — 2x 3 ) — (1 — t)(a'(1 — x 2 ) + 1 — v 3 ) 
= (1 - X) (v(l - x)(l +*) + (1 — X ) ( 1 +x +X 2 )^ 

= (1 —x) ((1 -x)(x(l +x) + 1 + x + x 2 )j 
= (1 — x) 2 ((x + l) 2 + x 2 ) > 0. 


Equality occurs if and only if x — 1 . 
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Exercise 1.13 Let x, y e R. Prove the inequality 

x 4 + y 4 + 4 xy + 2 > 0. 

Solution We have 

x 4 + y 4 + 4 xy + 2 = (x 4 — 2 x 2 y 2 + y 4 ) + (2x 2 y 2 + 4 xy + 2) 

= (x 2 - y 2 ) 2 + 2 (xy + l) 2 > 0, 

as desired. 

Equality occurs if and only if x — 1 , y = — 1 or x — — 1 , y = 1 . 

Exercise 1.14 Prove that for any real numbers x, y. z the following inequality holds 

x 4 + y 4 + z 2 + 1 > 2 x(xy 2 - x + z + 1). 

Solution We have 

x 4 + y 4 + z 2 + 1 - 2 x(xy 2 -x + z+1) 

= (x 4 — 2 x 2 y 2 + x 4 ) + (z 2 — 2xz + x 2 ) + (x 2 — 2x + 1) 

= (T 2 - v 2 ) 2 + (x - z) 2 + (x - l) 2 > 0, 

from which we get the desired inequality. 

Equality occurs if and only if x = y = z = 1 or x = z = 1 , y = — 1 . 

Exercise 1.15 Let x, y, z be positive real numbers such that x + y + z = 1. Prove 
the inequality 

1 

xy + yz + 2zx < - . 

Solution We will prove that 

2xy + 2yz + 4zx < (x + y + z) 2 , 

from which, since x + y + z = 1 we’ll obtain the required inequality. 

The last inequality is equivalent to 

x 2 + y 2 + z 2 - 2zx > 0, i.e, (x - z) 2 + y 2 > 0, 

which is true. 

Equality occurs if and only if x = z and y = 0, i.e. x = z = y = 0. 

Exercise 1.16 Let a,b e R + . Prove the inequality 

a 2 + b 2 + 1 > ay/ b 2 + 1 + by/ a 2 + 1. 
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Solution From the obvious inequality 

(a - Vb 2 + l) 2 + (b- Vfl 2 + l) 2 > 0, (1.6) 

we get the desired result. 

Equality occurs if and only if 

a — \/b 2 + 1 and b = y/ a 2 + 1 , i.e. a 2 = b 2 + 1 and b 2 — a 2 + 1 , 

which is impossible, so in (1.6) we have strictly inequality. 

Exercise 1.17 Let x, y, z e R + such that x + y + z = 3. Prove the inequality 

Vx + y/y + \/z>xy + yz + zx. 


Solution We have 

3(x + y + z) = (x + y + z) 2 — x 2 + y 2 + z 2 + 2 (xy + yz + zx). 
Hence it follows that 

xy + yz + zx = ^(3x - x 2 + 3y - y 2 + 3z- z 2 ). 

Then 

x/x + y/y + yfz - (xy + yz + zx) 

= sfx + y/y + yfz + ^(x 2 - 3x + y 2 - 3y + z 2 - 3 z) 

= -((x 2 - 3x + 2y/x) + (y 2 - 3y + 2 y/y) + (z 2 - 3z + 2 y/z)) 

= ^(x/x(Vx- l) 2 (\/x + 2) + y/y (y/y — 1) 2 (V7 + 2) 

+ l) 2 (V^ + 2))>0, 

i.e. 


\fx + yfy + s[z>xy + yz + zx. 



Chapter 2 

Inequalities Between Means (with Two and 
Three Variables) 


In this section, we’ll first mention and give a proof of inequalities between means, 
which are of particular importance for a full upgrade of the student in solving tasks 
in this area. It ought to be mentioned that in this section we will discuss the case 
that treats two or three variables, while the general case will be considered later in 
Chap. 5. 


Theorem 2.1 Let a, b e R + , and let us denote 

a + b 


QM = 
Then 


7" + b 2 


AM = 


2 ’ 


GM = s/ab and HM = 


QM > AM > GM > HM. 
Equalities occur if and only if a — b. 


I+l' 

a ^ b 


(2.1) 


Proof Firstly we’ll show that QM > AM. 
For a, b e R + we have 

(a -b) 2 > 0 

a 2 + b 2 > lab <£> 

O 2 (fl 2 + b 2 ) >{a + b ) 2 


2(o 2 


+ b 2 ) > a 2 

a 2 + b 2 
2 


+ 

> 


b 2 + lab 






Equality holds if and only if a — 


a + b 
1 

b = 0, i.e. a — b. 
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2 Inequalities Between Means (with Two and Three Variables) 


Furthermore, for a. b e R + we have 


(y/a — Vb) 2 > 0 a + b — 2y/ab>0 


a + b 
2 




So AM > GM, with equality if and only if 

y/a — Vb — 0, i.e. a = b. 


Finally we’ll show that 


GM > HM, i.e. y/^b > -. 

1x1 
a ^ b 

We have 

, — / — n / — 2 \J a b I — 2cib 

(Va- vi)"> 0 a + b>2Vab <£> 1> V ab > 

“a + Z? ~ a + b 

Vflfc > -j r. 

a ^ b 

Equality holds if and only if «Ja — ~Jb — 0, i.e. a — b. □ 

Remark The numbers QM, AM , GM and HM are called the quadratic, arithmetic, 
geometric and harmonic mean for the numbers a and b, respectively; the inequalities 
(2.1) are called mean inequalities. 

These inequalities usually well be use in the case when a, b e R + . 

Also similarly we can define the quadratic, arithmetic, geometric and harmonic 
mean for three variables as follows: 


QM = 


j- + b~ + c 2 


AM = 


a + b + c 


GM = -s/ a he and 


HM = 


i + i + r 

a ' b ' c 


Analogous to Theorem 2.1, with three variables we have the following theorem. 


Theorem 2.2 Let a, b, c e R + , and let us denote 



AM = 


a + b + c 
3 


HM — j 

a 


3 

T 

b 


1 ' 

c 


GM = y/ abc and 
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QM > AM > GM > HM. 


Equalities occur if and only if a — b = c. 


Over the next few exercises we will see how these inequalities can be put in use. 

Exercise 2.1 Let x, y, z e R + such that x + y + z = 1. Prove the inequality 

xy yz zx 

— + — + — > 1. 
z X y 

When does equality occur? 


Solution We have 


xy yz zx 1 f xy vz\ 1 f yz zx\ 1 / zx xy\ „ s 

— + - + — = + H + 0 - + — +o - + — • ( 2 - 2 ) 

z x y 2 \ z x J 2\ x y J 2 \ y z / 


Since AM > GM we have 


1 (xy_ yz\ > lxy_yz = 

2 V z x ) V z x 


Analogously we get 


1 / vz z.v\ , 1 f zx xy\ 

2[ l 7 + j)- z and 2(7 + t)- x - 


Adding these three inequalities we obtain 


XV vz zx 

— + : 1 >x + y + z= l. 

z x y 

Equality holds if and only if ^ = = y , i-e- x = y = z. Since x + y + z = 1 we 

get that equality holds iff x = y — z = 1/3. 

Exercise 2.2 Let x, y, z > 0 be real numbers. Prove the inequality 

x z - z z v — z - y 

1 1 > 0 . 

y + z z + x x + y 


When does equality occur? 


Solution Let a = x + y,b = y + z,c = z + x. 
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Then clearly a, b, c > 0, and it follows that 


x~ — z 1 2 * y~ — x 2 zr — y 2 (a — b)c ( b — c)a (c — a)b 

+ - + — = - — b — + — 


y + z 


z + x 


x + y 


ac ba cb 

= — — I 1 (a + b + c). 

b c a 


(2.3) 


Similarly as in Exercise 2. 1 , we can prove that for any a,b,c > 0 


ac ba cb 

— H 1 >a + b + c. 

b c a 


(2.4) 


By (2.3) and (2.4) we get 


2 9 2 1 2 1 

X - Z" y -X- z - y 
+ + ■ 


y + z 


z + x 


x + y 


ac ba cb 

= b H — — {a + b + c) ^ (t? ~b b -b c) — {a + b + c) = 0. 

b c a 

Equality occurs iff we have equality in (2.4), i.e. a = b = c, from which we deduce 
that x = y — z. 

Exercise 2.3 Let a, b, c e R + . Prove the inequality 


a+ -Vc+ - I > 8. 


When does equality occur? 

Solution Applying AM > GM we get 


1 „ fa 

a + — > 2 / — , 
b - V b 


1 b 

b+-> 2J-, 

c VC 


c + ->2^ 

a V a 


Therefore 


fl + 0( fe+ c)( c+ «)- 8 vfv7V^ -8 - 

Equality occurs if and only ifa = ^ , /; = ^ , c = 2 j e « — i — c = from which 
we deduce that a — b = c = 1 . 


Exercise 2.4 Let a,fe,cbe positive real numbers. Prove the inequality 




+ 


foe 


+ 


ca 


a + b + 2c b + c + 2a c + a + 2b 


< 


a + b + c 


4 
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Solution Since AM > HM we have 

ab ab ab ( 1 1 

= < — I y 

a + b + 2c {a + c) + (b + c) 4 \a + c b + c 

Similarly we get 

be be ( 1 1 \ , ca ca ( 1 1 \ 

< — I ~y I and < — I ) . 

b + c + 2a 4 \a + b a + c J c + a +2b 4 \ a + £> b + c J 

By adding these three inequalities we obtain the required inequality. 

Exercise 2.5 Let x,y,z be positive real numbers such that x + y + z — L Prove the 
inequality 

xy + yz + zx > 9 xyz. 


Solution Applying AM > GM we get 

xy + yz + zx = (xy + yz + zx)(x + y + z) > 3^ (xy)(yz)(zx) ■ 3^/xyz = 9 xyz. 

Equality occur if and only if x — y = z = j • 

Exercise 2.6 Let a, b, c e R + such that a 2 + b 2 + c 2 — 3. Prove the inequality 

1 1 13 

1 _ 1 _ > — . 

1 ab 1 + be 1 + ca 2 

Solution Applying AM > HM and the inequality a 2 + b 2 + c 2 > ab + be + ca, we 
get 

111 9 93 

1 1 > > = 

1 + ab 1 + be 1 + ca 3 + ab + be + ca 3 + a 2 + b 2 + c 2 2 


Exercise 2.7 Let a, b, c be positive real numbers. Prove the inequality 


a + b b + c 
+ • 


c + a 


3V2. 


Solution We have 




3 6 j (a + b)(b + c)(c + a) 
V abc 


A>G 

> 



= 3V2. 
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Equality occurs if and only if a — b = c. 


Exercise 2.8 Let x,y,z be positive real numbers such that 
the inequality 

(x — 1 ) (v — l)(z — 1) > 8. 
Solution The given inequality is equivalent to 

' x — 1\ (y — 1\ (z — 1 


l.i.i 


> 


xyz 


- + - = 1 . Prove 

y z 


,_!)(, .!)(,. 1)> A. 

xj\ yj\ z) xyz 

From the initial condition and AM > GM we have 


(2.5) 


111 11 2 

1 = — I — > 2 / — = — — . 

x y z y y z s/yz 

Analogously we obtain 1 — - > - 2 = and 1 — - > — == . 

& J y ~ s/zx z — Jxy 

If we multiply the last three inequalities we get inequality (2.5), as required. 
Equality holds if and only ifx = y = z = 3. 

Exercise 2.9 Let x, y, z e IR + such that x + y + Z = 1. Prove the inequality 

x 2 + v 2 y 2 + z 2 z 2 +x 2 


Solution We have 


x 2 + y- v 2 + z 2 z 2 + x 2 
^ + : + 

z x y 

XV „yz „zx „(xy y z zx 

>2— + 2— + 2— = 2 — + — H 

z x y \ z x y 

„/l ( xy yz\ 1 ( xy zx\ 1 / vz zx 

= 2 (2(t + t) + 2(t + 7) + 2(t + 7 


> 2 I Jy 2 + Vx 2 + Vz 2 I = 2(x + y + z) = 2. 


Exercise 2.10 Let x.y.ze R + such that xvz = 1 . Prove the inequality 

x 2 + y 2 + z 2 + xy + yz + zx 


Vx + Vy + V^ 


> 2 . 
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Solution We have 


x 2 + y 2 + z 2 + xy + yz + zx x 2 + yz + y 2 + zx + z 2 + xy 


-Jx + Jy + v'z 


+ Vy + Vz 

2 jx 2 yz + 2 jxy 2 z + 2^/xyz 2 

v* + yy+Vz 

2(Vx + yy+ Vz) 


yy+yy+Vz 

Equality occurs if and only if x = y = z = 1 . 

Exercise 2.11 Let a,b,c e R + . Prove the inequalities 


= 2 . 


9abc 


ab~ 


+ 


bc~ 


+ 


i 2 a 2 + b 2 + c 2 


2 (a + h + c) a + b b + c c + a 2 

Solution Since AM > HM and from the well-known inequality 


ab + be + ca < a 2 + b 2 + c 2 , 


we get 


ab 2 be 2 ca 2 

+ 


1 


1 1 

■ + 


a + b b + c c + a \/b 2 + \/ab l/c 2 +l/bc \/a 2 + \/ca 
b 2 + ab c 2 + be a 2 + ca 

a 2 + b 2 + c 2 + ab + be + ca 


< 


2 (a 2 + b 2 + c 2 ) a 2 + b 2 + c 2 


It remains to show the left inequality. 
Since AM > GM we have 

ab 2 be 2 ca 2 

+ + > 


3 abc 


a + b b + c c + a ^(a + b)(b + c)(c + a) 
Therefore it suffices to show that 


3 abc 


> 


9 abc 


y (a + b)(b + c)(c + a) 2{a + b + c) ’ 


i.e. 


2 (a + b + c) > 3^/ (a + b){b + c)(c + a), 
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2 Inequalities Between Means (with Two and Three Variables) 


which is true, since 

2 (a + b + c) = (a + b) + (b + c) + (c + a) > 3^/ ( a + b)(b + c)(c + a ). 

The following exercises shows how we can use mean inequalities in a different, 
non-trivial way. 

Exercise 2.12 Prove that for every positive real number a,b,c we have 

a 2 b 2 c 2 

— H 1 >a + b + c. 

b c a 


Solution 1 From AM > GM we have 

a 2 


— + b > 2. — ■ b — 2a. 
b \ b 


Analogously we get 


b~ c 2 

\- c >2b and \- a >2c. 

c a 


After adding these three inequalities we obtain 


a 2 b 2 c l 

— — I 1 b(fl + ^ + c)> 2 (a + b + c), 

b c a 


a 1 b l c z 

— H 1 >a + b + c. 

b c a 


Equality occurs if and only if a = b = c. 


Solution 2 Observe that 

a 2 b 2 c 2 a 2 — ab - 


— H 1 — 

b c a 


b 2 b 2 - be + c 2 

— + + 


c 2 — ca T - a 2 


b c 

r 2 , ,,2 


Since for any x, y e M, we have x l — xy + y z > xy, by (2.6) we get 


( 2 . 6 ) 


a 1 b z c~ ab be ca 

— — I 1 > — — I 1 = a + b + c. 

b c a b c a 

Exercise 2.13 Let x,y,z be positive real numbers. Prove the inequality 


3 3 3 

X 3 

b ; 1 >x + y + z. 

yz zx xy 
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Solution Since AM > GM we have 


x ,/X° 

\- y + z > 3,/ — ■ y ■ z — 3x. 

yz V yz 


Similarly we have 


— + Z + x>3y and - — hx + y>3z. 
zx " xy 

After adding these inequalities we get the required result. 
Equality holds if and only if x — y — z- 

Exercise 2.14 Let a,b,c e R + . Prove the inequality 

abc 1 

(1 + a)(a + b)(b + c)(c + 16) — 81 


Solution We have 


(1 + a){a + b)(b + c)(c + 16) 



Thus 

abc 1 

(1 + a)(a + b)(b + c)(c + 16) — 81 

Exercise 2.15 Let x,y e R + such that x + y — 2. Prove the inequality 

x 3 y 3 (x 3 + y 3 ) < 2. 

Solution Since AM > GM we have ^fxy < — 1 , i.e. xy < 1 . 

Hence 0 < xy < 1 . 

Lurthermore 

x 3 y 3 (x 3 + y 3 ) = (iy) 3 (x + y)(x 2 - xy + y 2 ) = 2 (xy) 3 ((x + y) 2 - 3 xy) 
— 2(xy) 3 (4 — 3xy). 

It’s enough to show that 

(xy) 3 (4 — 3xy) < 1. 

Let xy = z then 0 < z < 1 and clearly 4 — 3z > 0. 
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Then using AM > GM we obtain 


z J (4 - 3z) = z ■ z ■ z ( 4 - 3 z) < 




= 1 , 


as required. 

Equality occurs if and only if z = 4 — 3z, i.e. z = 1, i.e. x = y = 1. (Why?) 


Exercise 2.16 Let a. h. c, d be positive real numbers such that a + b + c + d — 4. 
Prove the inequality 

1111 

+ Tt 7 H — s 7 H — t; 7 > 2. 


■ + 1 b 2 + 1 c 2 + 1 d 2 + 1 


Solution We have 


= 1 


a 2 + 1 a 2 + 1 


> 1 = 1 - 

~ 2a 2 


Similarly we get 

1 


1 c 

. >1 , -= >1 and 

b 2 + l ~ 2 c 2 + l ~ 2 


After adding these inequalities we obtain 

1111 

+ 


1 d 

d 2 + 1 “ 2 ' 


; + 1 b 2 + 1 c 2 + 1 d 2 + 1 


a + b + c + d 

>4 =4-2 = 2. 


Equality occurs if and only if a — b = c — 1. 



Chapter 3 

Geometric (Triangle) Inequalities 


These inequalities in most cases have as variables the lengths of the sides of a given 
triangle; there are also inequalities in which appear other elements of the triangle, 
such as lengths of heights, lengths of medians, lengths of the bisectors, angles, etc. 
First we will introduce some standard notation which will be used in this section: 

• h a , hj,, h c — lengths of the altitudes drawn to the sides a, b, c, respectively. 

• t a , tb, t c — lengths of the medians drawn to the sides a, b. c, respectively. 

• la, Ip, ly — lengths of the bisectors of the angles a , /l, y, respectively. 

• P — area, s — semi-perimeter, R — circumradius, r — inradius. 

Furthermore we will give relations between the lengths of medians and lengths of 
the bisectors of the angles with the sides of a given triangle. 

Namely we have 


t 2 = 


b 2 + c 2 a 2 


~T’ tr '~ 


2 a 2 + c 2 b 2 
b 


4 ’ tc 


t 2 + b 2 c 2 


and 


,2 , ((* + c )' “ a ) 

L = bc- 


l 2 = ab 


( b + c) 2 

(( a + b ) 2 - c 2 ) 

(fl + b ) 2 


2 ((a + c)- - b~) 

Lo — ac- 


( a + c ) 2 


We can rewrite the last three identities in the following form 


/ 


2 

a 


= 4 be 


— a) 

( b + c) 2 ’ 


= 4 ac 


s(s — b ) 
(a + c) 2 ’ 


= 4 ab 


s(s — c) 

(i a + b ) 2 ’ 


Also we note that the following properties are true, and we’ll present them with- 
out proof. (The first inequality follows by using geometric formulas and mean in- 
equalities, and the second inequality immediately follows, for instance, according 
to Leibniz’s theorem.) 


Z. Cvetkovski, Inequalities, 
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3 Geometric (Triangle) Inequalities 


Proposition 3.1 For an arbitrary triangle the following inequalities hold 
R>2r and a 2 + b 2 + c 2 <9R 2 . 


Basic inequalities which concern the lengths of the sides of a given triangle are 
well-known inequalities: a + b > c, a + c>b,b + c>a. 

But also useful and frequent substitutions are: 

a—x + y, b = y + z, c = z+x, where x, y, z > 0. (3.1) 

The question is whether there are always positive real numbers x, y, z, such that the 
above identities (3.1) hold and a, b, c are the sides of the triangle. 

The answer is positive. 

Namely x,y,z are tangent segments dropped from the vertices to the inscribed 
circle of the given triangle. 

From (3.1) we easily get that 

a + c — b a+b—c c+b—a 


and then clearly x, y, z > 0. 

Remark The substitutions (3.1) are called Ravi’s substitutions. 


Exercise 3.1 Let a , b, c be the lengths of the sides of given triangle. Prove the 
inequalities 


3 a b 

2 ~ b + c c + a 


c 

a + b 


< 2 . 


Solution Let’s prove the right-hand inequality. 

Since a + b > c we have 2 (a + b)>a + b + c, i.e. a + b > s. 
Similarly we get b + c > s and a + c > s. 

Therefore 


a b 

+ 


c a b c 
< — I 1 — = 2. 


b + c a + c b + a s s s 
Let’s consider the left-hand inequality. 

If we denote b + c = x,a + c = y,a + b = z then we have 


z + y - x 


b — 


z + x —y 


x + y - z 


Hence 


a b c 

+ + ■ 


b + c a + c b + a 


z+y-x + z+x-y , x+y-z 


2x 


2y 


2 z 
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i.e. 

a b c 

1 b 7 

b + c a + c b + a 
as required. 


1 

2 


/ z y z x 

I — I 1 1 b 

\x x y y 



1 3 

— -( 2+2 + 2 — 3 ) = -, 


Remark The left-hand inequality is known as Nesbitt's inequality, and is true for 
any positive real numbers a, b and c (Exercise 1.3). 


Exercise 3.2 Let a, b, c be the side lengths of a given triangle. Prove the inequality 

1119 

1 H > -• 

s — a s — b s — c s 

Solution Since AM > HM we have 

111 9 9 

b + ^ — — . 

s — a s — b s — c (s — a) + (s — b) + (s — c) s 

Equality occurs if and only if a — b — c. 

Exercise 3.3 Let .v and r be the semi-perimeter and inradius, respectively, in an 
arbitrary triangle. Prove the inequality 

s > 3rV3. 


Solution 1 We have 

2s — a + b + c > 3 l/abc = 3 4^4 PR — 3v^ 4-srR > 3v^ 8 sr 2 , 


i.e. 


■s > 


or 

s > 3rV3. 

Equality occurs if and only if a — b — c. 


Solution 2 We have 


s (s - a) + (s - b) + (s - c) am^gm r — — 

- = ^ > V( s-a)(s-b)(s-c). 


(3.2) 


Also 

p 2 s 2y2 

(s — a)(s — b)(s — c) = — = = sr 2 . (3.3) 

s s 
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By (3.2) and (3.3) we obtain 

s > ?rs/ sr 2 , i.e. s > 3\/3 r. 

Equality occurs if and only if a — b = c. 

Exercise 3.4 Let a, b, c be the side lengths of a given triangle. Prove the inequality 
{a + b — c)(b + c — a)(c + a — b) < abc. 

Solution 1 We have 

a 2 > a 2 — (b — c) 2 = (a + b — c)(a + c — b). 

Analogously 

b 2 > (b + a — c)(b + c — a) and c 2 > (c + a — b)(c + b — a). 

If we multiply these inequalities we obtain 

crb 2 c 2 >(a+b — c) 2 {b + c — a) 2 (c + a — b) 2 

abc > (a + b — c)(b + c — a)(c + a — b). 

Equality holds if and only if a = b — c, i.e. the triangle is equilateral. 

Solution 2 After setting a=x + y,b = y + z, c = z + x, where x,y, z > 0, the 
given inequality becomes 

(x + y)(y + i)(z + x) > 8xyz. 

Since AM > GM we have 

(x + y)(y + z)(z + x) > 2^/xy ■ 2 Jyz ■ 2^/zx = 8 xyz, 

as required. Equality occurs if and only if x = y = z i.e. a — b = c. 

Remark This inequality holds for any a,b,c e R + (Problem 47). 

Exercise 3.5 Let a, b, c be the side lengths of a given triangle. Prove the inequality 

a 2 + b 2 + c 2 < 2 (ab + be + ca). 

Solution Let a = x + y, b = y + z, c = z + x, x, y, z > 0. 

Then we have 

(x + y) 2 + (y + z) 2 + (z + x) 2 


< 2((x + y)(y + z) + (y + z)(z + x) + (z + x)(x + y)) 
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or 


which is clearly true. 


xy + yz + zx > 0, 


Exercise 3.6 Let a, b, c be the side lengths of a given triangle. Prove the inequality 
8 (a + b — c){b + c — a)(c + a — b) < (a + b)(b + c)(c + a). 


Solution Since AM > GM we have 

(a + b)(b + c)(c + a) > 2Vab2\fbc2sfca — 8 abc. 
So, it suffices to show that 

8 abc > 8(a + b — c)(b + c — a)(c + a — b). 


i.e. 

abc > (a + b — c)(b + c — a)(c + a — b), 

which is true by Exercise 3.4. 

Equality occurs if and only if a — b = c. 


Exercise 3.7 Let a, b, c be the lengths of the sides of a triangle. Prove the inequality 

1111 1 1 

— H 7 H — L 7 h t 1 -■ 

abc a+b—c b+c—a c+a—b 

Solution Since AM > HM we have 


if— 1 — 

2 \a + b — c 
Similarly we deduce 


+ 


1 

b + c — a 


2 

> 

a + b — c + b + c — a 


1 

b 


1/1 1 \ 1 1/1 1 \ 1 

— ( + I 7 — and — | d - I 

2 \a + b — c c + a — b) a 2 \b + c — a c + a — b) c 

Adding these inequalities we get the required inequality. 

Equality occurs if and only if a = b — c. 


Exercise 3.8 Let ABC be a triangle with side lengths a, b, c and AA \ B\ C \ with 
side lengths a+%,b+^,c+j. Prove that Pi >§ P, where P is the area of A ABC, 
and Pi is the area of AA\B\C\. 


Solution By Heron’s formula for A ABC and A A \ B \ C \ we have 

16P 2 = (a + b + c)(a + b — c)(b + c — a)(a + c — b) 
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and 


9 3 

1 6 / | = — (a + b + c)(—a + b + 3 c)(—b + c + 3 a)(—c + a + 3b). 

Since a, b and c are the side lengths of triangle there exist positive real numbers 
p, q, r such that a = q + r,b = r + p,c = p + q. 

Now we easily get that 


P 2 I6pqr 

P 2 3(2/7 + q)(2q + r)(2r + p) 


(3.4) 


So it suffices to show that 


(2/7 + q)(2q + r)(2r + p) > 27 pqr. 

Applying AM > QM we obtain 

(2/7 + q)(2q + r)(2r + p) = (p + p + q)(q + q + r)(r + r + p) 
> 3 ^1 p 2 q ■ 3 ^Jq 2 r ■ 3-^ r 2 p = 27 pqr. 
By (3.4) and (3.5) we get the desired result. 


(3.5) 


Exercise 3.9 Let a,b,c be the lengths of the sides of a triangle. Prove that: if 
2 (ab 2 + be 2 + ca 2 ) = a 2 b + b 2 c + c 2 a + 3 abc then the triangle is equilateral. 


Solution We’ll show that 

a 2 b + b 2 c + c 2 a + 3 abc > 2 (ab 2 + be 2 + ca 2 ), 

with equality if and only if a — b — c, i.e. the triangle is equilateral. 

Let us use Ravi’s substitutions, i.e. a=x + y,b = y + z,c = z + x. Then the 
given inequality becomes 

X 3 + y 3 + z 3 + X 2 y + y 2 z + Z 2 x > 2 (x 2 z + y 2 x + z 2 y). 

Since AM > GM we have 

x 3 + z 2 x > 2x 2 z, y 3 + x 2 y > 2 y 2 x, z 3 + y 2 z > 2z 2 y. 

After adding these inequalities we obtain 

x 3 + y 3 + z 3 + x 2 y + y 2 z + z 2 x > 2(x 2 z + y 2 x + z 2 y). 


Equality holds if and only if x = y = z, i.e. a = b = c, as required. 
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Exercise 3.10 Let a, b, c be the side lengths, and a, /l, y be the respective angles 
(in radians) of a given triangle. Prove the inequalities 

tc aa + bB + cy n 

— < < — . 

3 a + b + c 2 

Solution First let’s prove the left inequality. 

We can assume that a >b>c and then clearly a > p >y. 

So we have 

(a - b)(a - P) + (b - c)(j3 - y) + (c - a)(y — a) > 0 

2(aa + bfi + cy) > (b + c)a + (c + a)/ 6 + (a + b)y , 

i.e. 

3 (aa + bfi + cy) > (a + b + c)(a + P + /). 

Hence 

aa + bp + cy a + P + y Jt 
a + b + c ~ 3 3 

Equality occurs if and only if a — b — c. 

Let’s consider the right inequality. 

Since a , b and c are side lengths of a triangle we have a+b + c> 2a, a + b + c> 
2b and a + b + c > 2c. 

If we multiply these inequalities by a, p and y , respectively, we obtain 
(a + b + c)(a + P + y) > 2 (aa + bp + cy), 
i.e. 

aa + bp + cy a + p + y tt 
a + b + c 2 2 




Chapter 4 

Bernoulli’s Inequality, the Cauchy-Schwarz 
Inequality, Chebishev’s Inequality, Suranyi’s 
Inequality 


These inequalities fill that part of the knowledge of students necessary for prov- 
ing more complicated, characteristic inequalities such as mathematical inequalities 
containing more variables, and inequalities which are difficult to prove with already 
adopted elementary inequalities. These inequalities are often used for proving dif- 
ferent inequalities for mathematical competitions. 


Theorem 4.1 (Bernoulli’s inequality) Let xi,i — 1,2, ... ,n, be real numbers 
with the same sign, greater then — 1 . Then we have 

(1 +Xi)(l + x 2 ) • ■ ■ (1 +x n ) > 1 + x\ + x 2 H bx„. (4.1) 


Proof Well prove the given inequality by induction. 

For n — 1 we have 1 + x\ > 1 + xi . 

Suppose that for n — k, and arbitrary real numbers x,- > — 1 , i — 1,2 , ,k, with 
the same signs, inequality (4.1 ) holds i.e. 

(1 T x i ) ( 1 + x 2 ) ■ ■ • (1 + X*) > 1 +xi +x 2 4 F X*. (4.2) 

Let n = k + 1 , and x; > — 1, i — 1,2 , ,k + 1 , be arbitrary real numbers with 
the same signs. 

Then, since xi , x 2 , . . . , Xk+\ have the same signs, we have 

(xi + x 2 H b xk)xk+i > 0. (4.3) 

Hence 

(1 + Xl)(l + X 2 ) ■ ■ ■ (1 + Xifc + l) 

(4.2) 

> (1 + X'1 + X 2 + • ■ • + Xfc)(l + Xk+l) = 1 + XI + X 2 + • • • + Xlc + Xk+1 

(4.3) 

+ (xi + X 2 + • • • + Xk)Xk+l > 1 + Xl + X 2 + • • • + X/t+l , 
i.e. inequality (4.1) holds for n — k + 1, and we are done. □ 
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4 Bernoulli’s Inequality, the Cauchy-Schwarz Inequality 


Corollary 4.1 (Bernoulli’s inequality) Let n e N and x > — 1. Then 
(1 + x) n > 1 + nx. 


Proof According to Theorem 4.1, for xi = X 2 = ■ ■ ■ = x„ = x, we obtain the re- 
quired result. □ 


Definition 4.1 We’ll say that the function f(x i,X2, ■■■, x n ) is homogenous 
with coefficient of homogeneity k, if for arbitrary fel,f/l,we have 

f(tXi,tX 2 , ■ • • , tX n ) — t k f(x i,X 2 , ...,x n ). 


x 2, 2 

Example 4.1 The function fix. y) = 2x f y is homogenous with coefficient 1, since 


f(tx,ty) = 


t-x^ + t-y _ { x z + y 2 
2 tx + ty 2x + y 


= t- f{x,y). 


The function fix, y, z) = x 2 + xy + 3 z is not homogenous. 

If we consider the inequality fix \ , X2 x n ) > g (x \ , x' 2 , ■ ■ ■ , x n ) then for this 

inequality we’ll say that it is homogenous if the function 

h(xi, X 2 , . . . , x n ) = fix \,X2, ■ ■ ■ , x n ) — gix i,X 2 , . . . , x n ) is homogenous. 


In other words, a given inequality is homogenous if all its summands have equal 
degree. 


Example 4.2 The inequality x 2 + y 2 + 2 xy > z 2 + yz is homogenous, since all 
monomials have degree 2. 

The inequality a 2 b + b 2 a < a 2 + ’ is also homogenous, but the inequality a 5 + 
b 5 + 1 > 5abil — ab) is not homogenous. 

In the case of a homogenous inequality, without loss of generality we may as- 
sume additional conditions, which can reduce the given inequality to a much sim- 
pler form. In this way we can always reduce the number of variables of the given 
inequality. This procedure of assigning additional conditions is called normaliza- 
tion. An inequality with variables a, b, c can be normalized in many different ways; 
for example we can assume a + b + c = l,or abc — 1 or ab + be + ca — 1, etc. The 
choice of normalization depends on the problem and the available substitutions. 

Example 4.3 Let us consider the homogenous inequality a 2 + b 2 + c 2 > ab + 
be + ca. We may use the additional condition abc = 1. The reason is explained 
below. 

Suppose that abc = k 2 . 

Let a = kx, b — ky and c = kz\ then clearly xyz — 1 and the given inequality 
becomes x 2 + y 2 + z 2 > xy + yz + zx, which is the same as before. Therefore the 
restriction xyz = 1 doesn’t change anything in the inequality. 
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Alternatively, we can assume a + b + c — 1 or we can assume ab + be + ac = 1, 
etc. 

In general if we have a homogenous inequality then without loss of generality 
we may assign an additional condition such as: abc, a + b + c, ab + be + ca, etc. 
to be whatever non-zero constant (not necessarily 1) that we choose. 

In the case of a conditional inequality, there is a procedure somewhat opposite 
to normalization. With this procedure (known as homogenization) the given condi- 
tion can be used to homogenize the whole inequality. After that, the newly acquired 
homogenous inequality can be normalized with some additional condition. For suc- 
cessful homogenization many obvious substitutions can be helpful. 

For example, if we have abc = 1 then we can take a — '^,b — \,c— |,ifwe 

have a + b + c — 1 then we can take a = , x , , b = , - v , , c — , z , and if 

x+y+z ’ x+y+z ’ x+y+z 

a 2 + b 2 + c 2 = 1 we can take a — — j ==== , b = r — — 


x 2 +y 2 +z 2 ’ *Jx 2 +y 2 +z 2 ’ x 2 +y 2 +z 2 

Example 4.4 Consider the following conditional inequality 

xy + yz + zx > 9 xyz, when x + _y + z = 1 ■ 

Obviously, the given inequality is not homogenous. 

We can homogenize it as follows: since x + y + z= lby taking 
abc 

y-- 


, etc. 


a + b + c ’ 
the inequality becomes 

ab be 


a + b + c 


+ 


> 


a + b + c 
9 abc 


(a + b + c) 2 (a + b + c) 2 (a + b + c ) 2 (a + b + c) 3 


i.e. 


(a + b + c)(ab + be + ca) > 9 abc. 

Now it is homogenous and can be further normalized with abc = 1, which reduces 
it to the inequality 

(i ab + be + ca)(a + b + c) >9. 

The last inequality is true since 

(ab + be + ca)(a + b + c) — a 2 b + a 2 c + b 2 a + b 2 c + c 2 b + c 2 a + 3 abc 

a a b b c c 

— — h — H 1 1 f“7+3 

c b c a a b 

a c a b b c 

= 1 h 7 H 1 f~7+3 

c a b a c b 

>24-2 + 2 + 3 = 9 


Theorem 4.2 (Cauchy-Schwarz inequality) Let a\, 02 , ■ ■ . ,a n and b \.bi. 
. . . , b n be real numbers. Then we have 




> 



2 
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i.e. 


(a 2 + a 2 4“ ‘ ‘ ■ + a f)(b 2 + 4“ ‘ ‘ ‘ 4“ b 2 ) > (fli^i + 02^*2 + • • • + o. n bf) 2 ■ 

Equality occurs if and only if the sequences (ai,a 2 ,.. 

. . . , b„) are proportional, i.e. = • • • = jf. 

. , a n ) and (b \ , £> 2 , 


Proof 1 The given inequality is equivalent to 

+aj H b a , 7 • yjb\ + b\ -\ b b 1 - > \a\b\ + fl 2^2 H fa n ^nl- (4.4) 

Let A = ^Jal + aj- \ b fl 2 , B = ^Jb\ + bj-\ 1 -b\. 

If A = 0 then clearly a\ = aj = • • ■ = a„ = 0, and inequality (4.4) is true. 

So let us assume that A, B > 0. 

Inequality (4.4) is homogenous, so we may normalize with 

a i 4" a 2 4" ' " ' 4" a n = 1 = b\ + b 2 + • • • + b 2 , (4.5) 

i.e. we need to prove that 

+ < 72^2 H a„b n \ < 1, with conditions (4.5). 

Since QM > GM we have 


\aib\ +a 2 b 2 H \-a n b n \ < \a\bi\ + |a2&2l H b \a n b„\ 

^ a\ + b\ aj+bj al + bl 

2 2 2 
(a 2 + a? + • • • + a 2 ) + (b^ + & 2 4" ■ • • + (?))) 


= 1, 


as required. 

Equality occurs if and only if ^ = || = • • • = ^ . (Why?) 


□ 


Proof 2. Consider the quadratic trinomial 

n n n n n 

YfciiX — bi) 2 = ^(a 2 x 2 — 2 cijbiX + bf) = x 2 ^ af — 2x ^ a ( &; + ^ Z? 2 . 

i=l i=l i=l i=l i=l 

This trinomial is non-negative for all x e M, so its discriminant is not positive, i.e. 

-'(t*) 


W= 1 


\i = 1 


\i=l 




W=1 


Si=l 


W=1 


as required. 
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Equality holds if and only if — bj — 0 ,i = 1,2 i.e. jr = tr = 


Now we’ll give several consequences of the Cauchy-Schwarz inequality which 
have broad use in proving other inequalities. 


Corollary 4.2 Let a, b, x . y be real numbers and x, y > 0. Then we have 

\2 „2 7.2 „2 /„ I I „\2 


a~ b~ (a + b) 


a 2 b 2 
(!)— + — > 
x y 


b c (a + Z? + c) 


x + y 


a 2 b 2 c 2 

( 2 ) — + - + - > 

y z 


x + y + z 


Proof (1) The given inequality is equivalent to 

y(x + y)a 2 + x(x + y)b 2 >xy(a + b) 2 , i.e. (ay — bx) 2 > 0, 

which is clearly true. 

Equality occurs iff ay = bx i.e. y — y- 

(2) If we apply inequality from the first part twice, we get 

a 2 b 2 c 2 ( a + b ) 2 c 2 (a + b + c) 2 

1 1 > 1 > . 

x y z x + y z x + y + z 

Equality occurs iff | = | | . □ 

Also as you can imagine there must be some generalization of the previous corol- 
laries. Namely the following result is true. 


Corollary 4.3 Let a\, a 2 , ■ ■ ■ , a n ; b\, b 2 , ■ ■ ■ , b n be real numbers such that 
b\, b 2 , . ■ ■ , b n >0. Then 

a? ay a 2 (ai+(72H h a,,) 2 

— + — H b — > , 

b i i>2 b„ bi+b2-\ b b n 

with equality if and only if ^ = • • • = ^ . 

Proof The proof is a direct consequence of the Cauchy-Schwarz inequality. □ 


Corollary 4.4 Let a i , 02 , ... ,a n \b i, b 2 , ■ ■ ■ , b n be real numbers. Then 



> y / (fli + c ?2 + • • • + a n ) 7 + ( b\ + b 2 + • • • + b n ) 2 . 
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Proof By induction by n . 

For n — 1 we have equality. 

For n = 2 we have 

yj a\ + b\ + yj a\ + b\ > -/ («i + a 2 ) 2 + (b[ + b 2 ) 2 
+ b\ ■ tJci\ + b\> (<7ifl 2 + b\bf) 

SS (flj + b\) ■ (al + b\) > (a\a2 + b\b 2 ) 2 , 

which is the Cauchy-Schwarz inequality. 

For n — k, let the given inequality hold, i.e. 

+ b^ + yj 1 a^ + bi, + • • • + \J + b^ 

> \! («i + fl2 + ■ ■ ■ + + (b\ + bz + • • • + bk)^ . 

For n = k + 1 we have 

\J a i+ b i +Jaj + bj-\ h yjtik+i + b l+i 

= y«r + h \ + \j a 2 + b l -i — ^ + b i + \J a l + 1 + ^+1 

> v/(a i + fl2 + • • • + fl/t)*" + (£>t + £>2 + • • • + bk) 2 + 

> \J {ai + 02 -\ + fl/t+t) 2 + Hq + &2 + • • • + bk+ 1) 2 ■ 

So the given inequality holds for every positive integer n . □ 

The next result is due to Walter Janous, and is considered by the author to be a 
very important result, which has broad use in proving inequalities. 

Corollary 4.5 Let a,b,c and x,y,z be positive real numbers. Then 

— — ( b + c) H — — (c + a) H — ( a + b) > ^J3(ab + be + ca). 

y + z z + x x + y 


Proof The given inequality is homogenous, in the variables a , b and c, so we can 
normalize with a + b + c = 1 . 

And we can rewrite the inequality as 

(1 — a) H — — (1 — b) H — (1 — c) > y/3(ab + bc + ca). 

y + z z + x x + y 

Hence 

x y z / , ax by cz 

1 1 > y 3 {ab + be + ca) H 1 1 

y + z z + x x + y y + z z + x x + y 


(4.6) 
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By the Cauchy-Schwarz inequality we have 


ax by cz / 

4" 4“ 4~ y 3 (ab 4 ~ be 4 ~ ca) 

y + z z + x x + y 



and after one more usage of the Cauchy-Schwarz inequality we get 



x \J a 2 4- b 2 + c 2 + 2 (ab + be + ac ) 



So we have 

ax by cz / 

h h 4~ v 3(ab + be + ca) 

y+z z+x x+y 


y + z 


y 


z + x 


x + y 


y 


It suffices to show that 

y y + zJ \z4-.v 

which is equivalent to 


+ 


x + y 


xz 


3 

- < 

2 ~ 


+ 


x y z 

1 1 

y + z z + x x + y 


xy 


3 

> 


(i4-.y)(i4-t) Cy + x)(y 4-z) (z + x)(z + y) 4 
After clearing the denominators inequality (4.7) becomes 

x 2 y 4- y 2 x 4- y 2 z + z 2 y + z 2 x + x 2 z > 6 xyz. 


(4.7) 


which is a direct consequence of AM > GM. 


□ 
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Theorem 4.3 (Chebishev’s inequality) Let a\ < <22 < • • • < a„ and b\ < I22 < 
■ ■ ■ < b n be real numbers. Then we have 




n 

< n YaM; 
i=l 


(at +« 2 H b a„)(fei +bj-\ bfe„) < n{a\b\ + 02^2 H ba„fe„)- 

Equality occurs if and only if a\ = 02 = ■ ■ ■ = a n or b\ = b2 = • • • = b n . 


Proof For all i, j & { 1 , 2 ,..., «} we have 


(a; - a j)(bj - bj) > 0, 


i.e. 


a/fo, + Oy fey > A,' fey + flyfe; . 

By ( 4 . 9 ) we get 

^E fl '^ (E^) ~ ai ^i + fl i i> 2 +aife3 H b fl 1 fe H 

~b ^2 fe 1 "b aib 2 ~b 02^3 ~b * * * ~b a 2 b n 
+ CI 3 fe 1 + aT,b2 + a^b^ + ■ • • + a3fe« 


( 4 . 8 ) 

( 4 . 9 ) 


+ a„fei + a„b2 + a n bj + ■ ■ ■ + a n b n 
< a\b\ 

4 -fljfel +£/ 2 fe 2 + fl 2 fe 2 
+ ajfei + a-ib?, + a2b2 + a^b-i + a^bj, 


+ ajfei + a„b„ + a2b2 + a n b n H b a n b n — n^ ajbj. 

;= 1 

Equality holds iff we have equality in ( 4 . 8 ), i.e. ai = 02 = ••• = a n or b\ — b2 = 

• • • = fen • □ 


Note Chebishev’s inequality is also true in the case when fli > t?2 > • ■ • > a n and 
fel > fe2 > • ■ • > fe„. But if a\ < 02 < • ■ • < a ni fej > fe2 > • ■ • > b n (or the reverse) 


then we have 




n 

> w y^q/fe,-. 

1=1 
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Let us note that the inequality from Corollary 4. 1 is true not just in case when n e N, 
but it is also true in the cases n > l,/?eQ and n e[ 1, oo), n e R. 

We prove this statement bellow in the case when n > 1 , n e Q, and the second 
case will be left to the reader. 


Corollary 4.6 Let x > — 1 and r > 1 , r e Q. Then 

(1 + x) r > 1 + rx. 


Proof Let r — Gcd(p, q) = 1. Then clearly p > q. 

Let a\ = aj = • • • = a q = 1 + rx and a q +\ = a q + 2 = • • • = a p = 1. 

If 1 + rx < 0, then we are done. 

So let us suppose that 1 + rx > 0. 

Since AM > GM we have 

, px + p q + rqx + p - q q(l + rx) + p - q 

1 + x = = = 

P P P 

a i + 02 + • • • + o q + a q+ ! + Iflj 

= > ■■■a P 

P 

= ^(1 + rx)l — (1 + rx) p = (1 + rx)r , 
and we easily obtain (1 + x) r > 1 + rx. □ 


Corollary 4.7 Let x > — 1 and a e [1, 00 ), ael. Then 

(l+x) a >\ + ax. 


Theorem 4.4 (Suranyi’s inequality) Let a\, aj, ■ ■ ■ , a n be non-negative real 
numbers, and let n be a positive integer. Then 

(n - l)(fl" +a"-\ b a") + • • ■ a n 

^ (Ol +02 + ''' + an)(, a '\ + a '2 * + •'•+ fl" *). 


Proof We will use induction. 

Due to the symmetry and homogeneity of the inequality we may assume that 

fli > ^2 > • • ■ > fl>i + 1 and ai + <22 H H a n = L 

For n — 1 equality occurs. 

Let us assume that for n — k the inequality holds, i.e. 

( k — l)(u^ 4“ a^ -\- * * * T" (t\) ka\Q2 * * ■ a k ^ a^ ~b a^ 4~ * * * 4* aj. 
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We need to prove that: 


k k k / k \ 

k af +1 + + ^' a A+l a k+l U°> ~ ^ + °k + 1 ) 

i=l i=l i=l \i=l / 


> 0 . 


But from the inductive hypothesis we have 


( k — 1 + ci 2 ”h • • • ”h ”h ka\ci2 • * * ^ CI2 • • • ~h < 


Hence 


£«Ir+l n a > - ak + 1 X! a f 1 - - l)flA-+l X! fl f • 

/=1 i=l i = 1 

Using this last inequality, it remains to prove that: 

( k X a i +1 - X a i] - ak + 1 ( k J2 a i~J2 a t') 

\ i=l 1=1 / \ f=l i=l / 

(rh 


We prove that 


and 


We have 

k 


+ a k + 1 [fli + (& — l) fl A+l — a k + 1 1 — 0- 


«A+I (]>, + (* - - a k k+ l J > 0, 


(* E»? +1 - - «+> (* i>‘ - X>? _I U °- 

\ 1=1 1=1 / \ i=l i=l / 


| | klj (k l)rt£_|_i ^A-t-l — | | (Ali AtA+1 T AtA+l) T (& ^k-t 1 


1 = 1 


1 = 1 


> flf +1 + a\ + \ ■ J^(ai - flfc+t) + (k- l)a* +1 - a| + J 


i=l 


= 0 . 

The second inequality is equivalent to 


k X! G f +1 ~J2 a i- ak +' ( k J2 a i~J2 a i 1 )• 

i=t i=i \ 1=1 1=1 / 

By Chebishe v ’s inequality we have 

*X a ^X a 'X a f“ 1= X fl X’ i.e. 


i = l 1 = 1 / = 1 


i=l 


i=l i = 1 


i.e. 
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and since a\ + fl2 + ■ ■ ■ + flA-+i = 1, by the assumptation that a\ > ci 2 > ■ ■ ■ > ctk+ 1> 
we deduce that 


1 

Uk+\ < y- 
k 


So it is enough to prove that 


i= 1 i=l \ i=l i=l / 

which is equivalent to 

*E a .- +1 + rE a * _1 ^ 2 E fl .-- 
1 = 1 1 = 1 1 = 1 

Since AM > GM inequality we have that 

ka- +l + -a-~ 1 > 2a? for all/. 
k 

Adding this inequalities for i — \ .2, .... k we obtain the required inequality. □ 

Exercise 4.1 Let x, y be positive real numbers. Prove the inequality 

x y + y x >l. 


Solution We’ll show that for every real number a, b e (0, 1) we have 


a b > 


a + b — ab 

By Bernoulli ’s inequality we have 

a l ~ h = (1 + a — l) 1-fc < 1 + (a — 1)(1 — b) — a + b — ab, 


a + b — ab 

If x > 1 or y > 1 then the given inequality clearly holds. 
So let 0 < x, y < 1. 

By the previous inequality we have 


+ y' > 


+ 


x + y 


>i±Z = i, 

x + y — xy x + y — xy x + y — xy x + y 


Exercise 4.2 Let a,b,c > 0. Prove Nesbitt’s inequality 

a b c 3 

1 1 7 — tk- 

b + c c + a a + b 2 

Solution 1 Applying the Cauchy-Schwarz inequality for 
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a\ = ~Jb + c, 

1 

b\ = 


y/b + C 

gives us 

( (b + c) + (c + a) + (a + b)) I 


«2 = *Jc + a, 

1 

bi = 


~Jc + a 


«3 = ~Ja +b\ 

1 

b 3 = —? ===== 
Vfl + » 


1 1 1 

+ + 


+ c c + a a + £> 


>(1+1 + l) 2 = 9, 


i.e. 


2 (a + + c) 


£> + c c + a a + Z? 


>9 


a + b + c a+b + c a + b + c 9 

O 1 1 > - 

b + c c + a a + b 2 

a b c 9^3 

o — 1 — r — 1 — ~r - ~ ~ 3 = ~- 

b + c c + a a + b l 2 


Equality occurs iff ( b + c)~ — (c + a) 2 = (a + b)~, i.e. iff a — b = c. 


Solution 2 We’ll use Chebishev’s inequality. 

Assume that a >b > c; then 

Now by Chebishev’s inequality we get 

/I 1 l\/a b c \ 

(a + b + c) I 1 1 — ) < 3 1 — 1 1 — I . (4. 10) 

\b + c c + a a + bj \b + c c + a a + bj 

Note that 


/ 1 1 1 \ 1 

(a + b + c)( - — 1 1 — ) — ~((b + c) + (c + a) + (a + b)) 

\b + c c + a a + b) 2 

/ 1 1 1 \ 

x I 7 1 1 I ■ 

\b + c c + a a + b J 
Since AM > HM (the same thing in this case with Cauchy-Schwarz ) we have 

((b + c) + (c + a) + (a + b))( 1 1 ) > 9. 

\b + c c + a a + b J 

Therefore 


(l 1 1 \ 9 

(a + b + c) I t 1 1 ) > - . 

\b + c c + a a + bj 2 

By (4.10) and (4.11) we obtain 

( a b c \ 9 a b 

h h I ^ — , i.e. 

b + c c + a a + b) 2 b + c c + a 


(4.11) 


c 3 

> -. 

a + b 2 


Equality occurs iff a = b — c. 
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Exercise 4.3 Let a, b, c, d be positive real numbers. Prove the inequality 

1 1 4 16 64 

— I 1 1 > 


a b c d a + b + c + d 
Solution By Corollary 4.3 we obtain 


1 1 4 16 > (1 + 1 + 2 + 4)- 


64 


abed a+b+c+d a + b + c + d' 


as required. 


Exercise 4.4 Let a, b, c e R + . Prove the inequality 


a 1 b l c z (a + b + c)~ 

1 1 > 

3 3 ^ 43 ^ 5 3 - 6 3 


Solution Note that 3 3 + 4 3 + 5 3 = 6 3 . 
Taking 


fll V?’ fl2 V4 3 ' 03 V5 3 ; 

bi = b 2 = V4 3 , h = 


by the Cauchy-Schwarz inequality we obtain 


2 1,2 ^2 


( ^3 + ^3 + ^3 ) (3 3 + 4 3 + 5 3 ) > (a + b + c) 


as required. 


Exercise 4.5 Let a, b, c be positive real numbers. Determine the minimal value of 

3 a 4 b 5c 
■ + 


b + c c + a a + b 


Solution By the Cauchy-Schwarz inequality we have 

3 a 4b 5c 

H 1 + (3 + 4 + 5) 


b + c c + a a + b 

( 3 4 5 

— (a + b + c) I 1 b 


b + c c + fl a + b 

1 / 3 4 5 

— -((£> + c) + (c + a) + (a + b))l - — ■ 1 ■ 1 — 

2 \b + c c + a a + b 


> - 

~ 2 


I(V3 + V4 + V5) 2 . 


3 a 4b 5c 1 <- <- <- 9 

+ > -(V3 + V4+ V5) 2 - 12. 


b + c c + a a + b 2 


Hence 
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So the minimal value of the expression is j (V3 + V4 + V5) 2 — 12, and it is reached 
if and only if 

Exercise 4.6 Let a, b, c be positive real numbers. Prove the inequality 

a 2 +b 2 b 2 + c 2 c 2 + a 2 

: 1 : 1 > a + b + C. 

a + b b + c c + fl 


Solution By the Cauchy-Schwarz inequality (Corollary 4.3) we have 

c 2 + a 2 


a 


2 ^b 2 b 2 +C 2 ~ 2 -L~ 2 


a + b b + c 
a 2 b 2 


+ 


c + a 

„2 


a + b 


c“ b 
+ + 


+ 


c + fl a + b b + c c + fl 


(2 (a + b + c)) 2 

> = a + b + c. 

~ 4 (a + b + c) 


Exercise 4.7 Let a, b, c e R + . Prove the inequality 

a b c 

h h > 1. 

b + 2c c + 2a a + 2b 


Solution Applying the Cauchy-Schwarz inequality we get 

( t — — 7 — I —7: — I — — ) (a(fe + 2c) + b(c + 2a) + c(a + 2b)) 

\b + 2c c + 2a a + 2b J 

>(a + b + c) 2 , 


hence 


+ 


(a + b + c) 2 


b + 2c c + 2a a + 2b 3 (ab + be + ca) 
So it suffices to show that 


(o + b + c) 2 
3 (ab + be + ca) 


> 1, i.e. (a + b + c) 2 >3(ab + be + ca), 


which is equivalent to a 2 + b 2 + c 2 > ab + be + ca, and clearly holds. 
Equality occurs iff a = b = c. 


Exercise 4.8 Let a, b, c be positive real numbers. Prove the inequality 

a b c 3 (a + b + c) 

1 1 “ > . 

b - 1- 1 c - 1- 1 ci 1 3 + a b + c 
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Solution By the Cauchy-Schwarz inequality (Corollary 4.3) we have 


b 1 


+ 


b+ 1 c+1 a+\ a(b+ 1) b(c + l) c(a + 1) 

(a + b + c ) 2 

u(b -\- X) -\- b(c 1) + c(a + 1) 
(a + b + c) 2 


> 


Also we have 


ab + be + ca < 


ab + be + ca + a + b + c 
(a + b + c) 2 


(4.12) 


(4.13) 


By (4.12) and (4.13) we get 
a 


b c 

+ > 


(a + b + c) 2 


3 (a + b + c) 


b + 1 c+1 a + l (a+b+c)- 3 + a + b + c 

Equality occurs iff a — b = c. 

Exercise 4.9 Let a,b,c > 0 be real numbers such that ab + be + ca = 1 . Prove the 
inequality 

^ 2 b 2 c 2 V3 


+ 


+ r - -4^- 


b + c c + a a + b 2 
Solution By the Cauchy-Schwarz inequality we have 

-,2 u2 +2 


a 


b 2 c ^ 

+ 


b + c c + a a + b 


i(b + c) + (c + a) + (a + b )) > (a + b + c) 


i.e. 


a~ b~ c a + b + c 
+ + > 


b + c c + a a + b 


(4.14) 


Furthermore 


(a + b + c) 2 = a 2 + b 2 + c 2 + 2 (ab + be + ca) > 3 (ab + be + ca) = 3, 


i.e. 


a + b + c > V3. 


(4.15) 


Using (4.14) and (4.15) we obtain the required inequality. 
Equality occurs iff a = b = c = 1 /V?>. 


Exercise 4.10 Let a,b,c be positive real numbers such that a be — 1. Prove the 
inequality 

a b 


+ 


' + b 4 + c 4 b + c 4 + a 4 c + a 4 + b 4 


< 1 . 
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Solution By the Cauchy-Schwarz inequality we have 

a a(a 3 + 2) a(a i + 2) 

a + b 4 + c 4 (a +b 4 + c 4 )(a 3 + 1 + 1) — (a 2 + b 2 + c 2 ) 2 
Similarly we get 

b b(b 2 + 2) c ^ c(c 3 + 2) 

Z? + c 4 + a 4 ~ (a 2 + b 2 + c 2 ) 2 c + a 4 + b 4 ~ (a 2 + b 2 + c 2 ) 2 

Hence 

a b c a 4 + Z? 4 + c 4 + 2(a + b + c) 

a + & 4 + c 4 Z? + c 4 + a 4 c + tz 4 + M — (a 2 + b 2 + c 2 ) 2 

and we need to prove that 

{a~ + b~ + c 2 ) 2 + r? 4 + /? 4 + c 4 + 2(tr + b + c), 
which is equivalent to 

a 2 /? 2 + b 2 c 2 + c 2 fl 2 > fl + b + c. 

By the well-known inequality a 2 b 2 + b 2 c 2 + c 2 a 2 > abc(a + + c) and abc — 1, 

we have 

a 2 b 2 + b 2 c 2 + c 2 a 2 > abc(a + b + c)—a + b + c, 

as required. 

Exercise 4.11 Let a,b,c be positive real numbers such that a + b + c = 1. Prove 
the inequality 

(a + b) 2 (l + 2c) (2a + 3c)(2Z? + 3c) > 54 abc. 


Solution The given inequality can be rewritten as follows 


(a + Z>) 2 (1 + 2c) ( 2 + 3- 2 + 3- > 54c. 


By the Cauchy-Schwarz inequality and AM > GM we have 


2 + 3- 2 + 3- > 2 


3c \ 


y/ab J 


> 2 


6c 


(2 (a + b) + 6c)‘ 
(a + b) 2 


(2(1 — c) + 6c) 2 4(1+ 2c) 2 


(a + b) 2 


(a + b) 2 


Then we have 


(a + Z?r(l + 2c) 


( 2+3 ,0 


? 4(1+ 2c) 2 

— ) ( 2 + 3- I > (a + b) 2 (\ + 2c)— - 

= 4(1 + 2c) 3 , 


(a + b ) 2 
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and it remains to prove that 


4(1 + 2c) 3 > 54c, i.e. (l + 2c) 3 >^. 


By the AM > GM inequality we have 


1 1 


2 2 

as required. 

Equality occurs iffa = 7>=g,c=^. 


1 1 


27c 


(1 + 2c) J = - + - + 2c >27 2c = 


2 2 


Exercise 4.12 Let a,b.c, d , e, f be positive real numbers. Prove the inequality 
a 


bed 
+ - + 


' H 1-7- > 3. 


b + c c + d d + e e + f f + a a + b 

Solution By the Cauchy-Schwarz inequality we have 
a 


b c 

+ 


d e f 

+ - + 


b+c c+d d+e e+f f + a a+b 


+ 


+ ■ 


+ 


r 


ab + ad be + bd cd + ce de + df ef + ea fa + fb 

(fl + 6 + C + t( + C+ f ) 3 

ab + ac + be + bd + cd + ce + de + df + ef + ea + fa + fb 


(4.16) 


Let 


Then 


S = ab + ac + be + bd + cd + ce + de + df + ef + ea + fa + fb. 


2S — (a b c d e -\- ff 


Also we have 


(a 2 + b z + c z + d 2 + e l + f 2 + 2 ad + 2 bd + 2c/). (4.17) 


a 2 + b 2 + c 2 + d 2 + e 2 + f 2 + 2 ad + 2 be + 2c/ 


— (a + df + (b + e) 2 + (c + ff 

qm>am 1 » 

> — (a + b + c + d + e + /)“. 

Using (4.17) and (4.18) we get 

2 S — (a b c -\- d A e /) 

— (a 2 + b 2 + c 2 + dr + e 2 + f 2 + 2 ad + 2 bd + 2c/) 

< (fl + (t + c + t/ + e + f f — — (a-\-b-\-c-\-d-\-e-\- f) 2 


(4.18) 


— -(a-\-b-\-c-\-d-\-e-\-f) 
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4 Bernoulli’s Inequality, the Cauchy-Schwarz Inequality 


i.e. 

(a+b + c + d + e + f) 2 (4 19) 

s 

Finally from (4.16) and (4.19) we obtain the required inequality. 

Equality occurs iff a — b = c = d — e — f . 

Exercise 4.13 Let a, b, c e R + such that g+ ^ +1 + fe+ * +1 + c+ ^ +1 > 1. Prove the 
inequality 


a + b + c > ab + be + ca . 

Solution We’ll use the Cauchy-Schwarz inequality. 
We have 


(a + b + 1)(a + b + c 2 ) > (a + b + c) 2 , i.e. 


1 a + b + c 

< 


a + b + 1 (a + b + c) 2 


Analogously 


1 b + c + a 2 

< and 


1 c + a + b A 

< 


b + c + 1 (a + b + c) 2 c + a+1 (a + b + c) 2 

By the given condition we have 


1 < 


1 


1 


a b 1 b c \ c + a + 1 


1 a -\- b -\- c ~F ^ ~F c 4~ a~ -F c 4~ a -\~ b 

< 


(a + b + c) 2 


i.e. 


2(n + b + c)>(a + b + c ) 2 — {a 2 -F b 2 -F c 2 ) 
<FF a + b + c > ab + be + ca. 


Exercise 4.14 Let a , b, c be positive real numbers such that ab + he + ca — 3. Prove 
the inequality 

a(b 2 + c 2 ) b(c 2 + a 2 ) c(a 2 + a 2 ) 

— H ; 4 — 1_ ! > 3. 

a 2 + be b 2 + ca c 2 + ab 


Solution Let x — a{b 2 + c 2 ), y = b(c 2 + a 2 ) and z = c(a 2 + b 2 ). 
Then we have 

x x aib 2 + c 2 )(b + c) a(b 2 + c 2 ) 

— — (b + c) = 

y + z 

Analogously we get 


b(c 2 + a 2 ) + c{a 2 + b 2 ) a 2 + be 


r 2 4 - q 2 \ 

- (c *Ft/) — — tt; and 


y . i x b(c 2 + a l ) j z r , c(a 2 + a 2 ) 


Z + x ' ' b 2 + ca x + y 

By Corollary 4.5 and the previous identities we have 


(a + b) = 


c 2 + ab 
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a(b 2 + c 2 ) b(c 2 +a 2 ) c(a 2 + a 2 ) 

a 2 + be b 2 + ca c 2 + ab 

= — — ( b + c) H — (c + a) H — ( a + b) > (ab + be + ca) = 3. 

y + z z + x x + y 

Exercise 4.15 Let x, y, z > 0 be real numbers. Prove the inequality 

\/x 2 + 1 + Jy 2 + 1 + \/z 2 + 1 > y/ 6(x + y + z). 

Solution According to Corollary 4.4 we have 

V* 2 + 1 + ^ y 2 + 1 + v/z 2 + 1 > y (x + v + z) 2 + 9. (4.20) 

Applying AM > GM we deduce 

(x + y + z) 2 + 9 > 2^9(x + y + z) 2 = 6(x + y + z). (4.21) 

From (4.20) and (4.21) we get the required inequality. 

Equality occurs if and only if x = y = z = 1 . 

Exercise 4.16 Let a,b,c e R + . Prove the inequalities 

(1) 2 (a* + b*) > (a 3 + b 3 )(a 5 + b 5 )- 

(2) 3(« 8 + ft 8 + c 8 ) > (a 3 + b 3 + c 3 )(a 5 + Z> 5 + c 5 ). 

Solution (1) Let ci^_b. Then a 3 > Z> 3 and a 5 > Z> 5 . 

Due to Chebishev 's inequality we have 

(a 3 + Z? 3 )(a 5 + b 5 ) < 2 (a 8 + Z? 8 ). 

(2) Similarly to (1). 

Exercise 4.17 Let a, b and c be the lengths of the sides of a triangle, and a, /l, y 
be its angles (in radians), respectively. Let ,v be the semi-perimeter of the triangle. 
Prove the inequality 

b + c c + a a + b 12 s 

' « ' — ' 

a p y n 

Solution Without loss of generality we may assume that a < b < c. Then clearly 
ot</3<y,a + b<a + c<b + c and y < j ^ . 

Now by Chebishev’ s inequality we have 

((a + b) + (b + c) + (c + a))( — b — H — ) 

V« P yj 

(l 1 1\ 

<31 (b + c) — b (c + a ) — + (a + Z?) — ), 

V “ P YJ 
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4 Bernoulli’s Inequality, the Cauchy-Schwarz Inequality 


i.e. 


b + c c + a a + b 4s ( 1 1 1 

1 a 1 - ( ~7, H 

a p y 3 \a p y 


(4.22) 


Using (4.22) and AM > HM we obtain 

b + c c + a a + b 4s / 1 1 1 


a p y 

Equality occurs iff a — b — c. 


3 \a 


-4 I- - > 


As 


9 


Us 


3 a + P + y Jt 


Exercise 4.18 Let a,b,c,d e IR + . Prove the inequality 

a 3 + b 3 + c 3 fl 3 + Z? 3 + d 3 a 3 + c 3 + d 3 b 3 + c 3 + d 3 

+ 


a + b + c a + b + d 
>a 2 + b 2 + c 2 + d 2 . 


ci -f- c -|- d 


b + c + d 


Solution Without loss of generality we may assume that a > b > c > d. Then 
clearly a 2 >b 2 > c 2 >d 2 . 

We’ll use Chebishev’s inequality, i.e. we have 

(a + b + c)(a 2 + b 2 + c 2 ) < 3(a 3 + b 3 + c 3 ) 




a 3 + b 3 + c 


a + b + c 


3 a 2 + b 2 + c 2 
> . 


Similarly we get 


a 3 + b 3 + d 3 a 2 + b 2 + d 2 

> 

a A~ b A~ d 3 

b 3 + c 3 + d 3 b 2 + c 2 + d 2 
> - 


a 3 + c 3 + d 3 a 2 + c 2 + d 2 

> , 

a A~ c d 3 


b + c + d 3 

After adding these inequalities we get the required inequality. 


Exercise 4.19 Let a\,ai,..., a n e R + such that a\ + as + b a n = 1. Prove the 

inequality 


fli 


+ 


«2 


2 — a\ 2 — a 2 




> 


2 — a n 2 n — 1 


Solution Without loss of generality we may assume that a\ > aj > • • • > a n . 
Then 


1 


> 


1 


2 — 2 — 02 

Now by Chebishev ’s inequality we have 

, 1 

(a i + a 2 + • • • + a n ) 
a\ 


> . . . > 


1 


2 a n 


1 


< n 


■ + 


2 — a\ 2 — 02 
02 a 




1 


2 ci fl 


2 — a\ 2 — 02 


+ ••• + 


2 — a n / 
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hence 


a\ 


a i 


■ + 


Cl2 


■ ci 2 


■ + ••• + ■ 


Clri Yl 


a i 


+ 


Cl 2 


+ • 


^ 1 n~ n 

~ n 2n — (ai + 1?2 + • • • + ®n) 2n — 1 
Equality occurs if and only if a\ = ci 2 = ■ ■ ■ = ci n = \ / n. 


Exercise 4.20 Let a,b,c,d be positive real numbers such that a + b + c + d = 4. 
Prove the inequality 

1 , i , 1 i 1 

11 +a 2+ 11 +b 2+ 11 +c 2 + 11 +d 2 ~ 3 


Solution Rewrite the given inequality as follows 

1 1 , 1 1 , 1 1 , 1 1 

ll + fl 2 ~12 + ll + // 2_ 12 + ll + c 2_ T2 + ll + J 2_ i2 - ’ 

i.e. 

a 2 - 1 b 2 - 1 c 2 - 1 d 2 - i 
ll + a 2_ ^ll + // 2 ^”ll + c 2 ^"ll + c/ 2 — 


i.e. 


(a-\) 


11 


+ (b- 1) 


1 


n + b 2 


+ (C-1) 


c + 1 
1 1 + c 2 


+ (d- 1) 


d+ 1 
11 +d 2 


> 0 . 

(4.23) 


Without loss of generality we may assume that a > b > c > d. 
Then we have 


a — \ >b— l>c — l >d — 1 and 


a + l b ~\~ 1 c + 1 d T 1 
11 +a 2 ~ 11 +b 2 ~ 11 + c 2 “ 1 1 + d 2 ' 


Now inequality (4.23) is a direct consequences of Chebishev ’s inequality. 
Equality occurs if and only if a = b = c — cl= 1. 



Chapter 5 

Inequalities Between Means (General Case) 


In Chap. 2 we discussed mean inequalities of two and three variables. In this section 
we will develop their generalization, i.e. we’ll present an analogous theorem for an 
arbitrary number of variables. 

These inequalities are of particular importance because they are part of the basic 
apparatus for proving more complicated inequalities. 


Theorem 5.1 (Mean inequalities) Let a \ , 02 , ,a n be positive real numbers. 
The numbers 



are called the quadratic, arithmetic, geometric and harmonic mean for the 
numbers a\,a 2 , ■ ■ ■ ,a„, respectively, and we have 


QM > AM > GM > HM. 


Equalities occur if and only if a\ — a 2 = • • ■ = a n . 


Proof Firstly, we’ll show that AM > GM, i.e. 


a i + ^2 + ■ ■ ■ + tt n 
n 


> ?Ja\a2 •••«/!• 


(5.1) 


Let 

Xi = , for i = 1, 2, . . . , n. (5.2) 

f/a\a 2 ■ ■ - a n 


Z. Cvetkovski, Inequalities, 
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5 Inequalities Between Means (General Case) 


Then x,- > 0 for each i = 1, 2, . . . , n and we have 

X\X2 ' ' ' X n — 1 . 

Inequality (5.1) is equivalent to 

Cl 1 02 a n 

\J a 1 02 ■ ■ * ci n ci \ 02 ■■ - a n fja\a2 ■■■a„ 


i.e. to 


xi + X 2 + ■ ■ ■ + x n > n, when X\X 2 • • • x n = 1, (5.3) 

with equality if and only if xi = X 2 = ■ ■ ■ = x n = 1 . 

We’ll prove inequality (5.3) by induction. 

For n — 1, inequality (5.3) is true; it becomes equality. 

If n — 2 then X 1 X 2 = 1 and since xi + X 2 > 1 s /x\X2 we get xi + X 2 > 2. 

Hence (5.3) is true, and equality occurs iff xi = X 2 = 1. 

Let assume that for n — k, and arbitrary positive real numbers xi, X 2 , . . . , Xk such 
that X 1 X 2 • • -Xk = 1 , we have xi + X 2 + • • • + Xk > k, with equality if and only if 
xi = X2 = • • • = Xk = 1 . 

Let n — k + 1 and xi, X 2 , ■ ■ ■ , Xk+\ be arbitrary positive real numbers such that 

xix 2 •••Xjt+i = 1. 

If xi = X 2 = • • • = Xk+\ — 1 then inequality (5.3) clearly holds. 

Therefore, let us assume that there are numbers smaller then 1. Then clearly, 
there are also numbers which are greater then 1 . 

Without loss of generality we may assume that xi < 1 and X 2 > 1. 

Then, for the sequences X 1 X 2 , X 3 , . . . , x&+i which contain k terms we have 
(xi-X 2 )x 3 •• -Xk+\ — 1 , and according to the induction hypothesis we have that 
X 1 X 2 + X 3 + • ■ • + Xk+\ > k, and equality occurs iff X 1 X 2 = X 3 = • ■ • = x*+i = 1 . 
Now we have 


Xl +X2 H \-Xk+\ > X1X2 + X3 H h Xk+ 1 + 1 + (.X2 - 1)(1 - xi) 

> k+ 1 + (X2 - 1)(1 - xi) > k+ 1, 

with equality if and only if X1X2 = X3 = • • • = Xk+\ = 1 and (X2 — 1) ( 1 — xi) = 0 , 
i.e. iff xi = X 2 = • • • = Xjt+i = 1 . 

So, due to the principle of mathematical induction, we conclude that (5.3) is 
proved. 

Thus by (5.2) we have , = , ai = • • • = , a " i.e. 

■> tfaia 2 ...a n ya\a 2 ...a n 1]a\a 2 ...a„ 

a\= a2 = ■ ■ ■ = a n . 


Hence we have proved (5.1), and we are done. 
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We’ll show that GM > HM, i.e. 


, n 

v a 1^2 ■■■a n > : 

— “b — ~b 

a\ a 2 


1 ' 


By AM > GM it follows that 


1 1 


1 1 


— + — + ••• + — > n"l = 

a\ a 2 a , , 


a i fl2 An ^/a\a 2 ■ ■ ■ a , , 


i.e. we have 


\/ a\G 2 ' ' ' ci n > -j j- 


— + — H b — 

<21 fl2 Un 

and clearly equality holds if and only if ^ = ■ ■ ■ = J- , i.e. ai = a 2 = ■ ■ ■ = a n . 

It is left to be shown that QM > AM, i.e. 


I <J 2 + < 2 ^ + • • • + fl 2 a i + a 2 + • • • + a n 


We’ll use the Cauchy— Schwarz inequality for the sequences (ai, a 2 , ■ . . , a n ) and 

( 1 , 1 ,..., 1 ). 

So we have 


(flj + a^ + • • • + + 1“ + • • • + 1 ) > (fli + a 2 + • • • + a , ,)“ 

•vb + aj "b ' ' ' “b a^) > (at + 1/2 + ■ ■ ■ + a n ) 


a} + a 2 H bfl? 

<bb — - > 


fli + c(2 + ■ ■ ■ + a n 




\a\ + a\ 4 b a% > «i + <?2 H b a„ 


Equality holds if and only if ^ ^ = • • • = i.e. a\ — a 2 — ■ ■ ■ = a n 


□ 


Exercise 5.1 Let a,b,c,d e IR + such that abed = 1 . Prove the inequality 
a~ ~b b~ + c 2 + d + ab -b t/c -b ttt/ ~b be ~b bd -b cd > 10. 


Solution Since AM > GM we have 

a 2 + fc 2 + c 2 + d 2 + ab + ac + ad + be + bd + cd > 10 l ^a 5 b 5 c 5 d 5 — 10. 
Equality holds if and only if a = b = c = d — 1. 
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5 Inequalities Between Means (General Case) 


Exercise 5.2 Let a, b. c e LR + . Prove the inequality 

(a + b + c) 3 > a 3 + b 3 + c 3 + 24 abc. 


Solution We have 

(a + b + c) 3 = a 3 + b 3 + c 3 + 6 abc + 3 (a 2 b + crc + b 2 a + b 2 c + c 2 a + c 2 b) 
> a 3 + b 3 + c 3 + 6 abc + 3 • 6v^ a 6 fc 6 c 6 = a 3 + ft 3 + c 3 + 24fli>c. 
Equality holds if and only if a — b — c. 


Exercise 5.3 Let k e N, and a\, 02 , ■ ■ . ,a n be positive real numbers such that a\ 
a 2 + ■■■ + a n = 1- Prove the inequality 

ci^ k +ci 2 k H Va~ k > n k+l . 


Solution Since AM > GM we have 


f/a if/2 •••o n < 


a \ + 02 + ■ ■ ■ + O n 1 


or 


n<J~ 

V a\ ci 2 a n 


Hence 


a, k H - ci'-) 


„k / n/ „-k„-k „-k ^ u \ ^ 2 

n ^ -y £z j • • • ciyi ^ 




i.e. 


a 1 * + a 2 *" t Pa„*>n* +1 , 


as required. 


Exercise 5.4 Let a,b,c.d e R + . Prove the inequality 

a 6 + b 6 + c 6 + d 6 > abcd(ab + be + cd + do). 


Solution We have 

a 6 + b 6 + c 6 + d 6 = -((2a 6 + 2 b 6 + c 6 + d 6 ) + ( 2b 6 + 2c 6 + 1 / 6 + a 6 ) 

6 

+ (2c 6 + 2d 6 + a 6 + 6 6 ) + (2c/ 6 + 2a 6 + b 6 + c 6 )). 

Since AM > GM we have 

2^ 6 + 2Z? 6 + eft + 6/ 19 ^ 9 » 2 

= > V a l2 b l2 c 6 d 6 = a z b z cd 

6 6 
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Similarly we get 

> b 2 c 2 ad, 

> c 2 d 2 ab 

> d 2 a 2 bc. 

Adding the last four inequalities we obtain the required inequality. 
Equality holds if and only if a — b = c = d . 

Exercise 5.5 Let x, y, z > 2 be real numbers. Prove the inequality 

(y 3 + x)(z 3 + y)(x 3 + z) > 125 xyz. 


2 b 6 + 2c 6 +d 6 +a 6 
6 

2c 6 + 2d 6 + a 6 + b 6 
6 

and 

2d 6 + 2a 6 + Z? 6 + c 6 


Solution We have 

y i +x>Ay + x = y + y + y + y + x> 5yj y 4 x. 

Analogously 


z +y>5^z 4 y and x +z>5yx 4 z- 

Multiplying the last three inequalities gives us the required inequality. 


5.1 Points of Incidence in Applications of the AM-GM Inequality 

In this subsection we will consider characteristic examples in which we can use 
incorrectly the inequality AM > GM. Namely, a possible major route for the proper 
use of this inequality (the means inequalities) will be the fact that equality in these 
inequalities is achieved when all variables are equal. These points at which equality 
(all their coordinates are equal) of a given inequality is satisfied are called points 
of incidence. It is also important to note that symmetrical expressions achieve a 
minimum or maximum at a point of incidence. 

Exercise 5.6 Let x > 0 be a real number. Find the minimum value of the expression 

1 

x + 

X 

Solution Since AM > GM we have 

1 I l" 

x + - > 2 Jx ■ - — 2, 
x V x 

with equality iff jc = -[, i.e. x = 1. 

Thus min{^ + ^} — 2. 
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5 Inequalities Between Means (General Case) 


Exercise 5.7 Let x > 3 be a real number. Find the minimum value of the expression 

1 

x + 

X 

Solution In this case we cannot directly use the inequality AM > GM since the point 
x — 1 doesn’t belongs to the domain [3, +oo). 

We can easily show that the function f{x) — x + \ is an increasing function on 
[3, +oo), so it follows that min{jr + |} = 3+ j = ^. 


Now we will show how we can use AM > GM. 

Since we have equality in AM > GM if and only if all variables are equal, we 
deduce that we cannot use this inequality for the numbers x and - at the point of 
incidence x — 3 since 3 ^ j . 

Assume that AM > GM is used for the couple (7,7) such that at the point of 
incidence x — 3, equality occurs, i.e. 7 = 7. 

So it follows that a =x 2 — 3 2 — 9. 

According to this we transform x + 7 as follows 


1x18 

A = x H — = — I 1 — x > 

X 9 X 9 



1 8 2 

— I — x — — 
X 9 3 



10 

T' 


Exercise 5.8 Let a , b > 0 be real numbers such that a + b < 1. Find the minimum 
value of the expression 

1 

A = ab-\ -. 

ab 


Solution If we use AM > GM we get 


1 

A — ab-\ >2. 

ab 



= 2 , 


and equality occurs if and only if ab = i.e. ab — 1. 

But then we have a + b > 2 \[ab — 2, contradicting a + b < 1 . 

If we take x = ^ , then we have x = ^ ^ = 4. 

Thus we may consider an equivalent problem of the given problem: 
Find the minimum of the function A = x + 7, with x > 4. 

Point of incidence is x = 4. 

So we have - = - , from which it follows that a — x 2 = 16. 

Then we transform as follows 


1 x 1 15 x 1 15 1 

A — x H — = 1 1 x >2,/ — • — | x > 2 • - 

x 16 x 16 V 16 x 16 “ 4 


15 _ 17 

16 ’ 4_ ~4' 


Equality holds if and only if x = 4, i.e. a — b = 1/2. 
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Exercise 5.9 Let a, b,c > 0 be real numbers such that a + b + c< I- Find the 
minimum value of the expression 

1 1 1 

A — a -\ - b -\~ c 4- — b - — b — - 
a b c 


Solution If we use AM > GM we get 


A = a + b + c-\ 1 1 — > 6 (abc ■ = 6, 

a b c V abc 

with equality if and only if a — b — c = 1. 

But then a + b + c — 3 > | , a contradiction. 

Since A is a symmetrical expression on a, b and c we estimate that min A occurs 
at a — b — c, i.e. at a — b — c — 1 / 2. 

Therefore for a point of incidence we have -3- — -3^ = -3- = a = b — c — 1 /2, 
and it follows that a = X = 4. 

a L 

Now we have 


1 1 1 




1 


1 


1 


4a 4 b 4 c 


3(1 




4 \a 


> 6,7 abc ■ 


1 


(4a) (4b) (4c) 
9 


3(1 1 1\ „ 3. . - - 

-( — b — H — ) — 3 + - I — 1-1 — 
4\fl b c ) 4\n b c 


> 3 “b — • 

4 a + b + c 


27 1 15 

>3+ = — . 

4 3/2 2 


So min A = , for a — b — c = 1/2. 


Exercise 5.10 Let a, b, c be positive real numbers such that a + b + c — 1. Find the 
minimum value of the expression 

1 1 1 

abc H b ~ — I — • 

abc 

Solution By the inequality AM > GM we get 


ill 4/ 111 

abc H 1 1 — > 4 J abc 4, 

abc V abc 

with equality if and only if abc = — t> ~ 7 ' f rom which we easily deduce that 

a — b — c — 1 and then a + b + c = 3, a contradiction since a + b + c — 1 . 

Since abc + 7 + 7 + 7 is symmetrical with respect to a, b and c we estimate that 
the minimal value occurs when a — b — c, i.e. a = b = c — 1/3, since a + b + c — 1 . 

Let abc = h = from which we obtain « = ike = 81 • 
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Therefore let us rewrite the given expression as follows 

111 1 1 1 80/1 1 1 

abc A — + — I — — abc A -I - b b — ( — ~b — b — 

a b c 81 a 81 b 81 c 81 \a b c 


By AM > GM and AM > HM we have 


111 J 111 

abc H 1 1 > 4 ,/ abc ■ • • = 

81fl 81 b 81c _ V 81a 81 b 81c 27 


and 


111 9 

— b t H — L : 

a b c a + b + c 


= 9. 


By (5.4), (5.5) and (5.6) we have 


1 1 1 4 80 244 

abc H 1 1 — > | = , 

a b c ~ 21 9 27 


with equality if and only if a — b = c = i . 


(5.4) 


= (5-5) 


(5.6) 


Exercise 5.11 Let a, b, c, d > 0 be real numbers. Find the minimum value of the 
expression 


+ 


b 


b A c A d c A d A a d A a A b a A b A c 
a A b A d a A b A c 

H 1 • 

c d 

Solution Let us denote 

abed 

A = 


A 


b A c A d c A d A a 
+ ; 


b A c A d c A d A a 


b A c A d c A d A a d A a A b a A b A c 
a A b A d a A b A c 

H 1 • 

c d 

If we use AM > GM we get A > 8, with equality iff 
abed 


b ~ b c + d c A d A a 


bAcAd c A d A a dAaAb aAbAc 
a A b A d a A b A c 


i.e. 

a — bAcAd, b = cAdAa, c = dAaAb and d — aAbAc. 

After adding the last identities we deduce a A b A c A d — 3(a A b A c A d), i.e. 
3 = 1 , a contradiction. 
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Since A is a symmetrical expression with variables a, b, c, d, it follows that the 
minimum (maximum) will occur at the point of incidence a — b — c — d > 0 . 
Suppose a — b = c = d> 0. 

We have 


b 


d 


1 


and 


b c d c 4- d -(- a d a -\- b a b -\- c 3 

b c d c d a g A b d a b -\- c 3 

_ 5 

a 


aa 


ab 


ac 


ad 


i.e. i = and it follows that a — 9. 


Therefore 


A = 


■ + 


b + c + d c d a d A- a -\- b g -\- b c 
c A* d -}~ g a A- b -\- d a A- b -\- c 

+ 


+ 


b + c + d 


9a 


9b 9c 9 d 

b T" c “H d c d 4“ a a -\- b -\- d a -T b c 

I 7 I 1 

abed 

8 8 40 

>- + -(2 + 2 + 2 + 2 + 2 + 2 )= y . 

Exercise 5.12 Let a, b, c > 0 be real numbers such that a + b + c — 1. Find the 
maximum value of the expression A = ^/a + b + cjb + c + J/c + a. 


Solution Since AM > GM we have 


■^/a + b — ^ (a + b) ■ 1-1 




Similarly 


if- b + c + 2 3/ c + a + 2 

Vb + c < and v c + a < . 


Thus it follows that 


a -\- b 2 b + c + 2 c a 2 2{a T(j-f c) 8 

A < 1 1 = + 2= 

— 3 3 3 3 3 


with equality iff a + b = b + c = c + a— 1, i.e. a — b — c — 1/2. 

But then a + b + c— 3/2^ l,a contradiction. 

Since A is symmetrical expression in a,b, c, we estimate that the minimum 
(maximum) will occur at the point of incidence a — b = c, i.e. a — b = c — 1/3. 
Clearly a + b = b + c = c + a — 2/3. 



58 


5 Inequalities Between Means (General Case) 


Since AM > GM we have 


3/ — — r 3/ / ... 2 2 3 /9 3/9 fl + ft+3 + j 3/ 9 3(a+£>) + 4 

A/ ' 3 3 V 4 — V 4 3 V 4 


9 


Similarly we get 


3/7— — _ 3/9 3(6 + c) + 4 3r -— 3/9 3(c + a) + 4 

Vft + C -V4 9 yfc + a<^ 9 • 

Adding the last three inequalities gives us 


3/9 f 3(a + b) + 4 3(b + c) + 4 3(c + o) + 4 


A < ,7 - ■ 
- V 4 


9 


+ 


9 


3/9 6(a + + c) + 12 — V[g 


V 4 9 

So max A = ^18, and it occurs iff a+b — b+c = c+a = 2/3, i.e. a — b = c = 1/3. 

Exercise 5.13 Let a,b,c be positive real numbers such that a + b + c = 6. Prove 
the inequality 

y/ ab + be + y/bc + ca + y/ca + ab < 6 . 


Solution 1 Since we have a symmetrical expression we estimate that the maximum 
value of ejab + be + y/bc + ca + ^/ca + ab will occur at the point of incidence 
a — b = c = 2 and then clearly we have ab + be = 8 . 

By the inequality AM > GM we get 

3/ — y/ ( ab + be) - 8-8 1 ( (ab + be) + 8 + 8 \ 

^bTbc = < 5 ( 5 j 


Similarly we obtain 


1 / (ca “H ab) -\~ 8 8 


3/7 1 / (be + ca) + 8 + 8\ 3 , — 1 ( 

v be + ca < - and A/ ca + ab < - 

— 4 \ 3 J — 4 \ 

Adding the last three inequalities gives us 

3 / 3 / 1 f 2(ab + be + ca) + 48 \ 

y/ ab + be + y/bc + ca + y/ca + ab < - ( J. (5.7) 


Since ab + be + ca < ^ a+b /~ c) — 12 by (5.7) we get 


y/ab + bc + y/bc + ca + y/ca + ab < 


1 /24 + 
4 V 3 


48 


= 6 . 


Equality occurs if and only if ab + be = be + ca — ca + ab = 8, i.e. a = b = c = 2. 
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Solution 2 The given inequality is equivalent to 

<jb{a + c ) + \/c{b + a) + $a(c + b ) < 6 
i.e. 

^/b{ 6 — b) + ^ c(6 — c) + ^ a{ 6 — a) < 6. 


(5.8) 


Since at the point of incidence a = b — c — 2 we have 2a = 6 — a — 4 by AM > GM 
we deduce 

,/ <J2 a ■ (6 — a) ■ 4 2a + 6 — a +4 n+10 

V «(6 - a) = < 7 = — 7 — • 

2 6 6 

Analogously we obtain 

,, b + 10 c+10 

$b( 6 — h) < and 44; (6 — c) < . 

6 6 

After adding the last three inequalities we get 

. s a b 4~ c 4~ 30 36 

ej b( 6 — b) + j/c ( 6 — c) + ^/a(6 — a) < = — = 6. 

6 6 

Equality occurs if and only if a — b — c — 2. 

Exercise 5.14 Let a,b,c be positive real numbers such that a 2 + b 2 + c 2 = 3. Prove 
the inequality 

\J a 2 + bc + \J b 2 + ca + \/ c 2 + ab < 34^2. 


Solution Since we have a symmetrical expression we estimate that the maximum 
value will occur at the point of incidence a = b — c — 1 . Then we have a 2 + be — 2. 
By the inequality AM > GM we get 

3 / t 1 3 / t 1 ( a~ T be + 4 \ 

^ * + *c= TA Aa - ! + i.c ) - 2 - 2 <^=( J )■ 


Similarly we obtain 


3 /7t 1 / + Cfl + 4\ 3AA r 

V o- + ca < -^7= ( and V c~ + ab 

V4\ 3 / 


1 f c 2 + ab + ‘ 

M 3 


Adding the last three inequalities gives us 


a 2 +bc + \/b 2 + ca + \/ c 1 + ab < ——(a 2 + b 2 + c 2 + ab + be + ca + 12) 

3v4 


< -4t=(2 (a 2 + b 2 + c 2 ) + 12) = = 3$2. 

3v4 3V4 


Equality occurs if and only if a — b — c — 1. 
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Exercise 5.15 Let a,b,c be positive real numbers such that a 2 + b 2 + c 2 — 3. Prove 
the inequality 

V^fl 2 + 4(b + c) + 3 + fab 2 + 4(c + a) + 3 + ^5 c 2 + 4 (a + b) + 3 < 6. 


Solution At the point of incidence n = i? = c = 1 we have 5a 2 + 4 (b + c) + 3 = 16. 
By the inequality AM > GM we get 


/ 5a 2 + Mb + c) + 3 = 


'(5a 2 + 4 (b + c) + 3) • 16 3 


< — (5 a + 4 (b + c) + 3 + 3 • 16) 
5a 2 + 4(b + c) + 51 


Similarly we obtain 


'/5b 2 + 4 (c + a) + 3 < 


5b 2 + 4(c + a) + 51 


4 77 T 7 r 5c 2 + 4 (a + b) + 5 1 

V 5c 2 + 4(a + b) + 3 < . 

32 

Adding the last three inequalities gives us 

l/5a 2 + 4(b + c) + 3 + ^/5b 2 + 4(c + a) + 3 + v^c 2 + 4(a + b) + 3 
5(a 2 + b 2 + c 2 ) + 8(« + b + c) + 153 


Since a 2 + b 2 + c 2 — 3 we have a + b + c < ^3 (a 2 + b 2 + c 2 ) — 3, and by the last 
inequality we obtain 

^5 a 2 + Mb + c) + 3 + f/5b 2 + 4(c + a) + 3 + v^c 2 + 4(a + b) + 3 

5 -3 + 8- 3+ 153 192 

< = = 6 . 

32 32 

Equality occurs if and only if a = b = c = 1. 



Chapter 6 

The Rearrangement Inequality 


In this section we will introduce one really useful inequality called the rearrange- 
ment inequality. This inequality has a very broad and easy use in proving other 
inequalities. 


Theorem 6.1 (Rearrangement inequality) Let a\ < 02 < • ■ • < a n and b\ < 
b 2 < ■ ■ • < b n be real numbers. For any permutation (xi,x 2 , ■ ■ ■ ,x n ) of 
(«!, a 2 , . . . , a n ) we have the following inequalities : 

a\b\ + a 2 b 2 H V a„b n > x\b\ + x 2 b 2 H h x n b n 

> a n b\ + a n -\b 2 H h a\b n . 


In case when a\ < a 2 < ■ ■■ <a n and b\ < b 2 < ■ ■ ■ < b n there is a simple nec- 
essary and sufficient condition for equality in either of the inequalities. The left in- 
equality becomes equality only if (xi, x 2 , . . . , x n ) matches (a\,a 2 , ... ,a n ), and the 
right inequality becomes equality only if (x\,x 2 , ■ ■ . , x„) matches (a„, a n - 1, . . . , a 1 ) ■ 


Corollary 6.1 Let a\,a 2 , . 
a permutation of (a a 2 , . . 

. . , a n be real numbers and let (x\ , x 2 , . . 
. , a n ). Then 

. , x n ) be 

al + fl2 + " 

■ + On> aixi + a 2 x 2 H h a„x n . 



Exercise 6.1 Let a , b and c be positive real numbers. Prove Nesbitt’s inequality 

a b c 3 

I 1 1 r — 

b + c c + a a + b 2 

Z. Cvetkovski, Inequalities, 61 
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6 The Rearrangement Inequality 


Solution Without loss of generality we may assume that a >b >c. Then clearly 


1 1 1 

> > 


b + c c + a a + b 

By the rearrangement inequality we deduce 

a b c b 

+ > 


c a 

+ 


b + c c + a a + b b + c c + a a + b 


and 


c c a 

> + 


b + c c + a a + b b + c c + a a+b 
Adding the last two inequalities gives us 


a b c 

1 1 - 

b+c c+a a+b 


a b c 3 

> 3 or 1 1 > - . 

b + c c + a a+b 2 


Exercise 6.2 Let a\ < 02 < ■ ■ ■ < a n and b\ < b 2 < ■ ■ ■ < b n be two sequences of 
real numbers and let (ci, C 2 , . . . , c n ) be a permutation of (h\ ,b 2 , . . b n ). Prove that 

(a l -bi) 2 + (a 2 -b 2 ) 2 -] h (a n -b n ) 2 < (flj -ci) 2 + (a 2 -C 2 ) 2 H h (fl„ -c„) 2 - 

Solution Note that bj + bi, H 1- h 2 = c 2 + c\ H |-c 2 . 

So it suffices to prove that 

flicj +a 2 C 2 H h a n c n < aibi + 02^2 H h a n b n , 

which is true due to the rearrangement inequality. 

Exercise 6.3 Let a\, 02 , ■ ■ ■ , a n be different positive integers. Prove the inequality 

a\ a-> a„ 1 1 

J2 + r- + " ' + - 1 + 2 + " ' + n' 


Solution Let (xi,X 2 , ...,x n ) be a permutation of (a\.a 2 , ....a„) such that x\ < 
x 2 < -< X n . 

Then clearly Xj > i for each i — 1.2, ... ,n and ^ ^ > • • • > \ . 

By the rearrangement inequality and the previous conclusion we obtain 


fli 02 a , , xi x 2 x„ 2 

- + ^ + --- + -^2>j2 + z2+--- + -^> +- 


nil 
n l n 


l 2 2 2 n 2 1 2 2 2 n 2 2 2 n 2 2 

Exercise 6.4 Let a, b, c be the lengths of the sides of a triangle. Prove the inequality 


a 2 (b + c — a) + b 2 (c + a — b) + c 2 (a + b — c) < 3abc. 
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Solution Without loss of generality we may assume that a >b >c. Then very easily 
we can verify that 

c(a + b — c) > b(c + a — b) > a{b + c — a). 

Applying the rearrangement inequality we obtain the following inequalities 

a 2 (b + c — a) + b 2 (c + a — b) + c 2 (a + b — c) 

< ba{b + c — a) + cb(c + a — b) + ac(a + b — c) 


and 


a 2 (b + c — a) + b 2 (c + a — b) + c 2 (a + b — c) 

< ca(b + c — a) + ab(c + a — b) + bc(a + b — c). 

Adding the last two inequalities gives us the required result. 

Exercise 6.5 Let a, b,c be real numbers. Prove the inequality 

a 5 + b 5 + c 5 > a 4 b + b 4 c + c 4 a. 

Solution 1 Without loss of generality we may assume that a > b > c, and then 
clearly a 4 > b 4 > c 4 (since the given inequality is cyclic we also need to consider 
the case when c >b>a, which is analogous). 

Now by the rearrangement inequality we get the required inequality. Equality 
occurs iff a — b — c. 

Solution 2 Since AM > GM we obtain the following inequalities: 

a~ + a “hr/ ~t~ a~ -l~ b 2 5 a b , 
b 5 + b 5 + b 5 + b 5 + c 5 > 5 b 4 c, 

T T T ^ a, 

and adding the previous three inequalities yields required inequality. Equality occurs 
iff a — b — c. 


Exercise 6.6 Let a, b, c be positive real numbers such that a be = 1. Prove the in- 
equality 

1 1 13 

a 2 (b + c) b 3 (c + a) + c 3 (a + b) ~ 2 

Solution Without loss of generality we may assume that a >b >c. 

Let x = i , y = = ' • Then clearly xyz — 1 . 
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We have 
1 


+ 


+ 


■ + 


a 3 (b + c) b 3 (c + a ) c 3 (a + b ) 1/y+l/z \/z+l/x \/x + \/y 


■ + 


y 


+ 


y + z z + x x + y 


Since c <b <a we have x < y < z. 

So clearly x + y<z + x<y- 
Now by the rearrangement inequality we get the following inequalities 


■ z and < — f— . 

y+z — z+x — x+y 


y + z 
v 2 


+ 


y 


Z + x 

„2 


■ + 


+ 


y 


x + y 
_2 


+ 


xy 

y + z 
xz 


+ 


+ 


yz 

Z + x 
yx 


+ 


+ 


zx 

x + y’ 
zy 


So we obtain 


y + z z + x x + y y + z z + x x + y 


+ 


7 3 (b + c) b 3 (c + a ) c 3 (a+b) 


= 2 


+ 


y 


+ 


y + z z + x x + y 
xy yz zx 


+ 


+ 


+ 


xz 


y + z z + x x + y y + z 
= x + y + z> 3 J/xyz = 3, 


+ 


yx 


+ 


zy 


z+x x+y 


as required. 

Exercise 6.7 Let a , b, c be positive real numbers. Prove the inequality 

a 2 + c 2 b 2 + a 2 c 2 + b 2 


■ + 


> 2 (a + b + c). 


Solution Since the given inequality is symmetric, without loss of generality we may 
assume that a >b >c. Then clearly 

a 2 > b 2 > c 2 and 


c b a 


By the rearrangement inequality we have 


a 2 b 2 c 2 9 1 , 1 , 1 7 1 9 1 7 1 

1 1 — a^ • — h b~ • — he - * — + a~ • — h b • — he • — — a + b + c (6. 1 ) 

b c a b c a a b c 
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and 

a 2 b 2 c 2 9 1 9 1 9 1 9 1 9 1 9 1 

1 1 - — — a 2 1 -Zr hc‘-->fl 2 )-&•- + c 2 ■ - = a + b+c. 

cab cab a b c 

Adding (6.1) and (6.2) yields the required inequality. 

Equality occurs if and only if a — b — c. 

Exercise 6.8 Let x, y, z > 0 be real numbers. Prove the inequality 


( 6 . 2 ) 


2 2 
X z - Z z 

y + z 


2 T 2 1 

y - x~ z—y 
+ + — > 0 . 


z + X 


x + y 


Solution We need to prove that ^ + ^ + ^>^+ i ^ + ^. 

Without loss of generality we may assume that x > y > z (since the given in- 
equality is cyclic we also will consider the case z>y>x). 

Then clearly x 2 > y 2 > z 2 and ^ ^ 

By the rearrangement inequality we have 


+ 


y 


— — 1 — 

y + z z + x x + y y + z z + x x + y 


+ 


+ 


as required. 

If we assume that z > y > x, then z 2 > y 2 > x 2 and > p . 

By the rearrangement inequality we obtain 


1 


x 2 y 2 z 2 2 1 2 

1 1 — Z • h x~ ■ 

y+Z z+x x+y x+y y+z 


> z 


1 


■ + x 


1 


+ y 


+ y 


l 


z + x 


1 


y+z z+x x+y 

2 2 2 
z X- y 

+ + 


y+z z+x x+y 

Equality occurs if and only if x = y = z. 

Exercise 6.9 Let x, y, z be positive real numbers. Prove the inequality 

3 3 3 

x J z 

h 1 1 > x + y + z. 

yz zx xy 

Solution Since the given inequality is symmetric we may assume that x > y > z. 
Then 

x 3 > y 3 > z 3 and 

yz zx xy 
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By the rearrangement inequality we have 

X 3 v 3 Z 3 3 1 3 1 3 1 

— + — + — = x 3 • — + y 3 • — + z 3 • — 

yz zx xy yz zx xy 


1 

xy 


1 

TZ 


1 


2 2 2 

3 ± 31 3 i x y z 

> x 3 ■ — + v 3 ■ — + z 3 •—=—+— + — . 

zx y z x 


(6.3) 


We will prove that 


9 2 2 

x- y z 

h ; 1 >x + y + z. 

y z x 


(6.4) 


Let x > y > z. 

Then x 2 > y 2 > z 2 and \ | ^ (since inequality (6.4) is cyclic we also need 

to consider the case z > y > x). 

By the rearrangement inequality we obtain 

9 2 9 2 9 9 

x- y z z z x z v z 

— + — + — — = x + y + z. 

y z x x y z 

The case when z > y > x is analogous to the previous case. 

Now by (6.3) and (6.4) we obtain 

333 
x J y D z 

1- ; 1 > x + y + z. 

yz zx xy 


Equality occurs if and only if x = y = z. 


Exercise 6.10 Let a, b, c, d be positive real numbers such that a + b + c + d = 4. 
Prove the inequality 


a 2 be + b 2 cd + c 2 da + d 2 ab < 4. 


Solution Let (x, y, z, t) be a permutation of (a, b, c, d) such that x > y > z > t. 
Then clearly xyz > xyt > xzt > yzf. 

By the rearrangement inequality we obtain 

x • xyz + y • xyt + Z ■ xzt + t ■ yzt > a 2 be + b 2 cd + c 2 da + d 2 ab. (6.5) 


Since AM > GM we deduce 


x • xyz + y • xyt + z ■ xzt + t ■ yzt — (xy + zt)(xz + yt) < 


(xy + xz + yt + ztf 


(6.6) 


Since 


(x + V + z + t) 2 

xy + xz + yt + zt — (x + z)(y + 1) < r = 4 


4 
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by (6.6) we deduce that 

x ■ xyz + y ■ xyt + z • xzt + t ■ yzt < 4. 

Finally by (6.5) we obtain 

a 2 bc + b 2 cd + c 2 da + d 2 ab < 4, 

and we are done. 

Equality holds iff a = b = c — d = 1 or a = 2, b = c = 1, d = 0 (up to permuta- 
tion). 



Chapter 7 

Convexity, Jensen’s Inequality 


The main purpose of this section is to acquaint the reader with one of the most 
important theorems, that is widely used in proving inequalities, Jensen ’s inequality. 
This is an inequality regarding so-called convex functions, so firstly we will give 
some definitions and theorems whose proofs are subject to mathematical analysis, 
and therefore we’ll present them here without proof. 

Also we will consider that the reader has an elementary knowledge of differential 
calculus. 


Definition 7.1 For the function / : [a, b] — > M we’ll say that it is convex on 
the interval [a, b] if for any x,y e [a, b] and any a e (0, 1) we have 

f(ax + (1 - a)y) < oef(x) + (1 - a)f(y). (7.1) 


If in (7.1) we have strict inequality then we’ll say that / is strictly convex. 

For the function / we’ll say that it is concave if — / is a convex function. 

If the function / is defined on R, it can happen that on some interval this function 
is a convex function, but on another interval it is a concave function. For this reason, 
we will consider functions defined on intervals. 


Example 7.1 The function f(x) = x 2 is convex on R, moreover /(x) = x n is con- 
vex on M for even n. Also fix) = x n is convex on R + for n odd, and it is concave 
on R“. 

The function fix) — sin x on (jt, 2n) is convex, but on (0, 7r) it is concave. 


Now we will state a theorem that will give a criterion for determining whether 
and when a function is convex, respectively concave. 


Z. Cvetkovski, Inequalities, 
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7 Convexity, Jensen’s Inequality 


Theorem 7.1 Let f : (a. b) — »■ R and for any x € (a, b) suppose there exists 
a second derivative The function fix) is convex on {a, b ) if and only if 

for each x e (a, b ) we have fix) > 0. If f" (x) > 0 for each x e (a, b), then 
f is strictly convex on ( a,b ). 


Clearly, according to Definition 7.1 and Theorem 7.1 we have that the function 
f{x) is concave on {a, b) if and only if f"(x) < 0, for all x e (a, b). 

Example 7.2 Consider the power function / : R + — >■ R + defined as f(x) — x a . For 
the second derivative we have f"(x) — a(a — l)x a ~ 2 , and clearly f"(x) > 0 for 
a > 1 or a < 0 and fix) < 0 for 0 < ot < 1 . So / is (strictly) convex for a > 1 or 
a < 0 and / is (strictly) concave for 0 < a < 1 . 

Example 7.3 For the function / : M — ► M, fix) = ln(l +e x ) we have fix) = 
and fix) = > 0 for x e M, and therefore / is convex on M. 

Example 7.4 For the function / : ]R + — »■ ]R + , fix) = (1 + x“)« for a/0we have 
fix) = ia — l)x a ~ 2 il + x a )v , from where it follows that for a < 1 the function 
/ is strictly concave and for a > 1 the function / is strictly convex. 

Theorem 7.2 Let /t, / 2 , ••■,/« be convex functions on ia, b). Then the func- 
tion ci f\ + C 2/2 H h c n fn is also convex on ia, b),for any c\,C 2 , ■ ■ . ,c„ e 

(0, 00 ). 


Theorem 7.3 (Jensen’s inequality) Let f : (a, b) — »■ K be a convex function 
on the interval ia, b). Let n e N and on, aj, ■ ■ ■ , oi n e (0, 1) be real numbers 
such that ai+ot 2 -\ ha,, = 1 . Then for any x\ , X 2 , ■ ■ ■ , x n € ia, b) we have 



i.e. 


f (a \x 1 + 012 x 2 -\ \- a n x n ) < on f ixi) + a 2 f ix 2 ) h a n fix,,). (7.2) 


Proof We’ll prove inequality (7.2) by mathematical induction. 

For n — 1 we have aq = 1 and since fix 1 ) = fix 1 ) we get fiaixf) — aifix\), 
so (7.2) is true. 
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Let n = 2. Then (7.2) holds due to Definition 7.1. 

Suppose that for n = k, and any real numbers ot\,U 2 , . . . , a* e [0, 1] such that 
aq + “2 + • • • + a k — 1 and any x\ , xi, . . . , x k e (a, b), we have 

/(a l-D H b oikXk) < a\f(xi) H hat/fe). (7.3) 

Let n — k + 1, and let a\, a. 2 , ■ ■ ■ , oik+ 1 £ [0, 1] such that aq + 012 + ■ ■ ■ + 
otk + 1 = 1. 

Let x\, X 2 , ■ ■ ■ , X£+i e (a, b). 

Then we have 


i*i + 012x2 H t-a*+i** + i 

= (oqxi H b a k Xk) + a k +\Xk+\ 

( oq 0!2 

*1 + *2 + ' 

1 — «fc+i 1 — aj'+t 


dk \ , 

■C | ~b - 

-at+l / 

(7.4) 


Let 


at 


-*i 


«2 


1 - aj+t 1 - a/t+i 


*2 + • • • + 




Then since xq , xq, . . . , Xk € (a, 7>) we deduce 


at 


V/t+l = 2 

1 - at+i 


*! + — 


a 2 


< 


< 


1 — ttjfc+l 
®2 

b 


■XI ■ 


1 - a*+! 




■** = yi+i. 


1 — afc+i 1— at+i 


1 - atr+i 
oik 

b 

1 - oik+i 


Xk 


-(at 


1 - ar*+i 

deduce that y k +\ > «• 


b 

+ 012 H b «*) = (1 -a*+i) 

1 - Otifc+l 


= b. 


Similarly we umi y k +\ ’ «• 

Thus y*_|_i e (a, £>). 

According to Definition 7.1 and by (7.4) we obtain 

/(«i*l H b oikXk + a* +1 *Jfc+i) = /(( 1 - ak + i)yk+i + oik+iXk+i) 

< (1 -a k+ i)f(yk+\) + ak+if(xk+i)- (7.5) 


By inequality (7.3) and since 


012 


1 ^ 1 

1 — «t+l 1 -tt/t+l 


Oik _ 1 
1 -Olk + 1 


we obtain 

,, , ,/ «i , «2 

/(y A .+ l) = / *t + - ■ 

\l-a*+i 1 — Qfjfc+i 

ot\ ai 

< 1 /(* l) + —f(x 2 ) ■ 

1 - dk + 1 1 - Olk + 1 


-*2 ■ 


Oik 


1 ■** 

1 - a k + 1 / 

■+ , “* /fa)- (7.6) 

I 


1 - Olk+l ' 
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Finally according to (7.5) and (7.6) we deduce 

f(a\x\ H \rak+\Xk+i) <ai/(xi)H hffj+t/fo+i). 

So by the principle of mathematical induction inequality, (7.2) holds for any 

positive integer n , any a \ , a 2 , . . . , a n e [0, 1 ] such that a 1 + a 2 H b a n — 1 , and 

arbitrary x\, X 2 , ■ ■ . , x n e (a, b ). □ 

Remark If / is strictly convex then equality in Jensen ’s inequality occurs only for 
x\ = xi = • • • = x n . 

If the function f (x) is concave then in Jensen’s inequality we have the reverse 
inequality, i.e. 


/(a 1x1 H b a n x„) ><x\f(x\)-] b a n f(x n ). 

It is important to note that Jensen ’s inequality can also be written in the equivalent 
form: 

If /:/—>• K is convex on /, x \ , xi, . . . , x n e I and m 1 , m 2 , . . . , m„ > 0 are real 
numbers such that m \ + m 2 H b m„ >0. Then 

J m\x\ +m 2 x 2 H bm„x„ \ m\ f(x\) + m 2 /fe) H b m n f(x n ) 

J V m \ + m 2 H b m n J - m l +m 2 -\ b m„ 


Example 7.5 Consider the function f(x) = — ln.v, on the interval (0, + 00 ). For 
the second derivative we have f'(x) — \ > 0, which means that f(x) is a strictly 
convex on x e (0, + 00 ). 

By Jensen’s inequality for a\ = a 2 = • • ■ = «„ = and x, e (0, + 00 ), i = 
1, 2, . . . , n, we obtain 


-In 




x i + x 2 H b x n \ / In.r'i + lnx2 H + lnx„ 




ln.ri + ln .^2 H b ln.r„ 


< In 


xi + X 2 H b Xn 


\n(x\X2 ■ ■ -Xn) 1 ^" < ln^ 


x\ + x 2 d b X„ 


i.e. 


^Jx\x 2 •■•x n < 


Xi + x 2 H b x n 

n 


which is the well-known inequality AM > GM. 


Example 7.6 Let us consider the function / (x) = x 2 . Since f"(x) = 2 > 0 it fol- 
lows that / is convex on R. Then by Jensen’s inequality 


( rn jX\ + m 2 x 2 H bm„x„ ^ ^ '«i/U't) + m 2 f (x 2 ) H b m n f (x„ ) 


m 1 + m 2 + • • • + m , 


m 1 + m 2 + • • • + m, 
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we obtain 


m\x i + m 2 X 2 + ■ • • + m n x n 
m \ + m2 H 1 -m n 


m\x\ + ni 2 x\ H \- m n x% 

mi+m2-\ t-m„ 


i.e. 


(mi Ati +W2.T2H f m„x n ) 2 < (wiXj +m2X%-\ )-m,|X„)(mi+m2J b m n ). 

By taking m , = bf, Xi = 57 for i = 1, 2, . . . , n in the last inequality, we obtain 

+ 02^2 + • • • + O n b n )" < (fl[ + (JJ + • • • + a n)i^l + l>2 ■ ■ ■ "b ^n)> 

which is the well-known Cauchy-Schwarz inequality. 

On this occasion we will present Popoviciu ’s inequality , which will be used in the 
same manner as Jensen ’s inequality. But we must note that this inequality is stronger 
then Jensen ’s inequality , i.e. in some cases this inequality can be a powerful tool for 
proving other inequalities, where Jensen 's inequality does not work. 


Theorem 7.4 (Popoviciu’s inequality) Let f : [<7 , b] —*■ M be a convex func- 
tion on the interval [a, b]. Then for any x, y, z £ [a, b] we have 


f 



fix) + f(y) + f(z) 

3 




Proof Without loss of generality we assume that x <y <z. 

If y < ^±f±i then ^±|±i < z and £±|±i <1+L< Z _ 

Therefore there exist s, t e [0, 1] such that 


x + z 
2 


f x + y + z 

V 3 


s + z(l — 5) 


and 


y + z 
2 


Jx + y + z 

V 3 


t + z(l - t). 


Summing (7.7) and (7.8) gives 


x + y -2z 

2 


x + y- 2z 


( s + t). 


(7.7) 

(7.8) 


from which we obtain s + t = | . 


3 
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Because the function / is convex, we have 


and 


x + z 
2 

.V + £ 


<s- f 
<t'f 


x + y + z 


x + y + z 


+ d -S)f(z), 

+ d -t)f(z) 


f 


x + y 


<\f{x)+\j{y). 


After adding together the last three inequalities we obtain the required inequality. 
The case when A+ J + ^ < y is considered similarly, bearing in mind that x < 
and * < 2±5 < *±g±£. □ 


Note If / is a concave function on [a, b] then in Popoviciu’s inequality for all 
x, y, z e [a, b] we have the reverse inequality, i.e. we have 


/ 


x + y + z\ f(x) + f(y) + f(z) 


<?(/ 


+ 


x + y 


+ f 


3 

y + z 


z + x 


Theorem 7.5 (Generalized Popoviciu’s inequality) Let f : [a, b] — > M be a 
convex function on the interval [a, b] and a \ , 02 , . . . , a n 6 [a, b]. Then 

/(at) + f(fl2) H H + n(n - 2 )/(a) 

>(n-l)(f(b l ) + f(b 2 ) + --- + f(b n )), 

where a = a|+a2 ^" + a ' 1 , anc/ a j far all i. 


Theorem 7.6 (Weighted AM-GM inequality) Let at e (0, 00 ), i = 1, 2, . . . , n, 
and a, e [0, 1], i = 1,2, ... ,n, be such that oi\ + a 2 + • • ■ + a n — 1 . 

Then 

a* 1 a* 1 ■ ■ •a“ n <a\a\ +a 2 a 2 -\ h a n a„. (7.9) 


Proof For the function / (x) — — lnx we have f'(x) = — | and f"(x) = i.e. 
fix) > 0, for x e (0, 00 ). 

So due to Theorem 7.1 we conclude that the function / is convex on (0, 00 ). 
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Let a, e (0, oo), i = 1, 2, . . . , n, and a,- e [0, 1], i = 1,2, ... ,n, be arbitrary real 
numbers such that oq + a 2 + ■ ■ ■ + a„ = 1 . 

By Jensen ’s inequality we deduce 


n \ n n 

^2 a i a ' ) = ~ lna ' 

.(■=1 / ; = 1 i = l 

— ln(fliai + fl 2«2 + ■ • ■ + a n a„) < — ai lnni — a'l^nai — ■ ■ ■ — a n ln<7„ 
<£>• a i ln«i + o !2 ln<72 + ■•■+«« In a n < ln(aio!i + aioti + • • • + a n a n ) 

In • ■ • fl“" < ln(aio;i + 02012 + • • • + a n a n ) 

<£>• a i a 2 ‘ ■ • < aiaj + <72«2 + • • • + a„a n , 

as required. □ 

Note By inequality (7.9) for oi\ = 0L2 = • • ■ = oc n = jL we obtain the inequality 
AM > GM. 


-\nlj2 a i a i ) = /( 


\i = 1 


Exercise 7.1 Let a, (i, y be the angles of a triangle. Prove the inequality 

3V3 


sm a sinp sin / < 


8 


Solution Since a, /3, y e (0, tt) it follows that sina, sin/3, sin / > 0. 
Therefore since AM > GM we obtain 

v . sin a + sin ft + sin / 

-y/ sin a sin /l sin / < — . 

Since fix) = sinx is concave on (0, tt), by Jensen’s inequality we deduce 

sin a + sin f + sin / . a + ft + / V3 

< sin = — . 

3 3 2 

Due to (7.10) and (7.11) we get 

,/ t V3 373 

y/ sin o; sin /J sin/ < — <£> sina'smpsin/< . 

2 8 

Equality occurs iff a — f = y, i.e. the triangle is equilateral. 


(7.10) 


(7.11) 


Exercise 7.2 Let a,b,c e R + . Prove the inequalities: 

(1) 4 (a 3 + b 3 ) > (a + b) 3 ; 

(2) 9(a 3 + b 3 + c 3 ) > (a + b + c)\ 
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Solution (1) The function /(; c) = x 3 is convex on (0, +oo), thus from Jensen’s 
inequality it follows that 


a + b\~ a 3 + £> 3 


(2) Similarly as in (1) we deduce that 
' a + b + c \ 3 a 3 + h 3 + c 3 


< 


4(a 3 +/7 3 )>(a + Z7)". 


4 ^- 9 (# 3 + /? 3 + c 3 ) >(# + /? + c ) 3 . 


Exercise 7.3 Let a,- > 0, i = 1, 2, . . . , n, be real numbers such that a\ + «2 H b 

a„ = 1 . Prove the inequality 


O'] 012 

o' , as 


i 

> 

n 


Solution If we take a, = 4-, i = 1, 2, . . . , n, by the Weighted AM-GM inequality 
we get 


1 1 


a 


on 

1 


-57 < —a t H “2 H 1 «„ = n, 

a n a i a 2 


1 

n 


, oii a 2 
< afj a ? 2 


n 


Exercise 7.4 Find the minimum value of k such that for arbitrary a. b > 0 we have 

Ifc + sfb < ksj a + b. 


Solution Consider the function f(x) = tyx. 

We have f'(x ) = |x _ 3 and f"(x) — — |x _ 3 < 0, for any x e (0, oo). Thus 
/(x) is concave on the interval (0, oo). 

By Jensen ’s inequality we deduce 




a + b 




' + -Vb 


a + b 


<£> 1/a + J/b < -^=s/a + b= s/~A ■ <Ja + b. 

1/2 


Therefore £ m j n = v^, and for instance we reach this value for a — b. 
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Exercise 7.5 Let x, y, z > 0 be real numbers. Prove the inequality 

\! x 2 + 1 + J y 2 + 1 + Vz 2 + 1 > 1/6U + y + z). 


Solution Consider the function /(f) = ~Jt 2 + 1, t > 0. 


Since f (f) = 


> 0, / is convex on [0, 00 ). 


(V?2+T) 3 

Therefore by Jensen ’s inequality we have 


\/x 2 + 1 + s/y 2 + 1 + Vz 2 + 1 fx + y + z 


i.e. 

\/x 2 + 1 + /y 2 + 1 + \/z 2 + 1 > -y/(x + y + z) 2 + 9. (7.12) 

From the obvious inequality ((x + y + z) — 3) 2 > 0 it follows that 

(x + y + z) 2 + 9>6(x + y + z). (7.13) 

By (7.12) and (7.13) we obtain 

v/x 2 + 1 + vWl + v/z 2 + 1 > tJ(x + y + z ) 2 + 9 > yjb{x + y + z). 
Equality occurs if and only if jc = y = z = 1 . 

Exercise 7.6 Let x, y, z be positive real numbers. Prove the inequality 

x + y y + z , Z + x / z x y \ 

1 1 > 41 1 1 ) . 

z x y \x + y y + z z + x/ 

Solution Consider the function /(x) = x + 

Since /'(x) = 1 — and /"(x) = > 0 for any x > 0 it follows that / is 

convex on M + . 

Now by Popoviciu 's inequality we can easily obtain the required inequality. 



Chapter 8 

Trigonometric Substitutions and Their 
Application for Proving Algebraic Inequalities 


Very often, for proving a given algebraic inequality we can use trigonometric sub- 
stitutions that work amazingly well, and can almost always lead the solver to a 
solution. 

Using such substitutions, a given inequality may simplify to the point, where 
the final part of the proof will be only routine, and will need previous results (usu- 
ally Jensen’s inequality and elements of trigonometry). Therefore it is necessary to 
possess a knowledge of trigonometry. 

We will give some basic facts that must be known and which are of benefit when 
Jensen’s inequality is being used. Namely, the function sinx is concave on (0, n), 
the function cosx is concave on (— jr/2, jt/2), hence also on (0, jt/2), tanx is con- 
vex on (0, jt/2), while the function cotx is convex on (0, jr/2). 

Furthermore, without proof (the proofs are “pure” trigonometry, and some of 
them can be found in standard collections of problems in mathematics at secondary 
level) we will give several trigonometric identities relating the angles of a triangle, 
which the reader should certainly know. 


Proposition 8.1 Let a, /l, y be the angles of a given triangle. Then we have 
the following identities : 

I\ : cos a + cos f + cos y = 1 + 4 sin “ ■ sin 4 ■ sin y 
I 2 '. sin a + sin /3 + sin y = 4 cos “ • cos 4 • cos j 
Iy. sin 2a + sin 2/3 + sin2y = 4 sin a • sin /3 ■ siny 
I 4 : sin 2 a + sin 2 ft + sin 2 y = 2 + 2 cos a • cos f} ■ cos y 
I sin 2 j + sin 2 j + sin 2 ^ + 2 sin | • sin ^ • sin ^ = 1 
I 5 : tan | • tan 4 + tan 4 • tan ^ + sin y • sin “ = 1 
I 6 : tan a + tan f + tan y = tan a ■ tan f ■ tan y 
f : cot | + cot 4 + cot j = cot | ■ cot 4 ■ cot j . 
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DOI 10. 1007/978-3-642-23792-8_8, © Springer- Verlag Berlin Heidelberg 2012 


79 



80 


8 Trigonometric Substitutions and Their Application 


Proposition 8.2 Let a , ft, y be arbitrary real numbers. Then we have: 

1 8 : sin a + sin ft + siny — sin (a + P + y) = 4 sin ■ sin ■ sin 
I<): cos a + cos p + cos y + cos (a + ft + y) — 4 cos ■ cos ■ cos 


Now we will give several inequalities concerning the angles of a given triangle, 
which will be used in proving inequalities by using trigonometric substitutions, and 
which are of great importance. The method of introducing certain substitutions and 
knowledge of these inequalities are the essence of this way of proving algebraic 
inequalities. 


Proposition 8.3 Let a, p. y be the angles of a given triangle. Then we have 
the following inequalities : 


N\ : sin a + sin ft + sin y < 

/V 3 : sin | + sin 4 + sin y < | 

N 5 : cos a + cos f> + cos y < | 
N-y. cos “ + cos j + cos j 
N 9 : sin 2 a + sin 2 p + sin 2 y < | 
N\ 1 : cos 2 ot + cos 2 ft + cos 2 y >\ 
N\y. tan | + tan ^ + tan ^ > V3 
N 15 : cot a + cot f + cot y > V3. 


N 2 : 

sin a • 

sin p ■ 

sin y < 

N 4 : 

sin | • 

sinf • 

sin 2 ^ S 

N 6 : 

cos a 

COS P 

cosy < g 

N 8 : 

cosf 

ft 

COS J 

• cos ^ ^ 

NiO- 

sin 2 " 

+ sin 2 

f + sin 2 \ | 

Nn- 

cos 2 | 

+ cos 

2 § + cos 2 \ < l 

Nu: 

cotf - 

b cot ^ 

+ cot J > 3V3 


Proof N \ : The function sinx is concave on the interval (0, tx), thus from Jensen’s 
inequality we obtain 


sin a + sin p + sin y ( a + p + y 

< sin 

3 “ V 3 

. a . 3V3 

<£> sin a + sin/3 + siny < . 


. Jt VI 
= sin — = — 
3 2 


N 2 : Since sin a' > 0 for any x e (0, 7 r) we can apply the inequality AM > GM, 
and we obtain 


sin a ■ sin ft ■ sin y < 


sin a + sin f + sin y ^ 3 N\ f VI ^ 3 3 VI 

2~ j 8 ' 


< 


N 3 : Similarly as in the proof of N\ we have 

'a + P + y 


sin “ + sin ^ + sin \ 


< sin 


n 

— sin — 

6 


1 

2 


3 


6 
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a fi y 3 

sin — H sin — b sin — < - , 

2 2 2 ~ 2 

since the function sin.r is concave on (0, tt/2). 

N 4 : Similarly as in proof of Ab and since AM > GM we have 



i.e. 

a fi V 1 

sin — • sin — • sin — < - . 
2 2 2 - 8 

N 5 : Since a + fi — n — y it follows that 


cos y = — cos(a + fi) — — cos a cos ft + sin a sin fi. 


Thus 


3 — 2(cos a + cos fi + cos y) — 3 — 2(cos a + cos fi — cos a cos fi + sin a sin fi ) 

= sin a + sin fi — 2 sin a sin/8 + 1 + cos - a 
+ cos 2 fi — 2 cos a — 2 cos + 2 cos a cos fi 
— (sina — sin/1) 2 + (1 — cosa — cos fi) 2 > 0, 


which is equivalent to 


cos a + cos fi + cos y < 
Ne- Since cos(a + fi) = — cos y, we have 


3 

2 ' 


cosa cos fi cos y = - (cos (a + fi) + cos(a — fi)) cos y 

1 1 cos 2 y 

= - (cos(a — fi) — cos y ) cos y — - cos(a — fi) cos y — 


cos y 


cos(a — fi) 


cos“(a — fi) 


cos 2 (a — fi) 1 
- 8 “ 8 ' 

Nj: Since a, fi,y e (0, tt) it follows that a/2, fi/ 2, y / 2 e (0, n/2). 
The function cos x is concave on the interval (0, n/2). 

Thus by Jensen ’s inequality we get 


Y 

■ COS J 


ot + fi + y n 

< cos = cos — 

6 6 


V3 
2 ’ 


3 


6 
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i.e. 

a fi y 3^3 

cos — b cos — b cos — < . 

2 2 2 — 2 

Ng: Since a, / 3 ,y e ( 0 , n) it follows that a/ 2 , /S/ 2 , y /2 e ( 0 , Jt/ 2 ), i.e. 
cos a, cos / 3 , cos y > 0, 
so we can apply AM > GM to conclude that 


3/ a /S y ^ cos f + cos ^ + cos £ tv 7 V 3 


cos — cos — cos — < 
2 2 2 “ 


< 


from which it follows that 


a fi y 3V3 

cos — • cos — • cos — < . 

2 2 2 - 8 


N 9 : By identity I4 and inequality Ne we obtain 


sin" a + sin" /J + shr y = 2 + 2 cos a ■ cos ji ■ cos y<2 + 2- - = -. 

8 4 


A^io: By I', we have that 


•2^1 ■ 2 Y 


■ r 


sin" — b sin" — b sin" — b 2 sin — • sin — • sin — = 1 


i.e. 

2 a 2/6 2 y a ft y 

sin" — b sin" — b sin" — = 1 — 2 sin — • sin — • sin — . 

2 2 2 2 2 2 

According to N4 : sin | • sin f • sin g and the previous identity we obtain 

2 a 9jS 9 y 23 

sin" - + shr - + sin" - > 1 = -. 

2 2 2 - 8 4 

N 1 1 : We have 

292 222 ^9 9 3 

cos" a + cos" /6 + cos y = 3 — (sin" a + sin" /6 + sin" y) > 3 — - = - . 


N n'. We have 


2 Y 


.9 a .9/6 . 9 y \ tVio 


cos" — b cos" — b cos" — = 3 — I sin" — b sin" — b sin" — ) < 3 = - . 


N\y. Since tanx is convex on the interval ( 0 , n/ 2 ), by Jensen's inequality we 
deduce 


tan ^ + tan ^ + tan 4 


t a + /6 + y 7r 
— > tan = tan — = 


1 


V3 ’ 


3 


6 
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i.e. 


a p y r- 

tan — + tan — + tan — > V 3. 

A^ 14 : Due to the convexity of cot x on (0, tt/ 2) by Jensen’s inequality we obtain 

“ , t P , t y u + P + Y , R 

cot — f cot H cot — > 3 cot = 3 v 3. 

2 2 2 6 

N 15 : Firstly we have 

cosa cos/5 cos a sin + sin a cos fi sin(a + /3) 


cota + cot B = 


sin a sin /S 


sin a sin ft 


sin a sin/6 


■ ( 8 . 1 ) 


Also 


1 > cos(a — /6) = cos a cos/) + sina sin /6, 
cos y = — cos(a + p) — — cosa cos /6 + sina sin /). 


( 8 . 2 ) 

(8.3) 


Adding (8.2) and (8.3) gives us 


2 sin a sin /3 < 1 + cos y 

<bb 2 sin a sin /6 sin(a + /6) < (1 + cos y) sin (a + /8) 

<bb 2 sin a sin /6 sin y < (1 + cos y) sin(a + /6) 

2 sin a sin /) sin y (1 + cos y) sin(a + /6) 

sina sin/l(l + cos y) sina sin /S ( 1 + cos y) 

2siny sin(a + R) 

O — < . 

1+cosy sin a sin ft 

Therefore 


(8.4) 


cota + cot /6 


(8.1) sin(a + /3) 

+ coty = — - 

sina sin p 


cosy (8.4) 2siny cosy 

— > 1 — 

sin y 1 + cos y sin y 


1 

2 

1 

2 


4 siir y + 2 cos“ y + 2 cos y 
(1 + cos y) siny 

3 sin 2 y + (1 + cos y) 2 
(1 + cos y) sin y 


1 

> - 

“ 2 


lyj 3 sin 2 y(l +cosy) 2 
(1 + cos y) siny 


2V3 


= V3, 


as required. 


□ 
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Proposition 8.4 Let a , f, y be the angles of an acute triangle. Then 
N i6: tana + tan ft + tan y > 3V3. 


Proof Since the triangle is acute it follows that a, f.y e (0, 7r/2). The function 
f(x) — tanx is convex on (0, jt/2), so by Jensen ’s inequality we obtain 


a + B + y 7T / 

tan a + tan f> + tan y > 3 tan = 3 tan — = 3 V 3. 


Furthermore, we’ll give two theorems that will be the basis for the introduction of 
trigonometric substitutions. □ 


Theorem 8.1 Let a, f,y e (0, it). Then a, ft and y are the angles of a trian- 
gle if and only if 


a fi f> y ay 
tan — tan — b tan — tan — b tan — tan — = 1 . 
2 2 2 2 2 2 


Proof Let a, ft, y be the angles of an arbitrary triangle. Then a + f + y = jt, i.e. 

y tt_ a+p 

2 — 2 2 
Therefore 


Y 


tan — = tan — 


7 r a + f 


a B 
— cot [ - + I = 


cot | cot j — 1 


cot - 


■cot 5 


1 — tan | tan 4 
tan “ + tan 4 


a f f Y a Y 

<£> tan — tan — b tan — tan — b tan — tan — = 1 . 

2 2 2 2 2 2 

Conversely, let us suppose that for some a, ft, y e (0, it) we have 


a f> f> y ay 
tan — tan — b tan — tan — b tan — tan — = 1 . 
2 2 2 2 2 2 


(8.5) 


lfa — f — y then 3 tan 2 " = 1 , and since tan | > 0 we get tan % = i.e. a — ft — 
y = 60°, from which it follows that a + f + y = n, i.e. a, ft and y are the angles 
of a triangle. 

Without loss of generality let us assume that a^f f. 

Since 0 < a + f < 2n it follows that there exists y\ e (—it, jt) such that a + f + 
Yi = *■ 

Then by the previous part of this proof we must have 


a f ft yi a yi 

tan — tan — b tan — tan b tan — tan — = I . 

2 2 2 2 2 2 


(8.6) 
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We’ll show that y — y\ , from which it will follow that a + /l + y — jt , i.e. a, ft and 
y are the angles of a triangle. 

If we subtract (8.5) and (8.6) we get 


, v „ n 

tan — = tan — , i.e. 

2 2 


Y -Y l 


= kn, for some k > 0, k e Z. 


But | Y 2 n | <j + Y < f-l~T =7r , so it follows that k — 0, i.e. y = y\, and the 
proof is finished. □ 


Theorem 8.2 Let a, ft, y e (0, tt). Then a, ft and y are the angles of a trian- 
gle if and only if 

. 2 a . 2 ft . oY _ . a .ft . Y 
sin — H sin — H sin — b 2 sin — ■ sin — ■ sin — = 1 . 


Proof Let a, ft, y be the angles of a triangle. Then we have 


. 2 Y . 0 • « ■ P ■ Y 

sin — b 2 sin — ■ sin — ■ sin — 

2 2 2 2 

2 a + f a a + ft 


: cos 


+ 2 sin — • sin — • cos - 
2 2 2 2 


a+ftf a+ft a .ft 

: cos cos b 2 sin — ■ sin — 

2 V 2 2 2 


a + ft ( a+ft a— ft a+ft 

■ cos — - — | cos — b cos — cos 


: COS 


2 V 2 

a + ft a — ft 1 

— — -cos — - — = -(cosa + cos/1) 


1 - 2 sin 2 | + 1 - sin 2 § 


= 1 — sin 2 sin z — 


• 2 


i.e. 


. o a . 9 ft . 2 y „ . a .ft . y 
sin - — b sin - — b sin — b 2 sin — • sin — • sin — = 1 . 

2 2 2 2 2 2 


Conversely, let a, ft, y e (0, jt) be such that 


■ 2 Y 


a . ft . y 


sin - — b sin - — b sin — b 2 sin — • sin — ■ sin — = 1 . 


(8.7) 


Well show that a + ft + y — jt. 

Since 0 < a + ft < 2n it follows that there exists y\ e (—jt, jt) such that a - 
Yi =ir. 
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Then clearly 

n a t 6 t y i a B y | 

sin“ — b sin“ — b sin“ b 2 sin — • sin — • sin — = 1 . (8.8) 

2 2 2 22 2 

By subtracting (8.7) and (8.8) we obtain 

( ■ Y ■ y'\( ■ Y , • V 1 , o • 01 ■ P\ n /cm 

sin sin — sin — b sin b 2 sin — • sin — =0. (8.9) 

V 2 2)\ 2 2 22) 

But 

. Y , • Yi . r, ■ « • P ■ Y , ■ n , 01 -P a + i 6 

sin — b sin b 2 sin — • sin — = sin — b sin b cos cos 

2 2 22 2 2 2 2 

. Y , . Y t , oi -P . Yi 

= sin — b sin b cos sin — 

2 2 2 2 

. Y . a ~P 

= sin — b cos . 

2 2 

Since j e (0, tt/2) and e (—tz/2, tx / 2) it follows that 

y oi — P Y Y l a p 

sin — b cos > 0, i.e. sin — b sin b 2 sin — • sin — > 0. 

2 2 2 2 22 

From the last inequality and (8.9) we have 

. Y . Yi 

sin — = sin — , i.e. Y — Y i- 
2 2 

Thus a + P + y = n , as required. □ 

Now, based on these two theorems we will give basic cases, how a given algebraic 
inequality can be transformed by trigonometric substitutions. These substitutions, 
with the inequalities of Propositions 8.3 and 8.4 will be a powerful apparatus for 
proving algebraic inequalities. 

8.1 The Most Usual Forms of Trigonometric Substitutions 

Case 1. Let a, p and y be the angles of an arbitrary triangle. 

Let A = B = and C = 

Then A + B + C — n\ moreover 0 < A, B, C < n/2, i.e. this substitution allows 
us to transfer angles of an arbitrary triangle to angles of an acute triangle. (This is 
especially important when we use Jensen ’s inequality, since “Jensen” could not be 
used for the function cosx on the interval (0, it), but only on the interval (0, n/2).) 
Observe that we have: 

a P y 

sin— = cos A, sin— = cos B, sin— = cos C. 

2 2 2 

Note : There are similar identities for the functions cosx, tanx and cotx. 
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Case 2. Let x,y and z be positive real numbers. Then there exist triangle with 
length-sides a—x + y,b — y + z, c = z + x. 

Clearly (x, y, z) — (s — b, s — c, s — a), where 5 = a+ ^ +c = x + y + z. 

Case 3. Let a, b, c be positive real numbers such that ab + be + ca — 1. 

Since tan* e (0, oo) for x e (0, tt/2), and due to Theorem 8.1 we can use the 
substitutions 

a p y 

a = tan — , b — tan — , c — tan — , 

2 2 2 

where a, p and y are the angles of a triangle, i.e. a, ft, y e (0, n) and 

a + ft + y =tt. 

Case 4. Let a,b,c be positive real numbers such that ab + be + ca — 1. 

Then according to Case 3 and Case 1 we can use the following substitutions 

a = cota, b — cotp , c — coty , 


where a, p and y are the angles of an acute triangle, i.e. a, p,y e (0, it/ 2) and 
a + p + y — n. 

Case 5. Let a, b and c be positive real numbers such that 

1 1 1 

a + b + c — abc, i.e. 1 1 = 1. 

be ca ab 

Then according to Case 3 we can take 

1 a 1 P 1 y 

— = tan — , - = tan — , - = tan — , 

a 2 b 2 c 2 

a P y 

i.e. a — cot — , £> = cot— , c = cot— , 

2 2 2 


where a, p and y are the angles of an arbitrary triangle. 

Case 6. Let a, b, c be positive real numbers such that a + b + c = abc. 

Then according to Case 5 and Case 1 we can use the following substitutions 


fl = tano!, b — tanp, c — tany, 

where a, p and y are the angles of an acute triangle, i.e. a, p,y e (0, tt/2) and 
oi + P + y —it . 

Case 7. Let a, b, c be positive real numbers such that 

a 2 + b 2 + c 2 + 2 abc = 1 . 


Note that since the numbers a, b, c are positive we must have a,b,c < 1. Therefore 
due to Theorem 8.2 we can use the substitutions 

. a . P . y 

<2 = sin— , /? = sin — , c = sin—, 

2 2 2 
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where a, ft and y are the angles of an arbitrary triangle, i.e. a, ft, y e (0, n/2) and 
a + p + y — jt. 

Case 8. Let a,b,c be positive real numbers such that 

a~ “j~ b c 2abc = 1 . 

Then according to Case 7 and Case 1 we can make the following substitutions 
a = cos a, b — cos/3, c = cosy, 

where a, /I and y are the angles of an acute triangle. 

Case 9. Let x, y, z be positive real numbers. 

Then the expressions: 
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zx 


(x + y)(x + z)\ (y + z)(y + *) ’ V (z + x)(z + y) 


xy 


with the substitutions from Case 2 become 


I (s — b)(s — c ) I (s — c)(s — a) I (s — a)(s — b ) 
V be V ca V ab 

where a, h, c are the length-sides of a triangle. 

But let us notice that 


a (s — b)(s — c) 
sin — = J 

2 V be 

. y I (s - a )(s - b) 
sin — = ,/ 

2 V ab 


. p l(s- c)(s - a) 

sm x = v 

2 V ca 


Therefore for the given expressions we can simply make the substitutions: 
sin sin f , sin ^ (respectively), where a, ft and y are the angles of a triangle. 

Case 10. Similarly as in Case 9, for the expressions: 


/ x(x + y + z) / y(x + y + z) / z(x + y + z) 

V (x + y)(x + z)\ (y + z)(y + x)’y (z + x)(z + y)' 

we can make the substitutions cos f , cos f , cos 4 (respectively), where a, ft and y 
are the angles of a triangle. 

Now we will give practical applications of this material, through exercises that 
will demonstrate how it works, and how useful is this apparatus, which is based on 
the aforementioned substitutions in certain cases. 



8.2 Characteristic Examples Using Trigonometric Substitutions 


89 
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Exercise 8.1 Let x, y, z > 0 be real numbers. Prove the inequality 

\/*(:y + z) + J y(z+x ) + Vz(x + y) > 2 A* + + 

y x + y + z 

Solution The given inequality is equivalent to 

/ x(x + y + z ) / y(x + v + z) / z(x + v + z) ^ ^ 

Y (x + y)(x + z) Y O' + ^O 7 + *) y (z + x)(z + y) _ ‘ 

According to Cc/.ve 70, it suffices to show that 

a fi y 
cos — + cos — + cos — > 2, 

where ct, ft and y are the angles of a triangle, i.e. a, fi, y e (0, Jt) and a + ft + y — it . 
Due to Case 1, it remains to prove that 

sin a + sin ft + sin y > 2, 


where a, ft and y are the angles of an acute triangle, i.e. a, ft ,y e (0, jt/ 2) and 
a + ft + y — it. 

Since a e (0, tt/ 2] it follows that 0 < sin a < 1, i.e. sina > sin 1 2 a , and equality 
occurs if and only if a = tt/2. 

Similarly for ft, y e (0, n / 2] we conclude that 

sin ft > sin 2 ft and sin y > sin 2 y. 


Thus we have 


sina + sin/3 + sin y 


> sin 2 a + sin 2 ft + sin 2 y 

1 — cos 2a 1 — cos 2/1 0 

= - 1 - h snr y 

2 2 

1 

= 1 — -2cos(a + ft ) cos (a — /}) + ! 


1 

— 1 — - (cos 2a + cos 2 ft) + 

— cos 2 y 


sin 2 y 


= 2 — cos(7r — y) cos(a — ft) — cos 2 y — 2 + cos y cos(a — ft) — cos 2 y 

— 2 + cos y (cos(a — fi) — cos y) = 2 + cos y[cos(a — fi) — cos(7T — (a + /!))] 

— 2 + cos y (cos(a — ft) + cos(a + /?)) = 2 + 2 cos y cos a cos ft > 2. 


Exercise 8.2 Let a, b and c be positive real numbers such that a + b + c = 1. Prove 
the inequality 


a 2 +b 2 +c 2 + 2\Fbabc < 1 . 
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Solution After taking a = xy, b = yz, c = zx, inequality becomes 

x 2 y 2 + y 2 z 2 + z 2 x 2 + 2\/?>xyz < 1, (8.10) 

where x,y,z are positive real numbers such that 

xy + yz + zx = 1. (8.1 1) 

Inequality (8.10) is equivalent to 

(xy + yz + zx) 2 + 2\/3 xyz < 1 + 2 xyz(x + y + z) 


or 

\/3 <x + y + z. (8.12) 

By (8.1 1) and according to Case 3, we can take 

a P y 

x — tan — , y = tan — , z = tan — , 

2 2 2 

where a, p,y e (0, 7t) and a + ft + y = it. 

Then inequality (8.12) is equivalent to tan | + tan 4 + tan 4 > \/3, which is N\s . 

Exercise 8.3 Let a, b, c e (0, 1) be positive real numbers such that ab + be + ca — 
1 . Prove the inequality 

a b c 3/1 — a 2 1 — b 2 1— c 2 

1 — a 2 1 — b 2 1— c 2 4 \ a b c 


Solution Since ab + be + ca = 1 and by Case 3, we use the following substitutions 


a 

a — tan — , 
2 


b — tan — , 
2 


t Y 
c = tan — , 
2 


where a, j3 and y are the angles of a triangle. 

Since a, b,c e (0, 1), it follows that tan “ , tan 4, tan ^ e (0, 1), i.e. it follows that 
a, p and y are the angles of an acute triangle. 

Also we have 


tan ! 


1 — a 2 


1 - tan 2 | 


cos a 


Similarly 


tan P 


1 -b 2 2 

Therefore the given inequality becomes 

tan a + tan P + tan y 3 
— > - 

_ 4 


and 


sin a 
2 cos a 


tany 


tancr 


2 


tan a tan p tan y 
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or 

/ 1 1 1 \ 

tana + tan/1 + tany > 31 1 1 ). (8.13) 

\tana tan/1 tany / 

By If, we have that tana + tan ft + tan y = tana • tan /I • tany. Thus it suffices to 
show that 

(tana + tan ft + tany) 2 > 3(tana tan/1 + tan /l tany + tan y tana) 

<£> ^((tana — tan /l) 2 + (tan /l — tany) 2 + (tany — tana) 2 ) > 0. 

We are done. 


Exercise 8.4 Let x,y,z be positive real numbers. Prove the inequality 

x y z 


+ 


+ 


+ VC* + v)0 + z) y + V(>' + 2)(y + -«) z + VCz + ^Xz + v) 


< l. 


Solution Rewrite the given inequality as follows 

1 1 

+ . < 1. (8.14) 

(v+cXv+.r) . / (z+xMz+y) 

y~ 1 + V z 2 

Since this is homogenous we may take xy + yz + zx = 1 . 

Therefore by Case 3, we can take 

a f3 y 

a — tan — , b = tan — , c — tan — , 

2 2 2 

where a, /I and y are the angles of a triangle. 

We have 


1 + 


O+yH-r+z) 


V 


(x + y)(x ■ 


tan 2 f 


Similarly 


(y + z)(y + x) 1 


• 2 P 
sin ' i 


and 


(z + x)(z + y) 1 


• 2 y ‘ 

sm I 


Thus inequality (8.14) becomes 


• P 

sm i 


y 

sm i 


1 + sin | 1 + sin i 1 + sin j 


< 1, 


i.e. 


1 + sin | 1 + sin i 1 + sin t 


> 2 . 


(8.15) 
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Since AM > HM we obtain 

111 9 

I 1 > . 

1 + sin | 1 + sin § 1 + sin \ 3 + sin f + sin 4 + sin \ 

According to A 3 , we have that sin | + sin 4 + sin j < 

Finally, by the previous inequality and (8.16) we obtain 

1 1 1 9 

1 + sin | + 1 + s in 4 + 1 + sin 4 _ 3 + 5 

as required. 


(8.16) 


Exercise 8.5 Let a, b, c (a, b,c ^ 1) be non-negative real numbers such that ab + 
be + ca — 1 . Prove the inequality 

a b c 3x/3 

1 — fl 2 ^"l — h 2 ^”l — c 2— 2 

Solution Since ab + be + ca = 1 ( Case 3 ) we take: 

a p y 

a — tan — , b — tan — and c = tan — , 

2 2 2 

where a, f3,y e (0, n) and a + /3 + y = it. 

tan - 

Using the well-known identity t , m2 a_ x = tana, we get that the given inequality 

is equivalent to tana + tan/8 + tan y > 3x/3, which is N\&. 

Equality occurs if and only if a — b = c — 1 /\/3. 


Exercise 8.6 Let a,b,c be positive real numbers. Prove the inequality 
(a 2 + 2 ){b 2 + 2)(c 2 + 2) > 9 (ab + be + ac). 


Solution Let a — V2tana, b = \/2tan/8, c — \/2tan y where a, /3,y e (0, tt/ 2). 
Then using the well-known identity 1 + tan 2 x = — 4 - the given inequality becomes 

8 (2 2 2 

3 3 > 91 1 1 

cos 2 a ■ cos 2 /8 • cos 2 y \ tan a tan /3 tan ft tan y tan y tan a 


i.e. 


cos a cos p cos y (cos a sin ft sin y + sin a cos ft siny + sin a sin /3 cos y) < 


4 

9' 

(8.17) 


Also since 

cos(a + P + y) — cos a cos P cos y — cos a sin p siny — sin a cos p siny 
— sin a sin p cosy 
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inequality (8.17) is equivalent to 


cos a cos p cos y (cos a cos ft cos y — cos (a + ft + y)) < — . (8.18) 


Let 0 = 


a+P+Y 


Since cos a, cos ft, cos y > 0, and since the function cosx is concave on (0, tt/ 2) 
by the inequality AM > GM and Jensen ’s inequality, we obtain 

( cos a + cos /l + cos y V 3 , 

— 1 < cos 0. 

Therefore according to (8.18) we need to prove that 


0-7 T - 

cos 0 (cos 6 — cos 30) < - . 


(8.19) 


Using the trigonometric identity 
cos 30 = 4cos 3 0 — ; 
inequality (8.19) becomes 


cos30 = 4cos 3 0 — 3cos0, i.e. cos 3 0 — cos30 = 3cos0 — 3cos 3 0 


cos 4 0(1 — cos 2 0) < — , 
27 


which follows by the inequality AM > GM: 


cos 2 0 cos 2 0 


(1 -cos-0)) <- 


1 ( cos 2 0 cos 2 0 


(- 


+ 


+ (1 — cos z 0) ) = 


Equality occurs iff tan a = tan ft — tan y — , i.e. iff a — b = c = 1. 

Exercise 8.7 Let a, b, c be positive real numbers such that a + b + c = 1. Prove the 
inequality 


+ 


b 


V abc 3^3 

< 1 + — — . 


a + be b + ca c + ab 

Solution Since a + b + c— 1 we use the following substitutions a = xy ,b — yz,c — 
zx, where x,y,z> 0 and the given inequality becomes 


xy 


■ + 


yz 


+ 


xyz 


xy + (yz)(zx) yz + (zx)(xy) zx + (xy)(yz) 


< 1 


3V3 

~4~’ 


i.e. 


1 1 

+ 


y 


1 + z 2 1 + x 2 1 + y 2 
where xy + yz + zx = 1. 


< 1 + 


3V3 


4 


( 8 . 20 ) 
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Since xy + yz + zx — 1 according to Case 3 we may set x = tan “ , y = tan j, Z = 


tan 4 where a, f3,y e (0, it), and a + P + y — zc. 


Then inequality (8.20) becomes 
1 1 


tan 4 


1 + tan 2 \ 1 + tan 2 f l + tan 2 4 


< 1 


3V3 

~4~‘ 


i.e. 


9 y 9 a sin 8 
cos z — h cos z — I < 1 + 


3V3 


Using the trigonometric identity cos* = 2cos z | — 1 the last inequality becomes 
cosy + l cosa+l sin B 3^3 

A + » + — ^<1 + — — , 


i.e. 


cos y + cos a + sin /3 < 


3V3 


( 8 . 21 ) 


We have 

cos a + cos y + sin f3 — cos a + cos y + sin(7r — (a + y )) 

2 /V3 V3 

= 75VT cos “ + t cos> ' 

+ -!=(V3 sin a cos y + V3 cos a sin y ) 

V3 

1 (3 2 3 2 

< — - + cos z a + - + cos z y 
V3 \4 4 

H — (3 sin 2 a + cos 2 y + cos 2 a + 3 sin 2 y ) 

2V3 

V3 y/3 2 2 V3 2 7 

= -y + y(cos b + sin a) + — — (cos y + sin - y) 
3V3 


2 


Chapter 9 

Holder’s Inequality, Minkowski’s Inequality 
and Their Variants 


In this chapter we’ll introduce two very useful inequalities with broad practical us- 
age: Holder’s inequality and Minkowski’s inequality. We’ll also present few variants 
of these inequalities. For that purpose we will firstly introduce the following theo- 
rem. 


Theorem 9.1 (Young’s inequality) Let a, b > 0 and p, q > 1 be real numbers 
such that 1/ p + 1/q = l. Then ab < y- + Equality occurs if and only if 


Proof For / (x) — e x we have f'(x) — f"(x) =e x > 0, for any x e M. 

Thus fix) is convex on (0, oo). 

If we put x = pin a and y — q In b then due to Jensen ’s inequality we obtain 



x,y e x e y 

<$■ e p^q < 1 

p q 


^ ^lna+lnb < 


,p\na 


— + — 
p q 



— + — 
p q 


aP bft 


ab < 1 . 

p q 


Equality occurs iff jc = y , i.e. iff a p = b q . 


□ 


Z. Cvetkovski, Inequalities, 

DOI 10.1007/978-3-642-23792-8_9, © Springer- Verlag Berlin Heidelberg 2012 
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Theorem 9.2 (Holder’s inequality) Let a \ , a 2 , • • ■ , a n ', b \ , b 2 , ■ ■ ■ , b n be pos- 
itive real numbers and p,q > 1 be such that \/ p -\- \/q — \ . 

Then 


n 

^2 a ibi < 

i = 1 



a y a y p 

Equality occurs if and only if -4- = = • ■ ■ = ^f-. 


Proof 1 By Young’s inequality for 


CLi=iof)‘ 


b = 


bi 


(E?=! b q i)<' 


we obtain 


a i bi 


1 

< — - 


a 


i = 1, 2, . . . , n. 


bf 


(L/=t < ) ' (E?=i P E '=‘ b ‘ 

Adding the inequalities (9.1), for i = 1, 2, . . . , n, we obtain 

, i e;u< . 11 t 

« E"=t /» 9 ’ 


(9.1) 


i.e. 



Obviously equality occurs if and only if -A = -jj = ■ ■ ■ = % . 


□ 


Proof 2 The function / : R + — >• R, / (x) = x p for p > 1 and /;> < 0 is strictly con- 
vex, and for 0 < p < 1, / is strictly concave (Example 7.2). 

Let p > 1, then by Jensen’s inequality we obtain 

m\x\ + m 2 x 2 H b 

m \ + m 2 H I -m n 


p m\x^ + 1712 X 2 + • • • + rn n x p 
777 1 + 7n 2 + ■ ■ ■ + m„ 


i.e. 



771 iXi 


p 


< 
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i.e. 


p - 1 
p 


Z m > x i ^ ( Z m ‘ ) ■ (^Z m ‘ x i’ 


i= 1 


W=1 
P~ 1 _ 1 


Since ^ | = 1 we obtain x and the last inequality becomes 


J2 miXi - (E»<) • ( E m «' x f j • 

By taking ra/ = fe ? and x,- = a/fe* q , for i — 1 , 2 , . . . , n we obtain 


E Z^ • Z' 


/— i 


W=1 


W=1 


□ 


Remark For p — q — 2 by Holder’s inequality we get the Cauchy— Schwarz inequal- 
ity. 

We’ll introduce, without proof, two generalizations of Holder’s inequality. 


Theorem 9.3 (Weighted Holder’s inequality) Let ai, 02, ■ ■ ■ , a„ \ b \ ,bi, ... , 
b n ; m 1 , mi, . ■ ■ , m„ be three sequences of positive real numbers and p,q > 1 
fee such that 1 / p + l/q = 1 . 

Then 


n 

V aibjnij < 
i=l 




1 

<7 


Equality occurs ?j(F 75- = 75- = • • • = ft- • 


Theorem 9.4 (Generalized Holder’s inequality) Let at j , i = 1 , 2, . . . , m; j = 
1,2, .... n, be positive real numbers, and a\,0L2 , . . . ,a n be positive real num- 
bers such that a\ + cn + ■ • • + a n — 1 . 

Then 


z n-yUn e«. 


i=l V=1 


j— 1 \i=\ 


A very useful and frequently used form of Holder’s inequality is given in the next 
corollary. 
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Corollary 9.1 Let a\, ai, ay b \ , b2, by c i, C2, c 3 be positive real numbers. 
Then we have 

(flj + a\ +a\)(b\ +b\ + b^ic] + cj + c 3) > (ai2>ici + aibici + a^cfy’. 


Theorem 9.5 (First Minkowski’s inequality) Let a\, «2, . . . , a„ : b\ , bj. ■ . . , h n 
be positive real numbers and p > 1 . Then 




Equality occurs if and only tf jy = = • •• = jf. 


Proof For p > 1 , we choose q > 1 such that ^ | = 1 , i.e. q — jyy- 

By Holder’s inequality we have 

n n 

YS a > + bt) p = Yfa, + bi)(ai + 

i=l i=l 


12 12 

= Y a > ( a > + bt y ~ 1 + y b > (a > + b > y ~ 1 

i=l ; = 1 
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i.e. we obtain 


E/ a * + bj) p < ( + bi ) 


<*• ( E (a ' + ) - (E a f) + (E^ 


(e^+^M -(E fl n + (h b ? 


Equality occurs if and only if = || = • • • = jf , (Why?) 


Theorem 9.6 (Second Minkowski’s inequality) Let a \ , « 2 , • • • , a„\ b \ , Z? 2 , . . 
he positive real numbers and p > 1 . Then 


EM *2X+*f> j 


Equality occurs if and only if ^ = || 


ILL — 112. — ... — 
fti *2 £>« ’ 


Proof The function / : M + — >■ K + , /(t) = (1 + jc“)« , a ^ 0 for a > 1 is a strictly 
convex and for a < 1 is a strictly concave (Example 7.4). 

By Jensen ’s inequality for p > 1 we obtain 

/ / mix i + 7772*2 H \-m n x n \ p \ l/p 

\ V m 1 T 777 2 H 1- 777,, ) ) 

777 1 ( 1 + *f ) l/p T 777 2 (1 + *f) 1/P H h 777, , (1 + * P ) 1/P 

777 1 + 7772 -1 b 777,, 


n \ P / /! \ P\ VP 


E"h'+ < E*"^ + ( m i+0 P ) 1/P - 


If we take 77?; = a, and *,• = — for i = 1, 2, . . . , n, by the last inequality we obtain 


n\P/n\P\p n 

X> <!>?++'■ 

1=1 / / 1=1 
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Theorem 9.7 (Third Minkowski’s inequality) Let a\,a 2 , ■ 

. , a„ and b\,b 2 , 

...,£>„ be positive real numbers. Then 


f/a\ai ■ ■■a n + f/bib 2 ■■ -b n < $ (a\ + bi)(a 2 + b 2 ) ■ 

• ( a n + b n ). 

Equality occurs if and only if = • • • = jf. 



Proof The proof is a direct consequence of Jensen ’s inequality for the convex func- 
tion f (x) — ln(l + e x ) (Example 7.3), with x,- = In i = 1, 2, . . . , n. □ 


Theorem 9.8 (Weighted Minkowski’s inequality) Let a\, a 2 , ■ . ■ , a n ; b\, b 2 , 

. mi , m 2 , ■ ■ . , m n be three sequences of positive real numbers and 

let p > 1 . Then 

n \ p / « \ p l n 

Yfat +bi) p mjj < yY a Y‘J + 

Equality occurs if and only if = ■ ■ • = jf . 

Remark If 0 < p < 1 then in Theorem 9.5, Theorem 9.6 and Theorem 9.8 the in- 
equality is reversed. 

Exercise 9.1 Let a, b, c be positive real numbers. Prove the inequality 

3(« 3 + b 3 + c 3 ) 2 > ( a 2 + b 2 + c 2 ) 3 . 



Solution By Corollary 9.1 (or simply Holder’s inequality) we obtain 

(a 3 +b 3 + c 3 )(a 3 +b 3 + c 3 )(l + 1 + 1) > ( a 2 + b 2 + c 2 ) 3 , 
i.e. 

3(a 3 + b 3 + c 3 ) 2 > (a 2 + b 2 + c 2 ) 3 . 


Exercise 9.2 Let a,b,c,x,y,z & K + - Prove the inequality 

a 3 b 3 c 3 (a + b + c ) 3 

h h — ^ . 

x y z 3(x + y + z) 


Solution By the generalized Holder’s inequality (or simply Holder’s inequality ) we 
have 


a 3 b 3 c 3 \ 

1 1 ) 

x y z ) 


(l+l + l)Mx + y + j)3 >a + b + c, 


and the conclusion follows. 
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Exercise 9.3 Let a, b, c be positive real numbers such that a + b + c — 1. Prove the 
inequality 

( a a + b a + c a )(a b +b b + c b )ia c + b c + c c ) > + Vb + ^) 3 . 


Solution By Holder’s inequality we obtain 


(, a a 


■ b a + c a )Ha b + b b + c b )ka c + b c + c c )i>a 


a+b+c a+b+c a+b+c 

3 _|_ 3 _J_ q 3 


Since a + b + c = 1, the conclusion follows. 

Exercise 9.4 Let a, b, c be positive real numbers. Prove the inequality 
3 (a 2 b + b 2 c + c 2 a)(ab 2 + be 2 + ca 2 ) > ( ab + bc + ca) 2 . 


Solution By Holder’s inequality for the triples: 

(ai, a i) — ( 1 , 1 , 1 ), (b\, bj. b$) — a 2 b, \/ b 2 c. y/ c 2 a j , 

(ci, C 2 , C 3 ) = b 2 a, J c 2 b, \Z a 2 c^j , 

we obtain the given inequality. 


Exercise 9.5 Let a.i.ee R + . Prove the inequality 

abc 1 

(1 + a)(a + b)(b + c)(c + 16) ~ 81 

Solution By Holder’s inequality we have 

(1 + a)(a + b)(b + c)(c + 16) > (y/l ■ a ■ b • c + y/ a ■ b ■ c ■ 16) 4 

= Qy/abc) 4 — 81 abc. 

Equality occurs if and only if^ = | = | = ^, i.e. a — 2, b = 4, c = 8. 

Exercise 9.6 Let x, y, z be positive real numbers such that xy + yz + zx +xyz — 4. 
Prove the inequality 

y/ x + 2 + \J y + 2 + y/ z + 2 > 3V3. 


Solution Let us denote x + 2 = a,y + 2 = b and z + 2 — c. Then the condition 
xy + yz + zx + xyz = 4 becomes 

abc — ab + bc + ca, 


i.e. 


Ill 
- + - + - — 1 . 
abc 
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By Holder’s inequality we have 

(y/a + Vb + Vc) 2 (- + ^ > 3 3 , 

\a b c J 

and since i + ^ + i = lwe get 

(s/a + Vb + Vc) 2 > 3 3 , 

i.e. 

■s/a \Zb -f- \fc ^ 3\/3, 


as required. 


Exercise 9.7 Let a. b. c be positive real numbers such that abc = 1. Prove the in- 
equality 

a b c 

— F = 3 F = H F~ — — 1- 

s/1 b 4“ c s/1 -\- c a s/1 -*t- a A- b 


Solution Let us denote 

abc 

A — r - = H — 7 = H , = 

\/7 -f- b -f- c “h c -(- a s/1 A a A b 

and 


B — rt(7 -)- b A c) -j- h(7 -f- c -t- r/) -|- c(7 a A b ). 


By Holder’s inequality we obtain 

A 2 B > (<7 + h + c) 3 . 


It remains to prove that 

(a + b A c) 3 > B — l(a A b A c) A 2 (ab A be A ca). 
Since AM > GM we deduce that 

a A b A c > 3 s/abc = 3, 


so it follows that 


(a A b A c) 3 > 3 (a A b A c) 2 


7 2 

= — (a A b + c)“ + — (a A b A c) 

7 

> - • 3(a + h + c) + 2 (ab + be + ca) 


— l(a + b + c) + 2 (ab + be + ca). 
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Exercise 9.8 Let a, b, c be positive real numbers such that a + b + c — 1. Prove the 
inequality 

a b 


+ 


\/ ci 2 b y/ b ~b 2c \/ c -b 2ci 


> 1 . 


Solution Let us denote 


A = 


b c 

+ 


y/ ci -b 'Zb \fb + 2 c c ~b 2a 


B — a (a + 2b) + bib + 2c) + c(c + 2a) = (a + b + c) 2 = 1. 

By Holder’s inequality we have 

A 3 B > (a + b + c) 4 , i.e. A 3 >(a + b + c) 2 = 1, 

from which it follows that A > 1 . 

Equality occurs iff a — b — c = 1/3. 

Exercise 9.9 Let p > 1 be an arbitrary real number. Prove that for any positive 
integer n we have 

l p + 2 P -) f n p > n ■ 

Solution If p = 1 then the given inequality is true, i.e. it becomes equality. 

So let p > 1 . 

We take x\ — 1,X2 = 2, . . . ,x n — n and y\ —n,y 2 — n — . ,y n = \ . 

By Minkowski’s inequality we have 

((1 + n)P + (1 + n)P + ••• + (!+ n) p )r < 2(1 P +2 P + ...+ n P)j, 



i.e. 

nil + n) p < 2 P (1 P + 2 p + ■■■ + n p ) 
or 

l p + 2 P H b n p > n ■ 

as required. 

Equality occurs iff n— 1 . (Why?) 

Exercise 9.10 Let x, y, z be positive real numbers. Prove the inequality 

x y z 

H -| 

x + V(v + y)(x + z) y + s/iy + z)iy + x) z + *J(z + y)(z + x) 
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Solution By Holder’s inequality for n — 2 and p — q — 2, we obtain 
sj(x + y)(x + z) = ((V*) 2 + (Vt) 2 ) 2 ((Vz) 2 + (\/t) 2 ) 

> yfx ■ + yy • yfx = ~Jxz + ^fxy , 


i.e. 


1 


< 


1 


1 


yo +y)(x +z) yyi+yxy yyyy+yy)’ 

So it follows that 

x yy 


< 


* + yc* + y)(x + z) x + yycyy+yy) yy+yy+yy 


Similarly 


(V 


yy 


y + y(y + z)(y +x) yy+yy+yy 
z yy 


and 


< 


z + yczTyKzTyy yy+yy+yy 

Adding the last three inequalities yields 

x y . z 


+ 


+ 


x + y(x + y)(x + z) y + y(y + z)(y + x) z + y(z + y)(z + x) 

< yy+yy+yy = 

_ yy+yy+yy 

as required. Equality occurs iff x — y = z- 

Exercise 9.11 Let x, y . z > 0 be real numbers. Prove the inequality 

y.r 2 + xy + y 2 + J y 2 + yz + z 2 + \/ z 2 + zx + x 2 
> 3 y/xy + yz + zx. 


Solution By Holder’s inequality we have 

xy + yz + zx = (x 2 ) 1/3 (xy) 1/3 (y 2 ) 1/3 + (y 2 ) 1/3 (yz) 1/3 (z 2 ) 1/3 

+ (z 2 ) 1/3 (zx) 1 / 3 (x 2 ) 1 /3 

< (x 2 + xy + y 2 ) 1/3 (y 2 + yz + z 2 ) 1/3 (z 2 + zx + x 2 ) 1/3 , 

i.e. 

(xy + yz + zx) 3 < (x 2 + xy + y 2 )(y 2 + yz + z 2 )(z 2 + zx + x 2 ). 


(9.2) 
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Since AM > GM and by (9.2) we obtain 




~{Jx 2 + xy + y 2 + 


yjy 2 + yz + z 2 + \fz 2 


+ 



3 


> y x 2 + xy + y 2 ■ y y 2 + yz + z 2 \/ z 2 + zx + x 2 > y ( xy + yz + zx) 3 , 

i.e. we have 

•y/x 2 + xy + y 2 + \]y 2 + yz + z 2 + y/ z 2 + zx + x 2 > 3 y/xy + yz + zx, 

as required. Equality occurs iff x = y = z. 



Chapter 10 

Generalizations of the Cauchy-Schwarz 
Inequality, Chebishev’s Inequality and the Mean 
Inequalities 


In Chap. 4 we presented the Cauchy-Schwarz inequality, Chebishev ’s inequality and 
the mean inequalities. In this section we will give their generalizations. The proof of 
first theorem is left to the reader, since it is similar to the proof of Cauchy-Schwarz 
inequality. 


Theorem 10.1 (Weighted Cauchy-Schwarz inequality) Let ai,bi el,i = 
1,2, ... ,n, be real numbers and let m; £ M + , i = 1, 2, . . . , n. Then we have 
the inequality 




yy of mi 


\i = 1 


Equality occurs iff ^ = £ = ■■■= ■£. 



Theorem 10.2 Let cq , ai, . . . , a n and b \ , bi, . . . . b n be two sequences of non- 
negative real numbers and Ci > 0 ,i = 1,2 , ... ,n, such that ^ > ^ > • • • > 

— and — > — >•••> — (the sequences (—) and (— ) have the same orien- 

c n c 1 C 2 C n Ci Ci 

tatiori). Then 


E 


a,- bi 
Ci 


irua-rubi 

Y!Ua 


( 10 . 1 ) 


i.e. 


a\b\ + ajb2 + + a n b n ^ (a\ + 02 H h a n )(b i + bi H h b n ) 

Cl C2 C )? Cl + C2 + • • • + c n 


Z. Cvetkovski, Inequalities, 

DOI 10.1007/978-3-642-23792-8_10, © Springer- Verlag Berlin Heidelberg 2012 
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Proof In the proof we shall use the following lemma which can be easily proved 
using the principle of mathematical induction. 


Lemma 10.1 Let a\ , 02 , ■ ■ ■ ,a n be non-negative real numbers, and Ci > 0, 
i = 1,2 such that — > — >•••> 2a Then 

Cl — C 2 — — c n 


a l + a 2 + ■ ■ ■ + tlk a n 

Cl + C2 H he* “ c„ ’ 


for any k — 1 , 2, . . . , n . 


We shall prove inequality (10.1) by mathematical induction. 
For n = 1, we have equality in (10.1). 

For n — 2 we need to prove that 


a\b\ 

ci 


+ 


fl2^2 

C2 


> 


(<?1 +02)01 +b 2 ) 

Cl +C2 


which is equivalent to (a \ C 2 — a 2 C\)(b\C 2 — & 2 C 1 ) > 0. 

The last inequality holds since we have — > — and — > ^ . 

Let us assume that for non-negative real numbers a\, 02 a*; b\, b 2 , ■ ■ ■ , bk 

and Cj > 0, i = 1,2 , ,k, such that — > ^ > • • • > — and — > ^ > • • • > — 

ci — c 2 — — c k ci — c 2 — — c k 

inequality (10.1) holds for n = k, i.e. 


a\b\ + fl2^2 akbk > («i + 02 + • • • + «*)(^t + bi + • • • + bf) (jq2) 

Cl C2 Ck cj + C2 + • ■ ■ + Ck 


For n = k+ 1, for non-negative real numbers a\,a 2 , , fl*+i \b\,b 2 , • . ■ , bk+i and 
c; > 0, i = 1, 2, . . . , k + 1 such that 

a\ a2 ak + 1 b] b2 bk + 1 

— > — > • • • > and — > — > • • ■ > , 

Cl C2 Ck- l-l Cl C2 C*+i 

we have 

a\b\ ^ 02^2 | | akbk | (fk+ibk+i 

Cl C 2 c k c k +\ 

(10.2) (cq + a 2 H h ak)(b\ + (>2 + • • • + &*) ^ 0*+l&*+l 

Cl + C2 + • • • + Ck Ck+l 

(fll + «2 + • • • + fl* + 0*+l)(^l + Z?2 + • • • + ^A + l) 

Cl + C2 + • • • + C*+l 

where the last inequality is true according to the case n = 2 and Lemma 10.1. □ 


Remark 10.1 If the sequences (— ) and (^-) have opposite orientation then in The- 
orem 10.1 we have the reverse inequality, i.e., we have ^” =| ^ ,=1 1 . 



10 Generalizations of the Cauchy-Schwarz Inequality, Chebishev’s Inequality 


109 


Remark 10.2 For «i > «2 > • ■ • > a n > 0, fei > b 2 > • ■ • > b n > 0 and 0 < ci < C 2 < 
■ ■ ■ <c n the required condition from Theorem 10.2 is satisfied, so we also have that 

ajbi > T!J= l a i ' E”= l b i 

Ci ~ T!Ud ' 

If in Theorem 10.2 we put a,- = c,xt, bj = c,yt and m, = — , i — 1,2, , n, 

Z^i=l c ‘ 

then clearly Y^i=i m i = 1 anc l the following theorem is obtained: 


E 


Theorem 10.3 (Weighted Chebishev’s inequality) Let a\ < a 2 < • • ■ < a n ; 
b\ < b 2 < • • ■ < b n be real numbers and let m\ , m 2 , ■ . . , fee non-negative 
real numbers such that m \ + m 2 + • • • + m n — 1 . 

Then 

^F.feimA < y^Q;fe,-m/. 

Equality occurs iff a\ —02 = • ■ ■ — a n or b\ = fe 2 = • • • = fe„ . 


Note If in the above Theorem 10.1 (Theorem 10.3) we choose ;«i = m 2 = • • • = 
m n (mi = m 2 = • • • = /«„ = -), we get the Cauchy-Schwarz inequality, and Chebi- 
shev 's inequality, respectively. 


Exercise 10.1 Let a\ , 02 , ... , a n be the lengths of the sides of a given n-gon (n > 3) 
and let s — a\ + 02 + ■ ■ ■ + a n . Prove the inequality 

a 1 a, , n 

1 1 1 > . 

s — 2a\ s — 2a 2 s — 2 a n n — 2 


Solution Without loss of generality we may assume that a\ > U 2 > ■ ■ ■ > a„ ■ Then 
clearly 0 < 5 — 2a 1 <s — 2 a 2 < • • • < s — 2 a n . 

According to Theorem 10.2 we obtain 


a 1 


+ 


A2 


s — 2 «i s — 2a 2 




a 1 • 1 


a 2 ■ 1 a n ■ 1 


s — 2 a n s — 2a[ s — 2a 2 s — 2 a n 

(a 1 + <22 H \-a„)n 

~ ns — 2(«i +« 2 H Va„) 

ns n 


s(n — 2) n — 2 


Exercise 10.2 Let M be the centroid of the triangle ABC, and let k be its circum- 
scribed circle. Let MA n k — {Ai}, MB C\k— { Z?i } and MC (T k — {Ci}. Prove the 
inequality 


MA + MB + MC < MA \ + MB\ + MC X . 
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Solution Denote BC — a, AC = b and A It = c. Let A' , B' and C be the midpoints 
of the sides BC, AC and AB, respectively. 

Without loss of generality we may assume that a <b <c, and then we may easily 
conclude that MC < MB < MA. 

Also by the power of a point we have |mA ■ A' A \ = 2 a 2 from which it follows 
that 

a 2 1 1 a 2 

A'A { = ^=, i.e. MA\ = -MA + A' A\ = -MA H — ^=. 

6 MA 2 2 6 MA 

Analogously we obtain 

1 b 2 1 c 2 

MBi = -MB + ^= and MC\ = -MC+^=. 

2 6 MB 2 6MC 

So it suffices to prove the inequality 

a 2 b 2 c 2 

-= + -= + -= > MA + MB + MC. 

3 MA 3 MB 3 MC 

According to Theorem 10.2 we have 

a 2 b 2 c 2 _ a 2 ■ 1 b 2 ■ 1 c 2 • 1 3(a 2 + b 2 + c 2 ) 

3 WA 3MB 3MC~3MA 3MB 3~MC ~ 3(MA + ~MB + ~MC) 

a 2 +b 2 +c 2 3(MA 2 + M~B 2 + A1C 2 ) 

~ AIA + M~B + AtC ~ WA + WB + WC 
> ~MA + ~MB + MC, 


as required. 

Before introducing the power mean inequality we’ll give following definition. 


Definition 10.1 Let a = (ai , < 22 , . . . , a n ) be a sequence of positive real num- 
bers and r ^ 0 be real number. Then the power mean M r [a ), of order r, is 

■+ a h ' 


defined as follows: M r (a) = ( a i + a 2 + 




For r = l,r = 2, r = — 1 we get M \ (a). Miia), ;V/_ \(a), which represent the 
arithmetic, quadratic and harmonic means of the numbers a \ , 02 , ■ ■ ■ , a n , respec- 
tively. 

If r tends to 0 then it may be shown that M r (a) tends to the geometric mean of 
the numbers ai, 02 , . . . , a n . i.e. Mo(a) = tya\a 2 • • ■ a n . 

Also if r —*■ —00 then M r (a) -> minffli, 02 , . . . , a n ], and if r — > 00 then 
M r (a) — > max{r7i, 02 , . . . ,a n }. 
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Theorem 10.4 (Power mean inequality) Let a — (a \ ,a 2 , .... a n ) be a se- 
quence of positive real numbers and r 0 be real number. Then M r ( a ) < 
M s (a),for any real numbers r < s. 


Exercise 10.3 Let a, b,c be positive real numbers. Prove the inequality 

(< a 2 + b 2 + c 2 ) 3 < 3 (a 3 + b 3 + c 3 ) 2 . 

Solution By the power mean inequality we have that 
M 2 (a, b, c) < M 3 (a, b, c ) 




I a 2 + b 2 + c 2 ^ 3 ja 2 + b 3 + c 3 


O (a 2 + b“ + c“) 3 < 3(a 3 + Zr + c 3 ) 2 . 


Definition 10.2 Let m — (mi, m 2 , ■ ■ ■ , m n ) be a sequence of non-negative 
real numbers such that in 1 + m 2 + • • • + m n = 1. Then the weighted power 
mean Mf (a ) , of order r (r 0 ), for the sequence a = (a\,a 2 , . , a n ) is 
defined as M"'(a) — (a[m\ + a^mi H \- a r n m n ) r . 


Example 10.1 If mi = m 2 = ■ ■ ■ = m„ = ^ then M' r n (x) — M r (x). 


Example 10.2 If n = 3, r = 4; m 1 = m 2 — 5 , m 3 = g, then 


Mf{x,y,z) 




1 

4 


Theorem 10.5 (Weighted power mean inequality) Let a = (ai, a 2 , . . . , a n ) 
be a sequence of positive real numbers, and let m — (m \,m 2 , ... , m„) also be 
a sequence of positive real numbers such that m\ + m 2 + • • • + m n = 1 . 

Then for each r < s we have 

Mf(a) < Mf(a), 
i.e. 

{mia[ + m 2 a r -, + ■ ■ ■ + m n a r n ) r < ( m\a\ + m 2 a s 2 + • • • + m n a s n )> . 
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Proof We shall use the fact that the power function f (x) — x a is convex for a > 1 
or a < 0, and it is concave for 0 < a < 1 . 

First we prove the inequality in the case r < s where both .v and r are different 
from 0. 

Three sub-cases may to be considered: l°0<r<5, 2°r<0<i> and 3° r < 
s < 0. 

1° 0 < r < s. Since > 1 we conclude that f{x) = xi is convex, so according 
to Jensen ’s inequality : 

f(m\x\ + m 2 x 2 H b m„x„) < m\f{x\) + m 2 f(x 2 ) H b m n f(x n ), 

where m\ + m 2 H | - m n = 1 we have 

(in\x\ + m 2 x 2 + ■ ■ ■ + m n x n ) ' <m \xf + m 2 xf H t - m n x n . 

For Xj = , i — 1,2 from the last inequality we obtain 

( m\a\ + m 2 af + • • • + m n a r n ) s ' r < m\a\ + m 2 a'l H H in, t a s n . 


i.e. 


(m\a\ + m 2 a' 2 H b m n a r n ) ' r < (m\a\ + m 2 a 2 + ■ ■ ■ + m n a s n ) l ' s , 


so inequality holds in this case. 

2° r < 0 < s. Then since j < 0 we have that / (x) — x? is a convex function. 
The rest of the proof in this case is the same as in case 1°. 

3° r < s < 0. Then since 0 < - < 1 we have that fix) — xr is a concave function 
and according to Jensen ’s inequality for concave functions we obtain 


(m\x\ + m 2 x 2 H b m n x n ) s,r 


^ s/r s/r 

>m \xf +m 2 x 2 


H b m„x 


s/r 

n 


For Xj = af i = 1,2 n, from the last inequality we obtain 

(m\a\ + m 2 af + • • • + m n a' n ) s ^ r > m\a\ + m 2 a 2 H b m n a s n . 


and since r < s < 0 we obtain 


(m\a\ + m 2 a 2 H + m n a r n ) ' r < im\a[ + m 2 a 2 + ■ ■ ■ + m n a s n ) l ' s . 

The cases when some values of 5 and r equal 0 are covered by the fact that the 
function t — >• M'"(a) is a continuous function. □ 

Exercise 10.4 Let a,b,c e LR+. Prove the inequality 

(a + 2b + 3c) 2 
a 2 + 2b 2 + 3c 2 — 
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Solution For m 1 = g, m 2 — g, m3 = n — 3 by the inequality 

M?(a,b,c)<M?(a,b,c), 

which is true due to the weighted power mean inequality, we obtain 

a + 2b + 3c a 2 + 2b 2 + 3 c 2 (a + 2b + 3c) 2 

< ,/ , i.e. < 6. 

6 y 6 a 2 + 2 b 2 + 3 c 2 

Exercise 10.5 Let a, b, c be positive real numbers such that a + b + c = 6. Prove 
the inequality 

y/ab + be + \/bc + ca + \/ca + ab < 6. 

Solution By the power mean inequality we have 

<Jab + be + <Jbc + ca + ^ ca + ab J (ab + be) + (be + ca) + (ca + ab) 

3 “ V 3 ’ 

i.e. 

\/ab + be + s/bc + ca + s/ ca + ab < y/\8(ab + be + ca). (10.3) 

Since ab + be + ca < ( a+b + c l — 12 by (10.3) we obtain 

\/ ab + be + y/bc + ca + \/ca + ab < -v^18 • 12 = 6. 

Equality occurs if and only ifez = Z? = c = 2. 

Exercise 10.6 Let a, b, c be positive real numbers such that a 2 + b 2 + c 2 = 3. Prove 
the inequality 

^ a 2 + be + v 7 b 2 + ca + \J c 2 + ab < 3^2. 

Solution By the power mean inequality and the well-known inequality ab + be + 
ca < a 2 + b 2 + c 2 we have 

■^a 2 + be + y/ b 2 + ca + ^ c 2 + ab < ^ 9 (a 2 + b 2 + c 2 + ab + be + ca) 

< $ 18(« 2 + b 2 + c 2 ) = ^18-3 = 3^2. 
Equality occurs if and only if a = b = c = 1. 

Exercise 10.7 Let a, b, c be positive real numbers such that a 2 + b 2 + c 2 = 3. Prove 
the inequality 


\/ 5a 2 + 4(b + c) + 3 + ^5b 2 + 4(c + a) + 3 + ^5c 2 + 4(a + b) + 3 < 6. 
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Solution By the power mean inequality we have 

J/5a 2 + 4(b + c) + 3 + ^5 b 2 + 4(c + a) + 3 + v^c 2 + 4(a + b) + 3 

< ^27 (5 (a 2 + b 2 + c 2 ) + 8(a + b + c) + 9). 

Since a 2 + b 2 + c 2 — 3 we have a + b + c < ^3 (a 2 + b 2 + c 2 ) = 3 and therefore 

^5 a 2 + 4(b + c) + 3 + ^5 b 2 + 4(c + a) + 3 + ^5 c 2 + 4(o + b) + 3 

< ^27(5 • 3 + 8 • 3 + 9) = 6. 

Equality occurs if and only if a — b = c — 1. 

Exercise 10.8 Let x, y, z be non-negative real numbers. Prove the inequality 

8U 3 + y 3 + z 3 ) 2 > 9(x 2 + yz)(y 2 + xz)(z 2 + xy). 


Solution If one of the numbers x,y,z is zero, let us say z = 0, then the above 
inequality is equivalent to 

8(x 3 + y 3 ) 2 > 9.r 3 y 3 or 8(.r 6 + y 6 ) + 7 x 3 y 3 > 0, 


which clearly holds. 

Equality occurs iff x = y — 0. 

So let us assume that x, y, z > 0. 
Then 


x 2 + yz< x 2 + 


y 2 + z 2 
2 


2x 2 + y 2 + z 2 
2 


Similarly 


2 2y 2 + x 2 + z 2 

y- + xz< — 


and 


2 2z 2 + x 2 + y 2 

Z- + xy< 


Hence 


9(x 2 + yz)(y 2 + xz)(z 2 + xy) 


9 


< ~(2x 2 + y + z )(2y +x 2 + z 2 )(2z 2 +x 2 + y 2 ) 


9 / (2x 2 + y 2 + z 2 ) + (2y 2 + r 2 + z 2 ) + (2z 2 + .r 2 + y 2 ) 

8 V 3 

9 / 4(x 2 + y 2 + z 2 ) \ 3 9-4 2 ( x 2 + y 2 + z 2 \ 3 


2 \ \ 3 


4 ' 


■ 


(10.4) 
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By the power mean inequality we have 


I x z + V- + z z < 3/ X 3 + y 3 + z 3 


i.e. 


2 , „2 , „2\3 / v-3 1 ,,3 1 _3 \ 2 


X z + y + Z“ 


X 3 + y + Z- 


(10.5) 


Finally, by (10.4) and (10.5) it follows that 

2 2 9 9 • 4 3 ( x 2 + y 2 + z 2 \ 3 

9(x 2 + yz)(y 2 + xz)(z 2 + xy) < — 


9 ■ 4 3 (x 3 + y 3 +z 3 \ 2 


= 8(x 3 + y 3 + z 3 ) 2 . 


Exercise 10.9 Let a,b,c be positive real numbers. Prove the inequality 

' a + b + c\ a+b+c 


a h b c c a < 


Solution By the weighted power mean inequality we have 


(a h b c c a ) a +i+c = a “+i+c ■ b <*+i+c ■ c a+b+c < 


a + b + c 


ba + cb + ac (a + b + c)~ 


a+b + c 3 (a + b + c) 


Exercise 10.10 Let a , b, c be the lengths of the sides of a triangle. Prove the in- 
equality 

(a + b — c) a (b + c — a) b (c + a — b) c < a a b b c c . 


Solution By the weighted power mean inequality we have 


a+b+c 


a + b — c\ a ( b + c — a \ ’ ( c + a — b 


< 


1 


a + b + c 


i.e. 


a+b—c b+c—a c+a—b 
a h b 1- c ■ 


(a + b — c) a {b + c — a) b (c + a — b) c < a a b b c c . 


= 1 , 


Equality occurs iff a — b — c. 
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Exercise 10.11 Let a,b e R + and n e N. Prove the inequality 
(a + b)'\a n +b n )< 2" (a 2n +b 2n ). 

Solution By the power mean inequality, for any x, y e M + , n e N, we have 


x + y\ n < x n + y n 


Therefore 


(a + b)"(a n +b n ) = 2" 


(a n +b n ) 


a n + b r ‘ 


(a" +b") = 2" 


(a n +b n ) 2 


<r 2(a2n + b 2 n) =r (a 2 » + b 2 » ) . 


Exercise 10.12 Let a,b,c e R + , n e N. Prove the inequality 


a 11 + b n + c n > 


a T 2b \ n ( b + 2c \ " ( c + 2a 


Solution By the power mean inequality for any a,b,c e R + and n e N, we have 


a" + b n +c n fa + b + c 

3 “ ( 3 


So it follows that 


a n + b" +b" > /a + b + b\ n _ U + 2 b\ n 


Similarly we obtain 


b n +c n +c n fb + 2c\ n , c n +a n +a n bc + 2a\" 


After adding these we get the required inequality. 



Chapter 11 

Newton’s Inequality, Maclaurin’s Inequality 


Let a\, ci2, . ■ . , a n be arbitrary real numbers. 

Consider the polynomial 

P(x) = (x + ai)(x + 02) ■ ■ ■ (x + a n ) = cox" + c \x"~ [ H b c n -\x + c„. 

Then the coefficients co, c\ c n can be expressed as functions of a \,aj , .... ci n , 

i.e. we have 


co = 1 , 

ci = a\ +fl2-l Hfln, 


c 2 = ci\ai + «ifl3 + • • • + a„-\a n , 

C 3 = 010203 + 010204 + • • • + a n -2Cl n -lCl n , 


c n — ci \ a 2 * * * cifi . 


For each k= 1,2 n we define — k ' { " , k)] ' Ck- 

u-1 ”■ 


Theorem 11.1 (Newton’s inequality) Let a\ , 02, . . . , a n > 0 be arbitrary real 
numbers. Then for each k = 1 , 2 , . . . , n — 1 , we have 

Pk-iPk+i < pj- 

Equality occurs if and only if a\ = 02 = • ■ ■ = a n . 


Proof By induction. 


□ 
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1 1 Newton’s Inequality, Maclaurin's Inequality 


Example 11.1 For n — 3 we have 


9 Cl C3 C9 C1C3 Ct 

PlP3 ~ P2 ° (f)(1)"© 1 ° 

3ciC3 < c\. 


3 abc(a + b + c) < (ab + ac + bc)~. 


Equality occurs iff a — b = c. 


Theorem 11.2 (Maclaurin’s inequality) Lei ai , ai, . . . , a n >0. Then 

III 

Pl>pl> — >pt> — > Pn ■ 

Equality occurs if and only if a\ — 02 — — • = a n . 


Proof By Newton ’s inequality. I 

Exercise 11.1 Let a, b, c, d > 0 be real numbers. Let u — ab + ac + ad + be 
bd + cd and v = a be + abd + acd + bed. Prove the inequality 

2 u 3 > 21v 2 . 


Solution We have p 2 — 4- = | and pi = -4- = % . 

(2) (3) 

By Maclaurin ’s inequality we have 


1 1 

,2 - „3 


Pi > Pi <*• Pi > Pi (gl >( 4 ) 2n > 27 n. 


Equality occurs iff a — b — c = d. 


Exercise 11.2 Let a.b.c,d > 0 be real numbers. Prove the inequality 


1 1 1 1 1 1 \ 3 /I 1 1 iy 

ab ac ad be bd cd ) ~ 8 \ a b c d ) 


Solution If we multiply both sides by (abed)- the above inequality becomes 


abedied + bd + be + ad + ac + ab) < -(bed + acd + abd + abc)~ 




1 1 Newton's Inequality, Maclaurin’s Inequality 


119 


abed 


cd + bd + be + ad + ac + ab\ < / bed + acd + abd + abc 


O P4P2 < Pi- 


The last inequality is true, due to Newton ’s inequality. 
Equality occurs iff a — b = c = d. 




Chapter 12 

Schur’s Inequality, Muirhead’s Inequality 
and Karamata’s Inequality 


In this chapter we will present three very important theorems, which have broad 
usage in solving symmetric inequalities. In that way we’ll start with following defi- 
nition. 


Definition 12.1 Let jq , X 2 , ■ ■ ■ , x n be a sequence of positive real numbers and 
let cq , cq, . ■ . , oi n be arbitrary real numbers. 

Let us denote F(x i , xj, ■ ■ . , x„) = x“* • x“ 2 • • • , and by T[a \ , cq, . . . , a n ] 

we’ll denote the sum of all possible products F(x \,X 2 , . . . , x n ) , over all per- 
mutations of cq, a 2 , 


Example 12.1 


L[l, 0 — , 0] = (n - 1)! • Oi +X 2 H fx„), 

T[ci, a , . . . , a] = n\x“x % ■ ■ ■ x“, T[ 1, 2] = x~y + xy 2 , 

T[ 1,2, 1] = 2 x 2 yz + 2y 2 xz + 2z 2 yx, T[ 3, 0, 0] = 2(x 3 + y 3 + z 3 ), 
T[2, 1,0] = x 2 y + x 2 z + y 2 x + y 2 z + z 2 x + z 2 y. 


Theorem 12.1 (Schur’s inequality) Let ael and f > 0. Then we have 
T[a + 2 p, 0, 0] + T[a, /?, f] > 2r[a! + f, f, 0], 


Proof Let (x, y, z) be the sequence of variables. 

By Definition 12.1, and with elementary algebraic transformations we have 


^T[a + 2p,0,0] + ^T[a,p,p]-T[a + p,p,0] 

= x“(x^ - yP)(xP - z p ) + y a (yP - x^)(y p - z p ) + z a (z ^ - x^){z p - y^). 


Z. Cvetkovski, Inequalities, 
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12 Schur's Inequality, Muirhead’s Inequality and Karamata’s Inequality 


Thus the given inequality is equivalent to 

x a (x p - y p )(x p - z p ) + y a (y p - x p )(y p - z p ) + z“(z p - x p )(z p - y p ) > 0. 

Without loss of generality we may assume that x > y > z- 
Then clearly only the second term can be negative. 

If a > 0 then we have 

x cl (x p - y p ){x p - z p ) > x a (x p - y p )(y p - z p ) 

> y a (x p - /)(/ - z p ) 

= -y a (y p -x^iyP -z p ), 

i.e. 

x a (x fi - y p )(x p - z p ) + y“(/ - x p )(y p - z p ) > 0, 

and since z“(z^ — x^)(z^ — y p ) > 0 we get the required result. 

Similarly we consider the case when a < 0. □ 

Let us notice that for /)= 1 we get a special form of Schur's inequality, which is 
very useful. Therefore we have the next theorem. 


Theorem 12.2 Let x, y, z > 0 be real numbers and let t eR. Then we have 
x'(x - y)(x - z) + y‘(y - x)(y - z) + z f (z - x)(z - y) > 0, 
with equality if and only if x — y = zorx — y,z= 0 (up to permutation). 


Proof Without loss of generality let us assume that x >y > z. 
Suppose that t > 0. 

Then we have 


(z — x)(z — y) > 0, i.e. z 1 (z - x)(z - y) >0 (12.1) 

and 

x‘(x - z) - y’(y - z) = ( x I+1 - v' +1 ) + z(x‘ - /) > 0 

i.e. 

x'(x - v)(x - z) + y'(y - x)(y - z) > 0. (12.2) 

By (12.1) and (12.2) clearly we have 

x’(x - y)(x - z) + y’(y - x)(y - z) + z f (z - x)(z - y) > 0. 

Let t < 0. Then we have 


(x — y)(x — z) > 0 i.e. x f (x — y)(x — z) > 0 


(12.3) 
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and 

z'(x - z) - y'(x - v) > z\x - y) - y'(x - y) = (z‘ - y‘)(x - y ) > 0, 

i.e. 

y r (y - x){y - z) + z‘(z-x)(z - y) > 0. (12.4) 

By adding (12.3) and (12.4) we get 

x'(x - y)(x - z) + y'(y - x)(y — z) + z‘(z - x)(z -y)> 0. 

Equality occurs if and only if x = y — z or x = y, z = 0 (up to permutation). □ 

Corollary 12.1 Let x, y, z and a, b, c be positive real numbers such that a > 
b > c or a < b < c. Then we have 

a(x - y)(x — z) + b(y - x)(y - z) + c(z - x)(z - y) > 0. 

Proof Similar to the proof of Theorem 12.1. □ 

Example 12.2 If we take a = ft = 1 in Schur’s inequality we get 
T[3, 0, 0] + T[l, 1, 1] > 27[2, 1, 0], 


2(x 3 + y 3 + z 3 ) + 6 xyz > 2(x 2 y + x 2 z + y 2 x + y 2 z + z~x + z 2 y), 

i.e. 

■r 3 + y 3 + z 3 + 3 xyz > x 2 y + x 2 z + y 2 x + y 2 z + z 2 x + z 2 y. 

Note that this inequality is a direct consequence of Suranyi’s inequality for n = 3. 


Corollary 12.2 Let x,y,z > 0. Then 3 xyz + x 3 + y 3 + z 3 > 2((xy) 3 / 2 + 
(yz) 3/2 + (z*) 3/2 ). 


Proof By Schur’s inequality and AM > GM we obtain 

•X 3 + y 3 + z 3 + 3xyz > {x 2 y + y 2 x) + (z 2 y + y 2 z) + ( x 2 z + z 2 x) 

> 2((xy) 3 / 2 + (yz) 3 / 2 + (zx) 3 / 2 ). □ 
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Corollary 12.3 Let k e (0, 3]. Then for any a,b,c e R + we have 
(3 — A:) + k(abc) 2 ^ k +a 2 +b 2 + c 2 > 2 (ab + be + ca). 


Proof After setting x — a 2 / 3 , y = b 2 / 3 , z = c 2 / 3 , the given inequality becomes 
(3 - k) + k(xyz) 3/k + x 3 + y 3 + z 3 > 2 ((xy) 3 ' 2 + ( yz) 3/ 2 + ( zx ) 3/ 2 ), 
and due to Corollary 12.1, it suffices to show that 

(3 -k) + k(xyz) 3,k > 3xyz. 

By the weighted power mean inequality we have 

^ ■ 1 + k -(xyz) 3/k > 1 = xyz , 

i.e. 

(3 - k ) + k(xyz) 3/k > 3.ryz, 

as required. □ 


Definition 12.2 We’ll say that the sequence (/S, )” =1 is majorized by (a,)" =1 , 
denoted (/?,-) -< (a, ), if we can rearrange the terms of the sequences (a, ) and 
(fii) in such a way as to satisfy the following conditions: 

( 1 ) P\ + @2 + ' ' ' + Pn — a \ + a 2 + ' ' ' + 0l n 

(2) Pn and oq > a 2 > ■ • ■ > a„ 

(3) ySi + y6 2 H h Ps < «i + 012 H h for any 1 < ^ < n. 


Without proofs we’ll give the following two very important theorems. 


Theorem 12.3 (Muirhead’s theorem) Let x\,X 2 , ■ ■ ■ ,x n be a sequence of 
non-negative real numbers and let (a/) and (Pi) be sequences of positive real 
numbers such that (Pi) -< (a/). Then 

T(Pi]<T[ai]. 

Equality occurs iff (a , ) = (Pi) or x\ = X 2 = • • • = x„. 




12 Schur’s Inequality, Muirhead’s Inequality and Karamata’s Inequality 


125 


Example 12.3 Let ( x , y, z) be the sequence of variables. 

Consider the sequences (2, 2, 1), (3, 1, 1). Then clearly (2, 2, 1) -< (3, 1, 1). 
So by Muirhead’s theorem we obtain 

T[ 2,2, 1] < T[3, 1, 1], 


i.e. 


i.e. 


i.e. 


2(x 1 y 1 z + x 2 z 2 y + y 2 z 2 x) < 2 (x 3 yz + y 3 zx + z 3 yx), 
x y z + x z y + y z x < x 3 yz + y zx + z yx, 
xy + yz + zx <x 2 + y 2 + z 2 , 


which clearly holds. 


Theorem 12.4 (Karamata’s inequality) Let f : 1 -> R be a convex func- 
tion on the interval I Cl and let (fl/)" =1 , (&,)? where at,bj el.i — 
1,2 are two sequences, such that (a,) >- (bj). Then 

f(fl i) + /(a 2 ) + • • • + /(«„) > /(*i) + Hbi) + ■■■ + f(b n ). 


Remark If / : / -> R is strictly convex on the interval / Cl, and (a,) ^ (fo,) are 
such that (a,-) >- (&,-) then in Karamata’s inequality we have strict inequality, i.e. 

/(at) + /(« 2 ) H b f(a n ) > f (b\) + f(b 2 ) H b /(/?»)• 

Also if / : / — > K is concave (strictly concave) in Karamata ’s inequality we have 
the reverse inequalities. 

Exercise 12.1 Let a,b,c be the lengths of the sides of a triangle. Prove the inequal- 
ity 

a 3 (s — a) + b 3 (s — b) + c 3 (s — c) < abcs. 


Solution The given inequality is equivalent to 


a 2 (a — b)(a — c) + b 2 (b — c)(b — a) + c 2 (c — a){c — b) > 0, 
which clearly holds by Schur’s inequality. 

Exercise 12.2 Let a, b,c be positive real numbers. Prove the inequality 


27- 


bc 


ca 




2 + - — 1 ( 2 H ) I 2 H — - ) > 6 (a -\- b c)\ — h ~ H — 


ab / 


1 1 1 


b 
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Solution The given inequality is equivalent to 

2 abc(a 2 + b 3 + c 3 + 3 abc — a 2 b — a 2 c — b 2 a — b 2 c — c 2 a — c 2 b) 

+ (a 3 /? 3 + b 3 c 3 + cV + 3 a 2 b 2 c 2 — ab 2 c 2 — ab 2 c 3 — a 2 /? 1 c 3 — a 2 b l c 2 ) > 0, 

which is true due to Schur’s inequality, for variables a, b, c and ab, be, ca. 

Exercise 12.3 Let a, b, c be positive real numbers. Prove the inequality 

a b c a 2 + be b 2 + ca c 2 + ab 

1 _ 1 _ > 1 _ 1 _ . 

b + c c + fl a + b ( a + b)(a + c ) ( b + a)(b + c ) ( c + a)(c + b ) 

Solution The given inequality is equivalent to 

a 3 + b 2 + c 3 + 3 abc — ab(a + b) — bcib + c) — ca(c + a) 

(a + b)(b + c)(c + a) 

i.e. 

a(a — b)(a — c) + b(b — a)(b — c) + c(c — a){c — b) > 0, 
which is Schur’s inequality. 

Exercise 12.4 Let a, b, c be non-negative real numbers. Prove the inequality 

a b cl 

1 1 > . 

4b 2 + be + 4 c 2 4c 2 + ca + 4 a 2 4 a 2 + ab + 4b 2 a + b + c 

Solution By the Cauchy— Schwarz inequality we have 

abc 
4b 2 + be + 4c 2 4c 2 + ca + 4 a 2 4 a 2 + ab + 4b 2 

( a + b + c ) 2 

— 4 a(b 2 + c 2 ) + 4 b(c 2 + a 2 ) + 4c(a 2 + b 2 ) + 3 abc 
So we need to prove that 

(a + b + c) 2 1 

4 a(b 2 + c 2 ) + 4 b(c 2 + a 2 ) + 4 c(a 2 + b 2 ) + 3 abc ~ a+b + c ’ 

which is equivalent to 

(a + b + c) 3 > 4 a(b 2 + c 2 ) + 4 b(c 2 + a 2 ) + 4 c(a 2 + b 2 ) + 3 abc, 
i.e. 

a 3 + b 3 + c 3 + 3 abc > a(b 2 + c 2 ) + b(c 2 + a 2 ) + c(a 2 + b 2 ). 


which is Schur’s inequality. 
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Exercise 12.5 Let a, b, c be positive real numbers. Prove the inequality 
a 2 + b 2 + c 2 + 2 abc + 1 > 2 (ab + be + ac). 


Solution By Schur’s inequality we deduce 


2 (ab + bc + ac) — (a 2 + b 2 + c 2 ) < 


9a be 
a + b + c 


So it remains to prove that 


9abc 


< 2a be + 1 . 


a + b + c 

Since AM > GM we have 

2 abc + 1 = abc + abc + 1 > 3^ (abc) 2 . 

Therefore we only need to prove that 3 j/ (abc) 2 > which is equivalent to 

a + b + c > 3 y/abc, and clearly holds. 

Exercise 12.6 Let a, b, c be positive real numbers. Prove the inequality 

a 2 + be b 2 + ca c 2 + ab 3 
(b + c) 2 (c + a) 2 (a + b) 2 ~ 2 

Solution To begin we’ll show that 

b 


a 2 + be b 2 + ca c 2 + ab a 

■+ , . „ + -> 


+ ■ 


( b + c) 2 (c + a) 2 (a + b) 2 b + c c + a a + b 


(12.5) 


We have 

a 2 + be a (a — b)(a — c) 
(b + c) 2 b + c (b + c) 2 

similarly we get 

b 2 + ca b (b — c)(b — a) 


(c + a) 2 c + a (c + a) 2 

Let 

1 


and 


c 2 + ab c (c — a)(c — b) 
( a + b) 2 a + b {a + b ) 2 


(b + c) 2 ’ ( c + a) 2 

Then we can rewrite inequality (12.5) as follows 


1 1 

and z = 


(a + b) 2 


x(a — b)(a — c) + y(b — c)(b — a) + z(c — a)(c — b) > 0. 


(12.6) 
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Without loss of generality we may assume that a > b > c from which it follows 
that x > y > z, and now inequality (12.6) i.e. inequality (12.5), will follow due to 
Corollary 12. 1 from Schur’s inequality. Equality occurs iff a — b = c. 

Exercise 12.7 Let a,b,c e R + . Prove the inequality 

(a 2 + 2 )(b 2 + 2)(c 2 + 2) > 9 (ab + ac + be). 


Solution The given inequality is equivalent to 
8 + ( abc ) 2 + 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) + 4 (a 2 + b 2 + c 2 ) > 9 (ab + ac + be). (12.7) 
From the obvious inequality 

(ab — l) 2 + (be — l) 2 + ( ca — l) 2 > 0 

we deduce that 

6 + 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) > 4 (ab + ac + be) (12.8) 

and clearly 

3(a 2 + b 2 + c 2 )>3(ab + ac + bc). (12.9) 

For k = 1 by Corollary 12.2, we obtain 

2 + (abc) 2 +a 2 + b 2 + c 2 > 2 (ab + ac + be). (12.10) 


By adding (12.8), (12.9) and (12.10) we obtain inequality (12.7), as required. 
Exercise 12.8 Let a, b, c e R + . Prove the inequality 

a 4 + b 4 + c 4 > abc(a + b + c). 


Solution We have 


i.e. 


a 4 + b 4 + c 4 > abc(a + b + c) 

a 4 + b 4 + c 4 > a 2 bc + b 2 ac + c 2 ab 




r[4,0,0] ^ T[ 2, 1, 1] 
2 “ 2 


T[4, 0, 0] > T[ 2, 1, 1], 


which is true according to Muirhead’s theorem. 
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Exercise 12.9 Let a, b,c be positive real numbers. Prove the inequality 

1 1 11 

— 1 — 1 < . 

a 2, + b 3 + abc b 2 + c 3 + abc c 3 + a 2 + abc abc 

Solution After multiplying both sides by 

abc(a 3 + b 3 + abc)(b 3 + c 3 + abc)(c 3 + a 3 + abc), 

above inequality becomes 

3 1 1 

-T[ 4, 4, 1] + 2715, 2, 2] + -717, 1, 1] + -713,3,3] 

< ^T[3, 3, 3] + T[6, 3, 0] + ^L[4, 4, 1] + X -T[l , 1, 1] + T[5, 2, 2], 
i.e. 

715,2,2] < 716, 3, 0], 

which is true according to Muirhead’s theorem. 

Equality occurs iff a — b — c. 

Exercise 12.10 Let a,b,c be positive real numbers such that a + b + c — 1. Prove 
the inequality 

7 

0 < ab + be + ca — 2 abc < — . 

“27 

Solution The left-hand inequality follows from the identity 

ab + be + ca — 2 abc = (a + b + c)(ab + be + ca) — 2 abc 

— a 2 b + a 2 c + b 2 a + b 2 c + c 2 a + c 2 b + abc 

1 

= 712, 1,0] + -711, 1, 1], 

6 

since T[2, 1, 0] + gT[l, 1, 1] > 0. 

We have 

^ = ^(x + y + z) 3 = ^ QtT3, 0, 0] + 3712, 1,0] + 711, 1, 1]). 

Therefore the given inequality is equivalent to 

17/1 \ 

712, 1,0]+ -711, 1, 1] < — -713,0, 0] + 3712, 1,0] + 711, 1, 1] ), 

6 27 \2 ) 

i.e. 


12712, 1,0] <7713,0, 0] + 5T[l, 1, 1], 


(12.11) 
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Muirhead’s theorem we have 


2712, l,0]<2r[3,0,0], (12.12) 

and by Schur’s inequality for a — /) = 1 (third degree) we get 

10712, 1, 0] < 5T[3, 0, 0] + 5711, 1, 1], (12.13) 


Adding (12.12) and (12.13) gives us inequality (12.11), as required. 

Exercise 12.11 Let a,b,c e R + such that ahc — 1. Prove the inequality 

1 1 13 

a y (b + c) b^(c + a) + c 3 (a + b) ~ 2 


Solution If we divide both sides by ( abc ) 4//3 = 1, and after clearing the denomina- 
tors, the given inequality will be equivalent to 


2 T 


16 13 7 
~3~’ ~3~’ 3 


+ T 


16 16 4 

T’ T’ 3 


+ T 


"13 13 

T’ T’ 


10 " 

y 


> 3T[5, 4, 3] + T[4, 4, 4], 


Now according to Muirhead’s inequality we have 


2 T 

T 


"16 13 7" 

Y’ T’ 3_ 

13 13 10" 

T’ T’ y 


> 27’[5, 4, 3], 

> 7[4, 4, 4], 


16 16 4 

y’ y’ 3 


> r[5,4,3], 


If we add the last three inequalities we obtain the required result. 
Equality occurs iff a — b = c = 1 . 


Exercise 12.12 (Schur’s inequality) Let a, b, c be positive real numbers. Prove the 
inequality 


a 3 + b 3 + c 3 + 3 abc > a 2 b + a 2 c + b 2 a + b 2 c + c 2 a + c 2 b. 


Solution Since the given inequality is symmetric, without loss of generality we can 
assume that a >b>c. 

After taking x — In a , y = In b and z = In c the given inequality becomes 

e 3* + g3y + e 3z + e x+y+z + £ x+y+z + £ x+y+z 

> e 2x+y + e 2x+z + e 2y+x + e 2y+z + e 2z+x + e 2z+y . 

The function f(x) = e x is convex on M, so by Karamata’s inequality it suffices to 
prove that the sequence a = (3x, 3 y, 3 z, x + y + z,x + y + z, x + y + z) majorizes 
the sequence b = (2x + y, 2x + z, 2y +x, 2 y + z, 2z + x, 2z + y). 
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Since a > b > c it follows that x >y > z and clearly 3x > x + y + z > 3z. 

If x + y + z > 3 y (the case when 3 y > x + y + z is analogous) then we obtain 
the following inequalities 

3x>x + y + z>3y> 3 z, 

2x + y>2x + z>2y + x>2z + x>2y + z>2z + y, 

which means that a > b, and we are done. 


Exercise 12.13 Let a\ , a 2 , . ■ ■ , a n be positive real numbers. Prove the inequality 

3 3 3 

<7, a 2 a n 2 2 2 

— + — + ••• + — > af + a\ + • • • + a 2 . 

Cl2 Cl3 Cl 1 

Solution Let x, = 1 11 a; . Then the given inequality becomes 

e 3*t-*2 + e 3x 2 -X3 + . . . + e 3 Xn-Xl > e 2. tl + e 2« + . . . + e ^Xn _ 


Let us consider the sequences a : 3xi — xi,3xj — x^,...,3x n — x\ and b : 
2xi, 2 x 2 , • • • , 2x„. 

Since f(x) — e x is a convex function on R by Karamata’s inequality it suffices 
to prove that a (ordered in some way) majorizes the sequences b (ordered in some 
way). 

For that purpose, let us assume that 


3x mi x m y-\.\ > 3x mi .r H!2 +i L 
2x kl > 2x kl > ■■■> 2x kn , 

for some indexes mi , kj e {1,2, ... ,n}. 
Clearly 


> 3x„ ln - .v, 


m „+ 1 


and 


3x m | x m | 1 > 3x k | x k | ^ 1 > 2x kl 


and 


(3 X m i Xmi + l') “h (3x m2 X m2 -\-\) — (3x k ^ -V/rj + l) T" (3x k 2 X k 2 + 1 ) L 2 A'/; | + 2x k _2 . 

Analogously the sum of the first ,v terms of (a) is not less than the sum of an arbitrary 
s terms of (a), hence it is not less than (3x kl — x kl +i) + (3x kl — x k2 +\) + • • • + 

(3x ks — x ks +\), which, on the other hand, is not less than 2x kl + 2.r^ 2 H b 2x ks . 

So a > b, and we are done. 

Exercise 12.14 (Turkevicius inequality) Let a,b,c,d be positive real numbers. 
Prove the inequality 

a 4 + b 4 + c 4 + d 4 + 2abcd > a 2 b 2 + a 2 c 2 + a 2 d 2 + b 2 c 2 + b 2 d 2 + c 2 d 2 . 
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Solution Because of symmetry without loss of generality we can assume a > b > 
c >d. 

Let x — In a, y = 1 n /) , z = Inc, t = I n d ; then clearly x > y > z > t and given 
inequality becomes 

C 4t + e 4y + £ 4z + g 4 1 + £ x+y +z+r + £ x+y+z+t 

> e 2(x+y) £ 2 (x+z) _|_ e 2 (x+t) _|_ e 2(y +z) _|_ £ 2 (y+t) ^2(z+r) 

The function f(x) = e x is a convex on 1R, so according to Karamata’s inequality 
it suffices to prove that (4x, Ay, 4z, 4t, x + y + z + L x + y + z + t) (ordered in 
some way) majorizes the sequences (2(x + v), 2(x + z), 2(x + 1), 2 (v + z), 2 (y + 1 ), 
2 (z + r)) (ordered in some way). 

Clearly 4x > Ay > Az and Ax > x + y + z + t > At. 

We need to consider four cases: 

If 4z > x + y + Z + t then we can easily show that 

2(x + y) > 2(x + z) > 2 (y + z) > 2(x + 1) > 2(y + 1) > 2(z + 1 ) 

and we can check that the sequence (Ax, Ay , Az, x + y + z + t , x + y + z + t , At) 
majorize the sequence (2(x + y), 2(x + z), 2(y + z), 2(x + t), 2(y + t), 2(z + t )). 

The cases when x + y + z + t >4z, Ay >x + y + z + t or x + y + z + t > Ay 
are analogous as the first case and therefore are left to the reader. 



Chapter 13 

Two Theorems from Differential Calculus, and 
Their Applications for Proving Inequalities 


In this section we’ll give two theorems (without proof), whose origins are part of 
differential calculus, and which are widely used in proving certain inequalities. We 
assume that the reader has basic knowledge of differential calculus. 


Definition 13.1 For the function / : (a, b) -> M we’ll say that it is a mono- 
tone increasing function on the interval (a, b) if for all x,y e (a, b) such that 
x > y we have f(x) > f(y). 

If we have strict inequalities, i.e. if for all x, y e (a, b) such that x > y we 
have f(x) > f(y ) then we’ll say that / is strictly increasing on (a, b ). 


Similarly we define a monotone decreasing function and a strictly decreasing 
function. Therefore we have the following definition. 


Definition 13.2 For the function / : (a, b) — >• K we’ll say that it is a mono- 
tone decreasing function on the interval (a, b) if for all x, y e (a, b) such that 
x > y we have f(x) < f(y). 

If we have strict inequalities, i.e. if for all x, y e (a, b) such that x > y we 
have f(x) < f(y) then we’ll say that / is strictly increasing on ( a , b ). 


Theorem 13.1 (Characterization of monotonic functions) Let f : (a,b) — »■ R 
be a differentiable function on ( a , b). 

If, for all x e [a, b), f'(pc) > 0, then f is a monotone increasing function on 
the interval (a, b). 
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1 3 Two Theorems from Differential Calculus, and Their Applications 


If, for all x G ( a, b ), we have fix) < 0, then f is a monotone decreasing 
function on the interval {a, b). 

If we have strict inequalities then f is a strictly increasing, respectively, 
strictly decreasing function on {a, b). 


Theorem 13.2 Let f :[«,/;]—> R and g : [a , b] — > R be functions such that: 

(i) / and g are continuous on [a, b] and f(a) = g(a)\ 

(ii) f and g are differentiable on ( a,b)\ 

(iii) f'(x) > g'(x),for all x e (a, b). 

Then, for all x G (a, b ), we have fix) > g(x). 


Exercise 13.1 Let x, y > 0 be real numbers such that x + y = 2. Prove the inequal- 
ity 

x 2 y 2 (x 2 + y 2 ) < 2. 

Solution We homogenize as follows 

x 2 y 2 (x 2 + y 2 )< ^ (x + y) 6 >32x 2 y 2 (x 2 + y 2 ). (13.1) 

If xy = 0 then the given inequality clearly holds. 

Therefore let us assume that xy f- 0. 

Since (13.1) is homogenous, we may normalize with xy = 1. 

So y — and inequality (13.1) becomes 

( t+ I)‘>3 2 (G + -L). ,13.2) 

Let t = (x + ^r) 2 , then clearly x 2 + = t — 2. 

Therefore (13.2) is equivalent to 

f 3 >32(t-2). 


Clearly t = (x + \) 2 > 2 2 = 4. 

Let us consider the function /(f) = f 3 — 32 (f — 2) on the interval [4, oo). 

Since f(t) — 3 f 2 — 32 we have that f(t) > 0 for all t > > 4, i.e. it follows 

that / is increasing on [4, oo), which implies that 


fit) > / (4) = 0 
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f 3 - 32 (t - 2) > 0 

<£> t 3 >32(t — 2), for all t e [4, oo), 


as required. 

Exercise 13.2 Let x,y,z be non-negative real numbers such that x + y + z = 1. 
Prove the inequality 

7 

0 < xy + yz + zx — 2xyz < — . 

Solution Let /(x, y, z) = xy + yz + zx — 2 xyz. 

Without loss of generality we may assume that 0<x<y<z< 1. 

Since x + y + z = 1 we have 

1 

3x < x + y + z = 1, i.e. x< (13.3) 


Furthermore we have 


f ( r a; 




and we are done with the left inequality. 

It remains to prove the right inequality. 
Since AM > GM we obtain 


yz < 



1 — X 
2 


2 


Since 1 — 2x > 0 we get 


/(x, y,z) = x(y + z) + yz( 1 - 2x) < x(l - x) + 



2 

(1 -2x) 


— 2x 3 + x 2 + 1 

4 


We’ll show that 


/U) = 


— 2x 3 + x 2 + 1 

4 



for all x e 



We have 


f'(x) 


— 6x 2 + 2x 
4 


3x /I 


2 V 3 


> 0 , 


for all x e 
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Thus / is an increasing function on [0, A], so it follows that 


= xe 


■ r 

°’ 3 


as required. 

2 

Exercise 13.3 Let x > 0 be a real number. Prove that x — ^ < ln(x +1). 

Solution Let us consider the functions 

x 2 

f (x) = ln(x + 1) and g(x)=x — — on the interval [0, a), where a e R. 
We have 

/(0) = 0 = g(0) and = g\x) = 1 - x. 

1 + x 

For x e (0, a) it follows that > 1 — x, i.e. 

f'(x)> g'(x), for all x e (0, a). 

According to Theorem 13.2 we have f(x) > g(x), for all x e (0, a) i.e. 

x 2 

ln(x + 1) > x — — , x e (0, a). 

2 

Since a is arbitrary we conclude that I n (x + 1) > x — for all x e (0, oo). 

Exercise 13.4 Prove that, for all 0 < x < we have tan x > x. 

Solution Let f(x) — tanx, g(x) = x where x e (0, y). 

We have 

/(0) = 0 = g(0) and f\x)=—^~ > l=g'(x), forallxefo,^ 

cos- x \ 2 

According to Theorem 13.2, we have /(x) > g(x), i.e. tanx > x for all x e (0, j). 

3 

Exercise 13.5 Prove that, for all 0 < x < we have tanx > x + : y. 

3 

Solution Let /(x) = tanx, g(x) =x+y,xe(0, j). 

Then /( 0) = 0 = g(0) and we have 

f'(x) = — z— = 1 + tan 2 x > 1 + x 2 = g'(x ), for all x e \ 0, — 
cos 2 x \ 2/ 

3 

Thus, due to Theorem 13.2, we get /(x) > g(x), i.e. tanx > x + A- for all x e 

(0, |). 


Chapter 14 

One Method of Proving Symmetric Inequalities 
with Three Variables 


In this section we’ll give a wonderful method that will be used in proving sym- 
metrical inequalities with three variables. I must emphasize that this method is a 
powerful instrument which can be used for proving inequalities of varying difficulty 
which can’t be proved with previous methods and techniques. Also I must say that 
I respect this method so much, because it can be very valuable and workable for all 
symmetric inequalities. 

Let x, y, z e R + , and p=x + y + z,q=xy + yz + zx, r = xyz . Clearly p, q, 
r eM+. 

Using these notations we can easily prove the following identities: 

h : x 2 + y 2 + z 2 = p 2 -2q 
I 2'. x 3 + y 3 + z 3 — p(p 2 -3q) + 3r 
h : x 2 y 2 + y 2 z 2 + Z 2 x 2 — q 2 - 2pr 
I A'- x 4 + y 4 + z 4 = (p 2 - 2 q) 2 - 2 (q 2 - 2 pr) 

/ 5 : (x + y)(y + z)(z + x) = pq-r 

!(,'■ (■ x + y)(y + z) + (y + z)(z + x) + (z + x)(x + y) = p 2 + q 

l r . (X + y) 2 (y + z) 2 + (v + z) 2 (z + x) 2 + (z + xf(x + y) 2 = (p 2 + q ) 2 - 

4 p(pq - r ) 

/ 8 : xy(x + y) + yz(y + z) + zx(z + x) = pq - 3 r 

h : (l + x)(l + y)(l +z) = 1 + p + q + r 

ho: (1 + .r)(l + y) + (1 + y) (1 + z) + (1 + z)(l + x) = 3 + 2 p + q 

In: (1 + x) 2 (l + v) 2 + (1 + y) 2 (l + z) 2 + (1 + z) 2 (l + x) 2 = (3 + 2 p + q) 2 - 



2(3 + p)(l + p + q + r) 





hi'- 

x 2 (y + z) + y 2 (z + x) + z 2 

(x + v) 

= pq - 

3 r 


hy- 

x 3 y 3 + y 3 z 3 + z 3 x 3 = q 3 - 

3 pqr — 

3 r 2 



hy 

xy(x 2 + y 2 ) + yz(y 2 + z 2 ) 

+ zx(z 2 

+ x 2 ) = 

2 

= p q 

- 2 q 2 — pr 

i\y 

(i + .r 2 )(l + y 2 )(l + z 2 ) = 

p 2 + q 2 

+ r 2 — 

2 pr - 

2q + \ 

ho'- 

(l+.v 3 )(l-(-y 3 )(l + z 3 ) = 

p 3 + q 3 

+ r 3 - 

3 pqr 

— 3 pq — 3r 2 + 3r + 1 


The proofs, as mentioned, are quite simple, and are therefore left to the reader. Also, 
we will give some inequalities which will be used later, and which should be well- 
known. 
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14 One Method of Proving Symmetric Inequalities with Three Variables 


Some of them follow by the mean inequalities but some of them are direct con- 
sequences of Schur’s and Muirhead’s inequalities. 

We will prove some of them, and some are left to the reader. 


Theorem 14.1 Let x, y, z > 0 and p — x + y + z, q — xy + yz + zx , r — xyz. 
Then we have: 

Ny. p 3 - Apq + 9 r > 0, Ny. p 4 - 5 p 2 q + 4 q 2 + 6 pr > 0. 


Proof According to Schur’s inequality we have: For any real numbers x,y, 
z>0,feRwe have x'(x — y)(x — z) + y'(y — z)(y — x) + z‘ (z — x)(z — v) > 0. 

For t — 1 and t — 2, we obtain the required inequalities N\ and Nj, respec- 
tively. □ 


Theorem 14.2 Let x. y , z > 0, and p = x + y + z, q = xy + yz + zx, r — xyz. 
Then we have the following inequalities: 

N 2 : pq — 9 r > 0, 

Ny. p 4 + 3q 2 > Ap 2 q. 

N 4 : p 2 > 3q, 

N\y. 2 p 3 + 9 r 2 > Ipqr, 

N 5 : p 3 > 27r, 

N\\: p 2 q + 3 pr > 4 cj 2 . 

Ny. q 3 > 21r 2 , 

N i2 : q 3 + 9r 2 >4pqr. 

Ny. q 2 > 3 pr, 

Ny. 2 p 3 + 9 r > 1 pq. 

N\y. pq 2 > 2p 2 r + 3 qr. 


Proof We have 

Ny. pq — (x + y + z)(xy + yz + zx) > 3 f/xyz ■ 3^x 2 y 2 z 2 — 9 r 
<$■ pq - 9 r > 0, 

Ny. p 2 > 3q (x + y + z) 2 > 3(xy + yz + zx) 

O x 2 + y 2 + z 2 > xy + yz + zx, 

which clearly holds. 

N$: p — x + y + z > 3 f/xyz = 3 Jfr p 3 > 21r, 

Ny. q = xy + yz + zx > 3 ^ x 2 y 2 z 2 — 3\fr 2 q 3 >21r 2 , 

Ny- q 2 = (xy + yz + zx ) 2 — x 2 y 2 + y 2 z 2 + z 2 x 2 + 2 xyz(x + y + z) 
> (xy)(yz) + (yz)(zx) + (zx)(xy) + 2 xyz(x + y + z) 

= 3 xyz(x + y + z) — 3 pr. 





14 One Method of Proving Symmetric Inequalities with Three Variables 


139 


N%: 2p 3 + 9 r > 7 pq 

<+• 2(x + y + z) 3 + 9xyz > 7(x + y + z)(xy + yz + zx) 

O 2(x 3 + y 3 + z 3 ) > x 2 y + x 2 z + y 2 z + y 2 x + z~x + z 2 y 

r[3,0,0] > T[2, 1,0], 

which is true due to Muirhead’s theorem. □ 

Exercise 14.1 Let x, y, z > 0 such that x + y + z — 1. Prove the inequality 



Solution Let p = x + y + z = 1, q — xy + yz + zx, r = xyz. 

Then the given inequality becomes 

(1 + x)(l + y)(l + z) > 64xyz. (14.1) 

Using Ig: (1 +x)(l + y)(l + z) = 1 + p + q + r we deduce 

(1 +x)(l + y)(l +z) = 2 + q +r. 

So (14.1) is equivalent to 

2 + q+r>64r i.e. 2 + qr>63r. (14.2) 

By N5: p 3 > 27 r we get 

1 

r < — . (14.3) 

“ 27 

By IV3 : pq — 9r > 0 we get 

pq > 9r. i.e. q > 9 r. (14.4) 

Now using (14.4) we deduce that 2 + q > 2 + 9r. 

So it suffices to show that 2 + 9 r > 63 r, which is 2 > 54r +> r < X, which 
clearly holds, by (14.3). 

We have proved (14.2), and we are done. 

Exercise 14.2 Let x, y, z > 0 be real numbers. Prove the inequality 

/ 1 1 1 \ 9 

\(x + y) 2 (y + z) 2 (, z + x) 2 J 4 
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Solution The given inequality is equivalent to 

4 (xy + yz + zx)((z + x) 2 (y + z ) 2 + (x + y) 2 (z + x ) 2 + (x + y) 2 (v + z) 2 ) 

> 9(x + y) 2 (y + z) 2 (z + x) 2 . (14.5) 

Let us denote p = x + y + z,q — xy + yz + zx, r = xyz. 

By 1$ and I-j we have 

(x + y) 2 (y + z) 2 (z+x ) 2 = ( pq - r j 2 

and 

(x + y) 2 {y + z) 2 + (y + z) 2 (z + x ) 2 + (z + x) 2 (x + yf — (p 2 + q ) 2 - 4p(pq - r). 
So we can rewrite inequality (14.5) as follows 
4 q((p 2 + q ) 2 - 4p(pq - r)) > 9 (pq - rf 

4^ 4p 4 q - \lp 2 q Z + 4q 3 + 34pqr - 9r 2 > 0 

4^ 3 pq(p 2 - 4 pq + 9 r) + q(p 4 - 5p 2 q +4 q 2 + 6 pr) + r{pq - 9 r) > 0. 

The last inequality follows from N \ , Ni and Ns, and the fact that p,q,r >0. Equal- 
ity occurs if and only if x — y = z. 

Exercise 14.3 Let x, y, z G R + such that x + y + z = 1. Prove the inequality 

1 1 1 27 

h -f 4 — . 

1 — xy l — yz 1 — zx 8 

Solution Let p=x + y+ z= 1 , q = xy + yz + zx, r = xyz. 

It can easily be shown that 

(1 - xy)( 1 - yz)(l - zx) — 1 - q + pr - r 2 

and 

(1 - xy){ 1 - yz) + (1 - yz)(l - zx) + (1 - zx)(l - xy) — 3-2 q + pr. 

So the given inequality becomes 

8(3 — 2q + pr) < 27(1 — q + pr — r 2 ) 

44 3 — 1 Iq + 19 pr — 27r 2 > 0. 

Since p = 1, we need to show that 

3—11^ + 19r — 27r 2 > 0. 

By N 5 : p 3 > 27 r we have 1 > 27r, i.e. r > 21r 2 . 
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Therefore 

3- Uq + 19r-27r 2 >3 - \\q + \9r - r = 3 - Uq + 18r. 
So it suffices to prove that 

3— llq+ 18r >0. 

We have 


3- Uq+ 18r >0 

3 - 1 1 (.tv + yz + zx) + 18 xyz > 0 
<£> ll(xy + yz + zx) - 18xyz < 3. 


Applying AM > GM we deduce 

11 (xy + yz + zx) - 18xyz = xy(ll - 18z) + ll:(x + y) 

< {X+ ^ ] (11- 18 z) + 11 z(x + y ) 
(1 — z) 2 

= (11 - 18z) + llz(l - z) 

(l-z)((l-z)(ll-18z) + 44z) 
4 

4z + 3z 2 — 18s 3 + 11 

~~ 4 ' 


So it remains to show that 


4z + 3z 2 — 18z 3 + 11 
4 

O 4z + 3z 2 — 18z 3 < 1 
1 8z 3 — 3z 2 — 4z + 1 > 0 
(3z — 1) 2 (2 z + 1) > 0, 


which is obvious. 


Exercise 14.4 Let a, b, c e K + such that ^j-j- + ^ = 2. Prove the inequality 


1 

8 ab + 1 


1 

8Z?c+ 1 


1 

> I- 

8ca + 1 


(14.6) 


Solution Let p — a + b + c, q = ab + be + ca, r — abc. 
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Since ^ r +^ r +^=2we have 

(a+l)(*+l) + (fc+l)(c+l) + (c+l)(a + l) = 2(fl+l)(i+l)(c+l). (14.7) 

Using the identities Ig and /io, identity (14.7) becomes 3 + 2p + q — 2(1 + p + 
q + r), from which it follows that 

q + 2r=l. (14.8) 

It can easily be shown that 

(8 ab + l)(87>c + 1) + (8 be + l)(8ca + 1) + (8ca + 1 ) (8 ab + 1) = 64 pr + 16r/ + 3 
and 

(8 ab + l)(87>c + l)(8cn + 1) = 512/- 2 + 64 pr + 8<? + 1. 

We need to prove that 

64 pr + 16 q + 3 > 512r 2 + 64 pr + 8 q + 1, 
which is equivalent to 

8t? + 2 > 512r 2 . (14.9) 

By q 3 > 21r 2 and since q = 1 — 2r we obtain 

(1 — 2r) 3 > 27r 2 

8r 3 + 15r 2 + 6r — 1 < 0 
O (8r — l)(r 2 + 2r + 1) < 0. 


Thus 

1 

8r — 1 < 0, i.e. r < 

- 8 

Now since q + 2r = 1, inequality (14.9) becomes 
8(1 — 2r) + 2 > 512r 2 

512r 2 + 16r — 10 < 0 
(8r — l)(64r + 10) < 0, 


(14.10) 


which follows due to (14.10). 


Exercise 14.5 Let x,y,z be positive real numbers such that x + y + z = 1. Prove 
the inequality 

z- xy y — zx x — yz 

x 2 + xy + y 2 x 2 + xz + z 2 y 2 + yz + z 2 _ 
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Solution Let p = x + y + z = 1 , q — xy + yz + zx, r = xyz. 

We have 

x 2 + xy + y 2 = (x + y) 2 - xy = (1 - z) 2 - xy = 1-2 z + z 2 - xy 

= 1 — z — z(l — z) — xy — 1 — z — z(x + y) — xy = 1 — z — ?. 
Similarly we deduce that 

x 2 + xz + Z 2 = 1 — y — q and y 2 + yz + Z 2 — 1 — x — q . 


According to the previous identities, It, and / 12 , by using elementary algebraic trans- 
formations the given inequality becomes 



q 3 + q 2 - 4 q + 3qr + 4r + 1 > 0, 


i.e. 




21 q 3 + 27 cf - 108? + 21r{3q + 4) + 27 > 0. 

(14.11) 

By Ni : p 3 

— 4 pq + 9r > 0, since p = 1 we get 



9 r >4q - 1. 

(14.12) 

According 

to inequality (14.12) we obtain 



21 q 3 + 21 q 2 - 108? + 21r(3q + 4) + 27 



> 21q 3 + 21q 2 - 108? + 3(4? - 1)(3? + 4) + 27 



= (3? — 1)(9? 2 + 24? — 15). 

(14.13) 

Since p — 

1 due to N\ : p 2 > 3? it follows that 



1 

q < -. 

1 - 3 

(14.14) 


Finally by (14.13) and (14.14) we obtain 

21q 3 + 27q 2 - 1(% + 21r(3q + 4) + 27 > (3 q - 1)(9 q 2 + 24 q - 15) > 0, 
since 3g — 1 < 0 and 9 q 2 + 24 q — 15 < 9 ■ g + 24 • | — 15 = —6, as required. 

Exercise 14.6 Let a, b,c be non-negative real numbers such that a + b + c = 1. 
Prove the inequality 

l(ab + be + ca) <2 + 9 abc. 

Solution Let p = a + b + c= 1, q = ab + be + ca,r = abc. 

Then according to Ag: 2p 3 + 9r > 1 pq we have 

2 + 9r >lq i.e. 2 + 9abc > l{ab + be + ca). 


as required. 


144 


14 One Method of Proving Symmetric Inequalities with Three Variables 


Exercise 14.7 Let x, y, z > 0 be real numbers such that x + y + z = 1. Prove the 
inequality 

12 (x 2 y 2 + y 2 z 2 + z 2 x 2 )(x 3 + y 3 + z 3 ) < xy + yz + zx. 

Solution Let p = x + y + z— 1 , q = xy + yz + zx , r = xyz. 

By I 2 and I 3 we have 

x 3 + y 3 + z 3 = p{p 2 - 3q) + 3r = 1 - 3q + 3r 

and 

22 , 22,22 2 0 2 0 

xy +yz +zx = q —2 pr — q —2 r. 

Clearly q < ^ . 

So the given inequality becomes 

12(1 — 3q + 3r){q 2 — 2r) < q. (14.15) 

Suppose that q>\. 

By Ny. pq — 9r > 0 it follows that r < |, i.e. 

0</-<|. (14.16) 

Since q <\ we have 

(1 — 3g + 3r)r > 0. (14.17) 

We’ll prove that 

12^1 -3q + 3^jq 2 <q, (14.18) 

from which, together with (14.16) and (14.17), we’ll have 

12(1 -3 q + 3 r)(q 2 - 2 r) < 12(1 -3 q + 3 r)q 2 < 12^1 -3 q + 3|^ 2 < q. 
Hence 

q > 12^1 ~3q + 3^jq 2 
<*• 1 > 12^1 -3q+^jq 

O l>12q-32q 2 . (14.19) 

Let fiq) = 12 q - 32 q 2 . Then f\q) = 12 - 64 q. 
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Since q > | we deduce that f'(q ) = 12 — 64 q < 12 — ^ = —4 < 0, so it follows 
that / decreases on the interval [1/4, 1/3], i.e. we have 

/W</(j) = 1 2l-3 2 l = 3-2= 1 > 

and inequality (14.18) follows. 

Now let us suppose that 0 < q < 

Let’s rewrite inequality (14.15) as follows 

q > \2q 2 (\ - 3 q) + 12r(3^ 2 + 6q - 2) - 72r 2 . (14.20) 


Since 

12q(l-3q) = 
it follows that 

Since 0 < q < i we get 


4.3,0 - W <4(M±« zMJ =1 , 


12q z (l-3q)<q. 


1 1 


3 q + 6o — 2 < 3 h 6 2<0. 

1 H ~ 16 4 

By (14.21) and (14.22) we obtain 

12(T(1 - 3 q) + \2r(3q 2 + 6q - 2) - 72r 2 < 12 ? 2 (1 - 3(/) < q, 


(14.21) 


(14.22) 


as required. 



Chapter 15 

Method for Proving Symmetric Inequalities 
with Three Variables Defined on the Set of Real 
Numbers 


This section will consider one method that is similar to the previous method of 
Chap. 14, for proving symmetrical inequalities with three variables that will be 
solvable only by elementary transformations and without major knowledge of in- 
equalities (in the sense that for some of them the student has no need to know the 
powerful Cauchy-Schwarz, Chebishev, Minkowski and Holder inequalities). 

We must note that this method is suitable for proving inequalities that are defined 
on the set of real numbers, not just on the set of positive real numbers. For this 
purpose we will first state (without proof) two theorems from differential calculus. 


Theorem Let f : I — »■ K be a differentiable function on /. Then f is an 
increasing function on I if and only if f'(x) > 0 for all x e I , and f is a 
decreasing function on I if and only if fix) < 0 for all x e I . 


Theorem Let f(x) be a continuous function and twice differentiable on some 
interval that contains the point xo. 

Suppose that /'(xo) = 0. Then: 

(1) If /"(xo) < 0, then f has a local maximum at xq. 

(2) If f"(x o) > 0, then f has a local minimum at xq. 


Let a, b,c be real numbers such that a + b + c = 1. 

According to the obvious inequality a 2 + b 2 + c 2 > ab + be + ca (equality occurs 
iff a — b — c) it follows that 

1 — (a + b + c) 2 = a 2 + b 2 + c 2 + 2 (ab + be + ca) > 3 (ab + be + ca), 


i.e. 


ab + be + ca < 


1 

3' 
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1 —Q 2 

Let ab + be + ca — —r~, (q > 0). We will find the maximum and minimum values 
of abc in terms of q . 

If q = 0 then ab + be + ca = ^ , i .e. a — b — c = 5 . 

Thus 


If q 0 then 


abc — — . 
27 


l—o“ 1 (a + b + c)“ 777 

ab + be + ca = — - — < - = a + b~ + c“ > ab + be + ca 

<S> (a — b ) 2 + (b — c ) 2 + (c — a ) 2 > 0 , 

i.e. at least two of the numbers a, b. c are different. 

Consider the function 


3 7 1 — q~ 

fix) = (x — a)(x — b)( x — c) = x — x H x — abc. 


We have 


fix) = 3x 2 - 2x + 


l-q- 


, with zeros xi — 


1 + q 


and X 2 — 


1 -q 


Hence fix) < 0 for X7 <x <x\, and fix) > 0 for x < X7 or x > x\. 
For fix) we have 


f”ix) = 6x — 2, i.e. f"ixi) — 6 


1 + 5 


■ 2 = 6q > 0 , 


so it follows that fix) at x\ has a local minimum. 

Similarly fix 1 ) = 6 — 2= —6 q < 0, i.e. fix) at X7 has a local maximum. 

Furthermore fix) has three zeros: a, b, c. 

Then it follows that 


/ 



(1 + 5) 2 (1 - 2 q ) 
27 


— abc < 0 


and 


/ 



(1 — 5) 2 (1 + 2 q ) 

27 


— abc > 0 . 


Hence 


(1 + <?) 2 (1 — 2 q ) 

21 


< abc < 


(l-5) 2 (l + 25 ) 
27 


Therefore we have the following theorem. 
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Theorem 15.1 Let a, b, c be real numbers such that a + b + c — 1 and let 

1 — q 2 

ab + bc + ca — — - — (q> 0 ). 

Then we have the following inequalities 

(\ + q) 2 a~2q) (1-?) 2 (1 + 2q) 

< abc < . 


Theorem 15.2 (Generalized) Let a, b, c be real numbers such that a + b + 
c = p. 

_2 2 

Let ab + bc + ca — 1 , 1 , {q > 0) and abc — r. 

Then 

(P + q) 2 (p - 2 q) ( p - q) 2 (p + 2 q) 

< r < . 

27 _ _ 27 

Equality occurs if and only if (a — b)(b — c)(c — a) — 0. 


lfa + b + c— p and ab + bc + ca — p 3 g then we can easily show the following 
identities. 

1 ° a 2 + b 2 + c 2 = K+2yr 
2° a 3 + b 3 + c 3 = pq 2 + 3 r 

3° ab(a + b) + bc(b + c) + ca(c + a) — p{p 2 _ 3 r 
4° (a + b)(b + c)(c + a) = p(pl ~ q2) - r 
5° a 2 b 2 + b 2 c 2 + c 2 a 2 = - 2 pr 

6° ab(a 2 + b 2 ) + bc(b 2 + c 2 ) + ca(c 2 + a 2 ) = <P + 2 ? hf ~9 ) _ p r 
7° a 4 + b 4 + c 4 = V+SpV+V + 4pr _ 

Exercise 15.1 Let a, b, c be real numbers. Prove the inequality 
a 4 + b 4 + c 4 > abc(a + b + c). 


Solution Since the given inequality is homogenous, we may assume that a + b + 
c = 1. 

Then it becomes 


— 1 + 8q 2 + 2q 4 


+ 4 r > r 




— 1 + 8q 2 + 2q 4 + 27 r > 0. 


9 
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According to Theorem 15.1, it follows that it suffices to show that 

, d (l+q) 2 (l-2q) 

— 1 + 8<7 2 + 2q 4 + 27- — — > 0. 

27 

We have 

. , 0 2 , „ 4 , ^(l+q) 2 a~2q) 

-1 + 8? +2 q +27 — 

= -1 + 8<r + 2q 4 + (1 + q) 2 ( 1 - 2 q) 

= -l + 8q 2 + 2q 4 + (l+2q + q 2 )( 1 - 2 q) 

= -1 + 8q 2 + 2q 4 + (1 - 3 q 2 - 2q i ) 

= 2 q 4 + 5 q 2 - 2 q 3 = q 2 (2q 2 -2q + 5) 

2 (4q 2 -4q+10) 2 ((2<? - l) 2 + 9) 

= q =q > 0, 


as required. Equality occurs iff a = b — c. 

Exercise 15.2 Let a, b, c e M. Prove the inequality 


(a + b) 4 + (b + c ) 4 + (c + a) 4 >-(a 4 + b 4 + c 4 ). 


Solution Since 

(a + b) 4 + (b + c) 4 + (c + a) 4 

= 2 (a 4 + b 4 + c 4 ) + 4 (a 2 b + b 3 a + b 3 c + c 3 b + c 3 a + a 3 c ) 
+ 6{a 2 b 2 + b 2 c 2 + c 2 a 2 ). 


the given inequality becomes 

5(fl 4 + b 4 + c 4 ) + I4(a 3 b + b 3 a + b 3 c + c 3 b + c 3 a + a 3 c) 
+ 21 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) > 0. 


2 _ 2 

After setting a + b + c = p, ab + be + ca = p 3 q , r — abc, due to 5°, 6° and 7° 
we deduce that the previous inequality is equivalent to 


- p 4 + 8p 2 q 2 + 2q 


+ 21 


9 

(p 2 -q 2 ) 2 

9 


+ 4 pr ) + 14 


(p^ + 2q 2 )(p 2 -q 2 ) 


— pr 


— 2 pr ) > 0, 
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l.e. 


5 (— / + 8 p 2 q 2 + 2 q 4 + 36 pr) + 14 ((p 2 + 2 q 2 )(p 2 - q 2 ) - 9 pr) 

+ 2l((p 2 — q 2 ) 2 — I8pr) > 0. 

If p = 0 then 10 q 4 — 28 q 4 + 21 q 4 > 0, i.e. 3 q 4 > 0, which is obvious. 

Let 0. 

Without loss of generality we may assume that p — 1 . 

So we need to prove that 

5(— 1 + 8q 2 + 2 q 4 + 36 r) + 14((1 + 2^ 2 )(1 - q 2 ) - 9r) +21((1 - q 2 ) 2 - 18r) > 0, 


i.e. 


3< ? 4 + 4cy 2 + 10- 108r > 0. 


Using Theorem 15.1, we obtain 


3q 4 + 4q 2 + 10 — 108r 



= 3 q A + 4 q 2 + 10 - 4(1 - q) 2 ( 1 + 2 q) 
= q 2 (q — 4) 2 + 2q 4 + 6 > 0, 


which clearly holds. 

Equality occurs if and only if ci = b = c = Q. 


Exercise 15.3 Let a,b,c be real numbers such that a 2 + b 2 + c 2 — 9. Prove the 
inequality 


2 (a + b + c) — abc < 10. 


1 ^ 2 . 

Solution Let a + b + c = p, ab + be + ca = — j — , abc = r . 
Then using identity 1°, the condition can be rewritten as 



i.e. 


p 2 + 2q 2 = 27. 


(15.1) 


By Theorem 15.2 we deduce 


2(a + b + c) — abc = 2p — r < 2 p — 


_ (p + q) 2 (p-2q) 

P 27 

54 p — p 3 + 3 pq 2 + 2 q 3 


27 
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_ 54 p - p(p 2 + 2 q~) + 5 pq 2 + 2 q 3 
~ 27 

( 15 . 1 ) 54 p - 27 p + 5 pq 2 + 2 q 3 
27 

21 p + 5pq 2 + 2q 3 p(21 + 5q 2 ) + 2q 3 


27 


27 


So it remains to prove that 

p(21 + 5q 2 ) + 2q 3 
27 


<10 or p(21 + 5q 2 ) < 270 — 2q 3 . 


We have 

(270 - 2 q 3 ) 2 > (p (21 + 5 q 2 )) 2 

& 21 (q - 3) 2 (2qr 4 + 12^ 3 + 49 q 2 + 146 q + 219) > 0 

as required. 

Equality occurs if and only if (a, b, c) = (2, 2, —1) (up to permutation). 
Exercise 15.4 Let a, b, c be positive real numbers. Prove the inequality 
ci 2 + b 2 + c 2 + 2 abc + 1 > 2 (ab + be + ca). 


Solution The given inequality is equivalent to 

p 2 + 2q 2 1 -q 2 

1 - + 2r + 1 > 2 — 


i.e. 


6r + 3 + 4 q 2 — p 2 > 0. 

If 2q > p then we are done. 

Therefore suppose that p >2q. 

By Theorem 15.2, it suffices to prove that 

6 r + 3 + V- P I >6 <P + ^ P ~ 2,) + 3 + 4^-^>Q. 


2(p + q) 2 (p — 2q) 9 9 

— + 3 + 4q 2 - p 2 > 0 

(p — 3) 2 (2p + 3) > 2q 2 (2q + 3p — 18). 


If 2 p < 9 it follows that 2^ -|- 3p < 4p <18, and we are done. 


(15.2) 
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If 2p > 9 we have 

2q 2 (2q + 3p - 18) < 2q 2 (p + 3p - 18) = 4q 2 {2p - 9) 

< p\2p - 9) = (p - 3) 2 (2 p + 3) - 27 < (p - 3) 2 (2 p + 3), 

so inequality (15.2) is true, as required. 

Equality occurs if and only if a — b = c = 1. 

Exercise 15.5 (Schur’s inequality) Prove that for any non-negative real numbers 
a, 6, c we have 

r/ 3 + b 3 + c 3 + 3 abc > ab(a + b) + bc(b + c) + ca(c + a). 

Solution Since the above inequality is homogenous, we may assume that a + b + 
c = 1. 

Then clearly q e [0, 1] and the given inequality becomes 

27r + 4q 2 — 1 > 0. 

If q , then we are done. 

If q , by Theorem 15.1, we have 

9 (1 + <7 ) 2 ( 1 — 2 q) 9 9 

21r + 4q 2 - 1 > 27- — + 4q 2 - 1 = ^ 2 (1 - 2 q) > 0, 

as required. 

Equality occurs iff ( a , b, c) = ( t , t, t) or ( a , b, c ) = (r, t, 0), where t > 0 is an 
arbitrary real number (up to permutation). 



Chapter 16 

Abstract Concreteness Method (ABC Method) 


In this section we will present three theorems without proofs (the proofs can be 
found in [27]) which are the basis of a very useful method, the Abstract Concrete- 
ness Method ( ABC method). 

For this purpose we’ll consider the function f(abc , ab + be + ca, a + b + c), as 
a one-variable function with variable abc on R, i.e. on R + . 


16.1 ABC Theorem 


Theorem 16.1 If the function f(abc, ab + be + ca, a + b + c) is mono- 
tonic then f achieves it’s maximum and minimum values on R when 
(i a — b)(b — c)(c — a) = 0, and on R + when ( a — b)(b — c)(c — a) — 0 or 
abc — 0 . 


Theorem 16.2 If the function f (abc, ab + be + ca, a + b + c) is a con- 
vex function then it achieves it's maximum and minimum values on R when 
(a — b)(b — c)(c — a) = 0, and on R + when (a — b)(b — c)(c — a) — 0 or 
abc — 0 . 


Theorem 16.3 If the function f(abc, ab + be + ca, a + b + c) is a con- 
cave function then it achieves it’s maximum and minimum values on R when 
(a — b)(b — c)(c — a) = 0, and on R + when (a — b)(b — c)(c — a) — 0 or 
abc — 0 . 
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Consequence 16.1 Let f (abc. ab + be + ca . a + b + c) be a linear func- 
tion with variable abc. Then f achieves it’s maximum and minimum values 
on R if and only if (a — b)(b — c)(c — a) — 0, and on R + if and only if 
(a — b)(b — c)(c — a) — 0 or abc = 0. 


Consequence 16.2 Let f{abc, ab + be + ca, a + b + c) be a quadratic tri- 
nomial with variable abc, then f achieves it’s maximum on R if and only if 
(a — b)(b — c)(c — a) = 0, and on R + if and only if (a — b)(b — c)(c — a) = 0 
or abc — 0. 


Consequence 16.3 All symmetric three-variable polynomials of degree 
less than or equal to 5 achieves their maximum and minimum values on 
R if and only if (a —■ b)(b — c)(c — a) = 0, and on R + if and only if 
(a — b)(b — c){c — a) — 0 or abc = 0. 


Consequence 16.4 All symmetric three-variables polynomials of degree less 
than or equal to 8 with non-negative coefficient of {abc) 2 in the represen- 
tation form f{abc, ab + be + ca, a + b + c), achieves their maximum on 
R if and only if (a — b)(b — c)(c — a) = 0, and on R + if and only if 
(a — b)(b — c)(c — a) = 0 or abc = 0. 


Also we’ll introduce some additional identities which will be very useful for the 
correct presentation of this method. 

For that purpose, let a = x + y + z, b = xy + yz + zx, c — xyz ■ Then we have. 

Ip. x 2 + y 2 + z 2 — a 2 — 2b 

I 2 '. x 3 + v 3 + z 3 =a 3 -3ab + 3c 

It , : x 4 + y 4 + z 4 — a 4 — Aa 2 b + 2 b 2 + Aac 

Ip. x 5 + v 5 + z 5 — a 5 — 5 a 3 b + 5 ab 2 + 5 a 2 c — 5 be 

Ip. x 6 + v 6 + z 6 = a 6 — 6 a 4 b + 6 a 3 c + 9 a 2 b 2 — 12 abc + 3c 2 — 2 b 3 

Ip. {xy) 2 + (yz) 2 + (zx) 2 — b 2 - lac 

Ip. Oy) 3 + (yz) 3 + {zx) 3 — b 3 - 3 abc + 3c 2 

Is', {xy) 4 + (yz) 4 + (zx) 4 — b 4 — Aab 2 c + la 2 c 2 + Abc 2 

Ip. (xy) 5 + (yz) 5 + (zx) 5 — b 5 — 5 ab 3 c + 5 a 2 bc 2 + 5 b 2 c 2 — 5 ac 3 

ho'- xy(x + y) + yz(y + z) + zx(z + x) = ab - 3c 

/il : xy(x 2 + y 2 ) + yz(y 2 + z 2 ) + zx(z 2 + x 2 ) = a 2 b — lb 2 — ac 

I\ 2 '. xy(x 3 + y 3 ) + yz(y 3 + z 3 ) + zx(z 3 + x 3 ) = a 3 b — 3 ab 2 — a 2 c + 5 be 

/i 3 : x 2 y 2 {x + y) + y 2 z 2 (y + z) + z 2 x 2 (z + x) = ab 2 - la 2 c — be 

Ii 4 - x 3 y 3 (x + y) + y 3 z 3 (y + z) + z 3 x 3 (z + x) = ab 3 — 3 a 2 bc + 5 ac 2 — b 2 c 
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/i 5 : ( x 2 y + y 2 z + z 2 x)(xy 2 + yz 2 + zx 2 ) — 9 c 2 + ( a 3 — 6 ab)c + b 3 

lie- (x 3 y + y 3 z + z 3 x)(xy 3 + yz 3 + zx 3 ) = la 2 c 2 + ( a 5 — 5 a 3 b + ab 2 )c + b 4 . 

Exercise 16.1 Let a,b,c > 0 be real numbers. Prove the inequality 

abc 2 ab + be + ca 

a 3 + b 3 + c 3 3 — a 2 + b 2 + c 2 

Solution The given inequality is equivalent to the following one 

F = abc(a 2 + b 2 + c 2 ) + a 3 + b 3 + c 3 )(a 2 + b 2 + c 2 ) 

— ( a 3 + b 3 + c 3 )(ab + be + ca) > 0. 

The polynomial F is of third degree so it will achieves it’s minimum when 
(a — b)(b — c)(c — a) = 0 or abc = 0. 

If (a — b)(b — c)(c — a) — 0, then without loss of generality we may assume that 
a = c and the given inequality becomes 

a 2 b 2 a 2 + 2ab 2 ( 1 2o + b \ 

2a 3 + b 3 3 — 2a 2 + b 2 ^ ^ \2a 2 + b 2 3(2a 3 + b 3 ) ) ~ 

O (a- bf(a + b)> 0, 
which is obvious. 

If abc = 0 then without loss of generality we may assume that c = 0 and the 
given inequality becomes 

2 ab 'j 'j n 

->^ tx O a- +b~ + 3(« - b) 2 >0, 

3 a z + b A 


which is true. And we are done. 

Exercise 16.2 Let a,b,c > 0 be real numbers. Prove the inequality 
a 3 + b 3 + c 3 1 / a 2 + b 2 + c 2 

1 — ^ j 

4 abc 4 \ab + be + ca 

Solution Observe that by applying the previous identities the given inequality can 
be rewritten as a seventh-degree symmetric polynomial with variables a, b,c, but 
it’s only a first-degree polynomial with variable abc. 

Therefore by Consequence 16.1, we need to consider only the following two 
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First case: If (a — b)(b — c)(c — a) — 0, then without lose of generality we may 
assume that a — c and the given inequality becomes 

2 a 3 +b 3 l > /2a 2 + b 2 \ 2 2 a 3 + b 3 3/2 a 2 + b 2 \ 2 

4 a 2 b ~^4~\a 2 + 2ab) ^ 4 a 2 b 4~\a 2 + 2ab) 

(a — b) 2 (2a+b) (a — b) 2 (3a 2 + b 2 + 2ab) 

4a 2 b ~ (a 2 + 2 ab) 2 

(a — b) 2 ((2b — a) 2 + a 2 ) > 0, 
which is obvious. 

Second case: If abc = 0 then the given inequality is trivially correct. 


Exercise 16.3 Let a, b, c > 0 be real numbers. Prove the inequality 

1 


(ab + be + ca ) 


1 1 

+ 77 7 77 - + 


9 

> -. 


(a + b) 2 (b + c) 2 (c + a) 2 J ~ 4 
Solution We can rewrite the given inequality in the following form 

f(a + b + c, ab + be + ca, abc ) 

= 9((a+b)(b + c)(c + a )) 2 

— 4 (ab + bc+ ca)((a + b) 2 (b + c) 2 + (b + c) 2 (c + a) 2 + (c + a) 2 (a + b) 2 ) 


— k(abc)~ + mabc + n. 


where k > 0 and k, m, n are quantities containing constants or a + b + c, ab + 
be + ca, abc, which we also consider as constants, i.e. in the form as a sixth-degree 
symmetric polynomial with variables a,b,c and a second-degree polynomial with 
variable abc and positive coefficients. 

Let us explain this: 

The expression (a + b)(b + c)(c + a) has the form kabc + m so it follows that 
9 ((a + b)(b + c)(c + a)) 2 has the form k 2 (abc) 2 + mabc + n. 

Furthermore 

4 (ab + be + ca)((a + b) 2 (b + c ) 2 + (b + c) 2 (c + a) 2 + (c + a) 2 (a + b) 2 ) — 4k A, 

where k — ab + be + ca, and A is a fourth-degree polynomial and also has the form 
kabc + m. 

Therefore the expression of the left side of f(a + b + c, ab + be + ca, abc) has 
the form k(abc) 2 + mabc + n. 

Then the function achieves it’s minimum value when (a — b)(b — c)(c — a) — 0 
or when abc — 0. 
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If (a — b)(b — c)(c — a) — 0, then without loss of generality we may assume that 
a — c, and the given inequality is equivalent to 


( a~ + 2 ab) I — , 


(a — b ) 


4 a 2 ( a + b ) 2 


2 / 2a + b 


9 

> - 

~ 4 


\2a(a + b) 2 (a + b) 2 


>0 


b(a - b) 1 > 0, 

as required. 

If abc = 0, we may assume that c — 0 and the given inequality becomes 


ab 


1 


1 


1 


9 


-^ + 7 ? >7 (a-byi — 


1 


1 


>0 


ya + b) 2 a 2 b 2 / 4 \ab 4 (a + b) 2 

O (a-b) 2 (4a 2 + 4b 2 + 7ab)>0, 
and the problem is solved. 

Exercise 16.4 Let a, b, c > 0 be real numbers such that a 2 + b 2 + c 2 = 1 . Prove the 
inequality 

b 


+ 


+ 


>3. 


a 3 + be b 2 + ca c 3 + ab 

Solution If we transform the given inequality as a symmetric polynomial we ob- 
tain a ninth-degree polynomial with variables a,b,c, and a third-degree polynomial 
with variable abc. But, as we know, this case is not in the previously mentioned 
consequences, so the problem cannot be solved with ABC (for now). 

Therefore we’ll make some algebraic transformations. 

If we take 

be ac ab 

x = — , y=~r ’ - 

abc 

then clearly xy + yz + zx = a 2 + b 2 + c 2 = 1 , and the given inequality becomes 


1 


+ 


1 


+ 


1 


xy + z yz T x zx + y 


>3. 


(16.1) 


If we transform the inequality (16.1) we’ll get a second-degree polynomial with 
variable xyz , with a non-negative coefficient in front of (xyz) 2 . 

So we need to consider just the following cases: 

If x = z then inequality (16.1) becomes 


1 


h , 

xy + x x- + y 


> 3 . 
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Since 2 xy + x 2 = 1 it follows that y = 'r* , and after using these, the previous 
inequality easily follows. 

If z = 0 then inequality (16.1) becomes 

1 1 1 

1 1 — >3, with xy = 1 . 

xy x y 

We have -^ + -^ + ^>1+ = 3, as required. 

Exercise 16.5 Let a , b, c be positive real numbers such that ab + be + ca + abc = 4. 
Prove the inequality 

1 1 1 

- + - + - >a + b + c. 
abc 


Solution Since ab + be + ca + abc = 4 there exist real numbers x, y, z such that 


2x 


y + z 

and the given inequality becomes 

x + y z + x y + z 


b = 


2 y 

z + x’ 


2 z 

x + y’ 


+ 


y 


■ + 


>4 


x y , z 

1 1 

y + z z + x x + y 


(16.2) 


Inequality (16.2) is homogenous, so we may assume that x + y + z = 1, xy + yz + 
zx = u, xyz = v. 

After some algebraic transformations we find that inequality (16.2) can be rewrit- 
ten as follows 

9v 2 + 4(1 — u)v — v 2 > 0. 

So, according to the ABC theorem, we need to consider just two cases: 

If z = 0 then inequality (16.2) is trivially correct. 

If y = z = 1 (we can do this because of the homogenous property) inequality 
(16.2) becomes 


2 


2(x + 1) + - > 4 


x 



i.e. 2(x - l) 2 > 0, 


which is obvious. 


Chapter 17 

Sum of Squares (SOS Method) 


One of the basic procedures for proving inequalities is to rewrite them as a sum of 
squares (SOS) and then, according to the most elementary property that the square 
of a real number is non-negative, to prove a certain inequality. This property is the 
basis of the SOS method. 

The advantage of the method of squares is that it requires knowledge only of 
basic inequalities, which we met earlier, and basic skills in elementary operations. 
Let’s start with one well-known inequality. 

Example 17.1 Let a,b,c > 0. Prove the inequality 

a 3 + b 3 + c 3 > 3 abc. 


Solution We have 

a 3 + b 3 + c 3 — 3 abc = ((a — b) 2 + (b — c) 2 + (c — a)~ ) > 0, 

which is obviously true. 

The whole idea is to rewrite the given inequality in the form 
S a (b - c) 2 + S b (a - c) 2 + S c (a - b) 2 , 
where S a , S b , S c are functions of a, b, c. 

We must mention that this method works well for proving symmetrical inequali- 
ties where we can assume that a >b >c, while if we work with cyclic inequalities 
we need to consider the additional case c> b > a. 

We will discuss symmetrical inequalities with three variables, and for that pur- 
pose firstly we’ll give three properties that we will use for the proof of the main 
theorem. 


Proposition 17.1 Let a,b,c e R. Then (a — c) 2 < 2 (a — b) 2 + 2 (b — c) 2 . 
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Proof We have 

{a - c ) 2 < 2 (a - b) 2 + 2 (b - c ) 2 

a 2 — 2flc + c 2 < 2(a 2 — 2 ab + b 2 ) + 2 (b 2 — 2 be + c 2 ) 
a 2 + 4b 2 + c 2 — 4 ab — 4 be + 2 ac > 0 
<S> (a + c — 2b) 2 > 0, 

which clearly holds. □ 

Proposition 17.2 Let a >b > c. Then (a — c) 2 > (a — b) 2 + ( b — c) 2 . 

Proof We have 

(a — c) 2 > (a — b ) 2 + (/? — c) 2 

a 2 — 2 ac + c 2 > (a 2 — 2a& + b 2 ) + (b 2 — 2foc + c 2 ) 

<S> b 2 + r/c — afr — be < 0 
(b — a)(b — c) < 0, 

which is true since a >b > c. □ 

Proposition 17.3 Let a >b>c. Then > f ■ 

Proof We have 
a — c fl 

>— b(a — c) > afb — c) •<=>• ac>bc O a>b. r-i 

b — c b 

Theorem 17.1 (SOS method) Consider the expression S = S a ib — c) 2 + 
5*(a — c) 2 + S c (a — b ) 2 , where S a , Sb, S c are functions of a, b , c. 

1° IfS a ,S b ,S c >0thenS>0. 

2° //a >b>cora<b<c and Sb, S b + S a , Sb + S c > 0 r/zen S > 0. 

3° If a >b>cora<b<c and S a , Sc, S a + 2S*, 5 C + 25* > 0 ?/zezz 5 > 0. 

4° If a >b>c and Sb, S c , a 2 Sb + b 2 S a > 0 then S > 0. 

5° If S a + Sb > 0 or Sb + S c > 0 or S c + S a > 0 (S a + 5* + 5 C > 0) ant/ 
5 a 5* + SbS c + S c S a > 0 f/zezz 5 > 0. 

Proof 1° If S a , Sb, S c > 0 then clearly 5 > 0. 
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2° Let us assume that a>b>c and .S'/, , .S'/, + S a , S b + 5 C > 0. 

By Proposition 17.2, it follows that ( a — c) 2 > (a — £) 2 + (b — c) 2 , 

S = s a (b - c) 2 + S b (a - c) 2 + S c (a - b) 2 

> S a (b - c ) 2 + S b ((a - b) 2 + (b- c ) 2 ) + S c (a - bf 

= (b - c) 2 (S a + S b ) + (a - b) 2 (S b + S c ). 

Now since S b + S a , S b + S c > 0 it follows that S > 0. 

3° Let a >b>c and S a , S c , S a + 2 S b , S c + 2 S b > 0. 

Then if 5/, > 0 clearly .S’ > 0. 

Suppose that S b < 0. 

By Proposition 17.1, we have that ( a — c) 2 < 2 (a — b) 2 + 2 (b — c) 2 
Therefore 

S = S a (b- c) 2 + - c) 2 + S c (a - b ) 2 

> S fl (fc - c) 2 + S b (2(a - b) 2 + 2(6 - c) 2 ) + S c (a - 6) 2 
= {b- c) 2 (S a + 2 Sb) + (a - b) 2 (S c + 2S b ), 


and since S a + 2 S b , S c + 25/, > 0 it follows that 5 > 0. 

4° Let ci > b c and suppose that 5/,, 5c ci~ S b d - b~ S q L d- 
By Proposition 17.3, it follows that |E| > f . 

Therefore 


5 = 5 fl (6 — c) 2 + 5/,(a — c) 2 + 5 f (a — b) 2 > 5 a (6 — c) 2 + S b {a 

= «•- o 2 (s» + s '<(jH^) 2 ) ^ <b - c > 2 ( s " + St (j)) 

since a 2 5/, + b 2 S a > 0 we obtain 5 > 0. 

5° Assume that S b + S c > 0. 

We have 


5 = S a (b - c) 2 + S b (a - c) 2 + S c (a - b) 2 
= S a (b - c ) 2 + S b ((c - b) + (b - a)f + S c (a - b) 2 
= (S b + S c ) {a - b) 2 + 2 S b (c - b){b -a)+ (S a + S b )(b - c) 2 


— (S b + Sc) ( b — a + 


S b 


s b + s t 


(c-b) + 


s a s b + s b s c + s c s a 

S b + 5 C 


> 0 . 


so we have 


-c ) 2 


(c-b) 2 


□ 
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The main difficulty with using the S.O.S. method is the transformation of the 
given inequality into mentioned (S.O.S.) form. 

Every difference J2 cyc x i l x“ 2 ■ • -x“" — J2cyc x ]' x 2 2 ' ' ' x n" where 0 . 1+012 + 
■ ■ ■ + a n = + fa + • • • + Pn can be written in S.O.S. form, so almost all sym- 

metrical or permutation homogeneous inequalities can be written in S.O.S. form. 
In fact there is a huge class of algebraic expressions which can be written in S.O.S 
form (the algorithm which helps to transform algebraic expressions into S.O.S. form 
is explicitly explained for example in [27]). 

Here we will introduce the reader to the simplest and most often used forms 
which are as follows: 

1° a 2 + b 2 + c 2 - ab - be - ca = ( a -0 2 +d>-c) 2 +(c- a ) 2 
2° a 3 +b 3 +c 3 - 3 abc = (a + b + c) ■ ^-b) 2 +(b-c) 2 +(c-a) 2 ) 

3° a 2 b + b 2 c + c 2 a - ab 2 - be 2 - ca 2 = ( «-b) 3 +(b-c) 3 +(c-a ) 3 

4° a 3 + b 3 + c 3 — a 2 b - b 2 c - c 2 a = ( 2a +0(«-^) 2 +(2fc+cHfc-c) 2 +(2 C + a )( c - a ) 2 

5° a 3 b + b 3 c + c 3 a - ab 3 - be 3 - ca 3 = (a + b + c )( (b-«) 3 +(c-0 3 +( a -c) 3 ) 

6° fl 4 + b 4 + c 4 _ a 2 b 2 _ b 2 c 2 _ c 2 fl 2 = ( a + fc ) 2 ( a - b ) 2 +(6+ c ) 2 ^- c ) 2 +( c+a ) 2 (c- a ) 2 


Exercise 17.1 Let such that xyz > 1 . Prove the inequality 


x 5 — x 2 
X 5 + y 2 + z 2 


+ 


5 2 

y-y 

y 5 + z 2 + x 2 


+ 


z 5 -z 2 

Z 5 + X 2 + y 2 


> 0 . 


Solution We’ll homogenize as follows 


5 2 

X — X 


> 


5 2 

x — x • xyz 


4 2 

** - 


x 5 + y 2 + z 2 x 5 + xyz(y 2 + z 2 ) x 4 + yz(y 2 + z 2 ) 

; 4 -x 2 ( ^) 2x 4 — x 2 (y 2 + z 2 ) 


> 


x 4 + (^)(y 2 + z 2 ) 2 x 4 + (y 2 + z 2 ) 2 


Similarly we get 


y - y 


2 y* -y 2 {z 2 + x z ) 


and 


z 5 -z 2 


^ 2 z 4 -z 2 (x 2 + y 2 ) 

z 5 + x 2 + y 2 ~ 2 z 4 + (.r 2 + y 2 ) 2 


V 5 + z 2 + x 2 2y 4 + (z 2 + x 2 ) 2 
So it suffices to show that 

2 x 4 -x 2 (y 2 + z 2 ) 2y 4 — y 2 (z 2 + x 2 ) 2 z 4 -z 2 (x 2 + y 2 ) 


+ 


+ 


2x 4 + (y 2 + z 2 ) 2 2y 4 + (z 2 + .r 2 ) 2 2z 4 + (x 2 + y 2 ) 2 

Let x 2 =a,y 2 = b, z 2 = c. Then inequality (17.1) becomes 

2 a 2 — a{b + c) 2 b 2 — b{c + a) 2 c 2 — c(a + b) 


> 0 . 


+ 


+ 


2a 2 + (b + c) 2 2 b 2 + (c + a) 2 2 c 2 + (a + b) 2 


> 0 . 


(17.1) 


(17.2) 
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After some algebraic operations we can rewrite inequality (17.2) as follows 
2 a 2 + a(b + c) + b 2 — be + c 2 


(b-cY 


+ (c — a) 


(2b 2 + (c + a) 2 ) (2c 2 + (a + b) 2 ) 

2 b 2 + b(a + c) + c 2 — ca+a 2 


(2a 2 + (b + c) 2 )(2c 2 + (a + b) 2 ) 


(a b) 2 c2 + + k) + a 2 - ab + b 2 ^ 

(2a 2 + (b + c) 2 )(2b 2 + (c + a) 2 ) — 

which is true due to the obvious inequality: if v, yet then x 2 — xy + y 2 > 0. 
Exercise 17.2 Let a, />, c be positive real numbers. Prove the inequality 


a 2 + b 2 + c 2 8 abc 

+ 


> 2 . 


ab + be + ca (a + b) (b + c) (c + a) 

Solution Observe that 

a 2 + b 2 + c 2 — (ab + be + ca) — - ((a — b ) 2 + (b — c) 2 + (c — a) 2 ) 


(17.3) 


and 


(a + &)(/? + c)(c + a) — 8a/?c = a(b — c) 2 + b(c — a) 2 + c(a — b) 2 . 


Inequality (17.3) becomes 
a 2 + b 2 + c 2 

- 1 > 1 - 


8a/>c 


ab + be + ca 


(a + />)(/> + c)(c + a) 


a~ + b- + c 2 — (ab + be + ca) (a + b)(b + c)(c + a) — Sabc 
44 > 


a/> + />c + ca 


(a + b)(b + c)(c + a) 

I _ ~\2 . 


(a — />) 2 + (b — c) 2 + (c — a) 2 2 a(b — c) 1 + 2 b(c — a) 1 + 2 c(a — b) 2 

44 > 


44 (b - c) 


ab + be + ca 
2 / (a + fo)(Z? + c)(c + a) 


(a + />)(/> + c)(c + a) 


2a 


+ (c - a) 


+ (a - />)* 


ab + be + ca 
2 ( (a + b)(Jb + c)(c + a) 


V 


a/> + />c + ca 


2 ( ( a + b)(b + c)(c + a ) 
ab + be + ca 


2b 


- 2c > 0. 


Let 


S a = 


(a + />)(/> + c)(c + a) 
ab + be + ca 


2a = b + c — a 


abc 


ab + be + ca 
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Sb = 

(a + b)(b + c)(c + a) 

— 2 b = a + c — b — 

abc 

ab + be + ca 

ab + be + ca 

V — 

(a + b)(b + c)(c + a) 

— 2 c = a + b — c — 

abc 

o c — 

ab + be + ca 

ab + be + ca 


Since inequality (17.3) is symmetric, we may assume that a >b>c. 
Then clearly 


Sb,S c > 0, i.e. Sb + S c > 0. 

According to 2° from Theorem 17.1, it suffices to show that Sb + S a > 0. 
We have 


Sb + S a — 2c — 2 


abc 

ab + be + ca 


2 c 2 (a + b ) 
ab + be + ca 


as required. 


Exercise 17.3 Let a, b, c be positive real numbers such that ab + be + ac = 1. Prove 
the inequality 


1 + a 2 b 2 1 + b 2 c 2 1 + c 2 a 2 5 
(. a + b) 2 (b + c ) 2 (c + a) 2 ~ 2 


Solution The given inequality is equivalent to 


(ab + be + ac) 2 + a 2 b 2 5 
} 7 — , 0 > ~(ab + be + ac) 


eye 


(a + b) 2 


„v-^2 ab(ab + be + ac) + (be + ca) 2 , 

; — “TTT >5 (ab + be + ac) 


eye 


4 (ab + be + ca) 


(a + b ) 2 
ab 


be 


+ 


( a + b ) 2 (b + c) 2 (c + a) 2 
+ 2 (a 2 + b 2 + c 2 ) > 5 (ab + be + ac) 


<3> (ab + be + ca) 


4a b 


4 be 4 ca 

■ + 


t (a + b) 2 (b + c) 2 (c + a) 2 
+ 2 (a 2 + b 2 + c 2 — ab — be — ca) > 0 


— (ab + be + ca) 


(a — b) 1 (b — c)‘ (c — aY 


^(a + b) 2 (b + c) 2 (c + a) 2 
+ ((a - b) 2 + (b- c) 2 + (c - a) 2 ) > 0 
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1- 


ab + be + ca 


(, a + b ) 2 
ab + be + ca 
( c + a ) 2 


(fl - b) 1 + 1 - 


+ be + ca 
(b + c) 2 


(b - c) 2 


(c-a) 2 >0. 


Let 


■S a = 1 - 
S c =l- 


ab + be + ca 
( b + c ) 2 
ab + be + ca 
( a + b ) 2 


afo + fee + ca 

s * = ' ^7)^ and 


Without loss of generality we may assume that a > b > c, and then clearly S a 
Sb < S c . 

We have 

ab + be + ca a 2 + (a + b){b — c) 

S c = 1 s > 0, 


(i a + b) 2 


(i a + b ) 2 


and it follows that Sb> S c > 0. 
Also we have 


a~Si, + b 2 S a =a~\ 1 — 


ab + be + ca 
(c + a) 2 


+ b 2 1 - 


ab + be + ca 
(b + c ) 2 


o c 1 + (c + a){a — b) 9 c~ + (b + c)(b — a) 
= a~ : h b~ - 


(c + a) 2 

2 2 b 2 

+ ■ 


(b + c) 2 


(c + a) 2 (b + c) 2 

a 2 b 2 

+ ■ 


+ (a — b) 


c + a b + c 


(c + a ) 2 (b + c) 2 


7 ab + be + ca 

+ (a- b ) 2 > 0, 

(c + a)(b + c) 


and according to 4° from Theorem 17.1 we are done. 
Equality occurs iff a — b — c= . 


< 



Chapter 18 

Strong Mixing Variables Method 
(SMV Theorem) 


This method is very useful in proving symmetric inequalities with more than two 
variables. The SMV method (strong mixing variables method) is a simple and con- 
cise method that “works” in proving inequalities that have either a too complicated 
or a too long proof. In order to better describe the given method, first we will give 
a lemma (without proof) and then we will introduce the reader to the SMV theorem 
and its applications through exercises. We should point out that this theorem is part 
of a more comprehensive method, the Mixing Variable method (MV method), which 
can be found in [27]. 


Lemma 18.1 Let (x\ , X2, . . . , x„) be an arbitrary real sequence. 

1° Choose i,j e [1,2 ,...,«}, such that xi = min{xi, X2, ■ ■ ■ , x„}, xj = 
max{xi, X2, . . . , x n }. 

2° Replace x; and xj by it’s average Xl ~^ c i ( their orders don’t change ). 

After infinitely many of the above transformations, each number x;,/ = 
1,2 , ... ,n, tends to the same limit x = Xl+X2 ~* l ~ An . 

n 


Theorem 18.1 (SMV theorem) Let F : I C R" —*■ R. be a symmetric, con- 
tinuous, function satisfying F(a\, <22, • • • , a n ) > F(b\, £>2, ■ • • , b n ), where 
the sequence (b\, b2, . ■ ■ , b n ) is a sequence obtained from the sequence 
(«l , 02, . . . ,a n ) by some predefined transformation (a A- transformation ). 
Then we have F(x i,X2, , x n ) > F(x, x, . . . , x), with x = Xl+X2 ~ 1 *~ Xn . 


Lets us note that the transformation A can be different, i.e. A can be defined ac- 
cording to the current problem; for example it can be defined as , Vab, \] al \ b ’ 2 , 

etc. 
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Exercise 18.1 Let a, b, c > 0 be real numbers. Prove the inequality 


a 


b c 3 
+ > 


b + c c + a a + b 2 
b 


Solution Let f(a, b, c) = ^ ^ 

We have 


f(a,b,c) - f 


a + b a + b 
2 ’ ~2 

b c 

+ 


c 


a + b 


a + b 


b + c c + a a + b \a + b + 2c a + b + 2c a + b 

2(a + b) r/ 3 + ca 2 + cb 2 + b 2 — 2 abc — ab 2 — a 2 b 


a b 

1 

t> + c c + a a + b + 2c 


(b + c)(a + c)(a + b + 2c) 


( 18 . 1 ) 


Since AM > GM we obtain 


a 3 + ca 2 + cb~ + It = 


? 3 + a 3 + b 2 a 2 + b 2 + b 2 
- + - 


3 3 

+ ca 2 + cb 2 > a 2 b + ab 2 + 2 abc. 


(18.2) 


From (18.1) and (18.2) it follows that 


/ (a, £>, c) - / 


a + b a + b 

2 ’ ~Y 


, c > 0, 


i.e. 


f(a,b,c) > f 


a + b a + b 

2 ’ ~^2 


:C . 


Therefore by the SMV theorem it suffices to prove that f(t, t,c) > 


We have 


c 3 


+ — > - 2(t — c) > 0, 


3 t 

f(f,t,c)>- O —— h — . 

2 t -\~ c t -\- c 2 1 2 

which is obviously true. 

Equality occurs if and only if a — b = c. 

Exercise 18.2 (Turkevicius inequality) Let a, b, c, d be non-negative real numbers. 
Prove the inequality 

a 4 + b 4 + c 4 + d 4 + 2abcd > a 2 b 2 + b 2 c 2 + c 2 d 2 + d 2 a 2 + a 2 c 2 + b 2 cl 2 . 


Solution Without loss of generality we may assume that a >b > c >d. 


18 Strong Mixing Variables Method (SMV Theorem) 


171 


Let us denote 

f(a, b, c, d) — a 4 + b 4 + c 4 + d 4 + 2abcd — a 2 b 2 — b 2 c 2 — c 2 d 2 
— dr a 2 — a 2 c 2 — b 2 d 2 

= a 4 + b 4 + c 4 + d 4 + labcd — a 2 c 2 — b 2 d 2 — (a 2 + c 2 ){b 2 + d 2 ). 

We have 

f(a, b , c, d) — /(Vflc, b, «fac, d) 

= a 4 + b 4 + c 4 + d 4 + 2a bed - a 2 c 2 - b 2 d 2 - (a 2 + c 2 )(b 2 + d 2 ) 

— ( a 2 c 2 + b 4 + a 2 c 2 + d 4 + 2abcd — a 2 c 2 — b 2 d 2 — 2ac(b 2 + d 2 )) 

— a 4 + c 4 — 2a 2 c 2 — {b 2 + d 2 )(a 2 + c 2 + 2 ac) 

= (a 2 - c 2 ) 2 - (b 2 + d 2 )(a - c ) 2 = (a - c) 2 ((a + c) 2 - ( b 2 + d 2 )) > 0. 


Thus 

f(a, b, c , d) > /(Vac, b, *Jac, d). 

By the SMV theorem we only need to prove that f(a, b. c, d) > 0, in the case when 
a — b — c — t>d. 

We have 

f(t, t, t, d) > 0 3t 4 + d 4 + 2t i d > 3t 4 + 3t 2 d 2 o d 4 + 2t 3 d>3t 2 d 2 , 

which immediately follows from AM > GM. 

Equality occurs di a — b = c — d or a = b = c, d — 0 (up to permutation). 

Exercise 18.3 Let a,b,c,d be non-negative real numbers such that a + b + c + 
d = 4. Prove the inequality 

(1 + 3a)(l + 3b)(l + 3c) (1 + 3d) < 125 + 131 abed. 


Solution Let us denote 

f(a, b , c, d) = (1 + 3a)(l + 3b){\ + 3c) (1 + 3d) - 131 abed. 

Without loss of generality we may assume that a > b > c > d . 

We have 


f{a, b , c, d) — f 


a + c a + c 
, b , , d 


( (a + c) 2 \ ( (a+c) 2 \ 

= 9(1 + 3b)(l + 3d) lac - j - 131 bdlac - j 


(a — cY 


(I3lbd — 9(1 + 3b){\ + 3d)). 


4 


(18.3) 
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Note that 


and clearly 


therefore 


b d < -(ci4~b4~c-\-d) — 2, 


W<<*±^= 1 , 


(18.4) 


\3\bd — 9(1 + 3b)(l + 3d) 

= \3lbd-9- 27 (b + d) - 81 bd 

A>G , 

= 50bd-27(b + d)-9 = 50bd-27(b + d)-9 < 50bd-54Vbd 

(18.4) 

< 50bd - 54bd = -4bd < 0. 


By (18.3) and the last inequality we deduce that 
f(a,b,c,d) - f 


a + c a + c 
— ^ — > &> — ^ — . d < 0, 
2 2 


i.e. 


a + c a + c 

, b, , d . 

2 2 ' 


f(a,b,c,d) < /( 

According to the SMV theorem it follows that it’s enough to prove that 

f{a, b, c, d) < 125, 

when a — b — c=t>d, i.e. 


f(t, t, t, d) < 125, when3r + r/ = 4. 


Clearly 3t < 4. 
We have 


f(t, t, t, d) < 125 

(1 + 3r) 3 (1 + 3(4 - 3f)) - 131f 3 (4 - 30 < 125 
1 50r 4 — 4 16f 3 + 270r 2 + 108/ — 1 12 < 0 
(t — l) 2 (3t — 4)(50r + 28) < 0, which is true. 

Equality occurs iff a = b = c = d= 1 or a — b = c = ^,d — 0 (up to permutation). 
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Exercise 18.4 Let a,b,c,d be non-negative real numbers such that a + b + c + 
d = 4. Prove the inequality 

16 + 2 abed > 3(ab + ac + ad + be + bd + cd). 

Solution Without loss of generality we may assume that a > b > c > d . 

Let us denote 

f(a, b, c, d) — 3(ab + ac + ad + be + bd + cd) — 2abcd. 


We have 

/ 


a + c a + c 

b, — x — , d ) — /(fl, b, c, d) 


= 3 


2 2 
a + c 


a + c 


a + c 


a + c 


b + bd - 


a + c 


■2 bd 


a + c 


= 3 


a + c 


(3 (ab + ac + ad + be + bd + cd) — 2abcd) 
2 


ac I — 2 bd 


a + c 


(3-2 bd). 


(18.5) 


Also 2 ~Jbd <b + d< ^(a + b + c + d) — 2, from which it follows that bd < 1. 
By (18.5) and the last conclusion we get 


. a + c a + c 

/( —,b,—,d)~f(a,b,c,d) = 


> 


a — c 


a — c 


(3 - 2 bd) 


(3 - 2) > 0, 


i.e. it follows that 


. a + c a + c 

/( —,b,—,d)>f(a,b,c,d). 


By the SMV theorem it follows that we only need to prove the inequality 
f(a, b, c, d) < 16, in the case when a — b = c = t > d, i.e. we need to prove that 
f(t, t, t, d) < 16, when 3t + d — 4. 

Clearly 3t <4. 

Thus we have 


f(t, t, t, d) < 16 

O 9(t 2 + dt)-2t 3 d- 16 <0 
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9f 2 + 97(4-30-2^(4-3?)- 16 < 0 


O 2(3? — 4)(r — l) 2 (f + 2) < 0, which is true. 

Equality occurs if and only \fa = b — c = d= \ota = b = c = 4/3, cl — 0 (up to 
permutation). 

Exercise 18.5 Let a , b, c, d be non-negative real numbers such that a + b + c + 
d — 1 . Prove the inequality 

1 176 

abc + bed + eda + dab < 1 abed. 

~ 27 27 

Solution Without loss of generality we may assume that a < b < c < d. 

Let f(a, b, c, d) — abc + bed + eda + dab — ™abcd i.e. 


, 176 

f{a, b , c, d) = ac(b + d) + bd\ a + c — 2 J~ ac 


Since a < b < c < d we have 


1 1 

a + c < ~(a + b + c + d)= - , 
- 2 2 


from which it follows that 


114 176 

- + - > > 8 > . 

a c a + c 27 


(18.6) 


We have 


b -f- d b + d 
f(a , b, c, d) — f I a, — - — , c, — - — 


. 176 

= ac(b + d) + bd ( a + c — 2 j~ ac 


— ac(b + d) — 


b + d 


176 


. 176 .. 

= | a + c 2 J~ ac 1 1 ^ ~ 


a + c ac 

27 


b + d 


, 176 

= — I a + c ac 

27 


(, b-d ) 2 08 . 6 ) 


< 0 . 


Therefore 
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By the SMV theorem we have 


when t = 


b + c + d 


Now we need to prove only the inequality 


1 

f(a, t, t, t) < — , witha + 3f = l. 


Let us note that 3t < a + 3t = 1. 


The inequality f(a,t,t,t)<4j is equivalent to 


7 Q 1 176 1 

3 cit~ + t < — T at . 

~ 27 27 


(18.7) 


After putting a — 1 — 3t by (18.7) we get (1 — 3t)(At — 1) 2 (1 \t + 1) > 0, which is 
obviously true (since 3 1 < 1), and the problem is solved. 

Equality occurs if and only if a = b = c = d= 1/4 or a — b = c — 1/3, <7 = 0 
(up to permutation). 



Chapter 19 

Method of Lagrange Multipliers 


This method is intended for conditional inequalities. It requires elementary skills 
of differential calculus but it is very easy to apply. We’ll give the main theorem, 
without proof, and well introduce some exercises to see how this method works. 


Theorem 19.1 (Lagrange multipliers theorem) Let f(x\, xz, ■ ■ ■ , x m ) be a 
continuous and differentiable function on I C R m , and let g( (x \ , xo, ■ ■ ■ ,x m ) 
= 0 , i = 1 , 2 , ,k, where ( k < m ) are the conditions that must be satisfied. 
Then the maximum or minimum values of f with the conditions g; (jci , JC2, . . . , 
x m ) = 0 , i — 1 , 2 ,...,/:, occur at the bounds of the interval I or occur 
at the points at which the partial derivatives ( according to the variables 
x \ , X2, ■ ■ ■ , x,„) of the function L — f — ^igi> are a U zero. 


Exercise 19.1 Let x\,xj, ■ ■ ■ , x n be positive real numbers such that x\ + X2 d V 

x„ — a. Find the maximal value of the expression A = f/x]X2 ■ ■ ■ x n - 


Solution Let g — x i + X2 + • • • + x n — a. Then Lagrange’s function is 

F — A — kg = f/x\X2 •••x n - A.(xi + X2 H hx n - a). 

For the first partial derivatives we have 

f/x 1X2-X„ , 

F X1 = 7J 

pf X2"'Xn ^ 

. r x2 ~ X2 ’ 


pi _ tj/x IX 2 --X„ _ ^ 

from which easily we deduce that we must have x\ = X2 = ■ ■ ■ = x n = . 

Hence max A = i.e. f/xi.\2 ■ ■ ■ x n < ■'■i+ x 2+—+ x n w hich is the well-known in- 
equality AM > GM. 
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Exercise 19.2 Let a, b, c e R + such that a + b + c = 1 . Prove the inequality 
l(ab + be + ca ) < 9 abc + 2. 


Solution Let 

f(a, b, c ) = l(ab + be + ca) — 9 abc — 2, g(a, b,c) — a + b + c — 1 

and 

L — f — Xg = l(ab + be + ca) — 9 abc — 2 — X(a + b + c — 1). 

We have 

— = 7(b + c)-9bc-X = 0 =*■ X = l(b + c) - 9bc, 

da 


X — 7(c + a) — 9 ca, 


dL 

— = 7 (c + a) — 9 ca — 1 = 0 
3 b 

dL 

— = 7(o + b) — 9 ab — 1 = 0 =>■ X = 7(a + b) — 9ab. 

dc 


So 


l(b + c) — 9bc = X — 7(c + a) — 9ca (b — a){l — 9c) = 0. (19.1) 

In the same way we obtain 


(c — b)(7 — 9a) = 0 (19.2) 

and 

{a — c)(7 — 9b) = 0. (19.3) 

Let us consider the identity (19.1). 

If a = b then if b = c we get a — b = c = 1/3, and then 

21 9 

/(a, fo, c) = 7(afe + be + ca) — 9 abc — 2— — — — — 2 = 0. 

If a = b and b ^ c then by (19.2) we must have a=^ = b and then a + b = > 1, 

a contradiction, since a+b<a + b + c= 1. 

If 7 — 9c = 0 then we can’t have 7 — 9a = 0 or 7 — 9b — 0 for the same reasons 
as before, so according to (19.2) and (19.3) we must have b = c and a = c, i.e. 
a = b — c — 1 /9, which is impossible. 

Therefore min L — 0, i.e. 7(f/T> + be + ca) < 9a£>c + 2. 

Exercise 19.3 Let a, b, c e R such that a 2 + b 2 + c 2 + abc — 4. Find the minimal 
value of the expression a + b + c. 
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Solution Let 

f(a, b, c) — a + b + c, g(a, b , c) — a 2 + b 2 + c 2 + abc — 4 


and 

L = f — Xg = ci 4~ b c — X(a~ T b~ 4~ c~ T abc — 4). 

We have 


dL 

= 1 

— Xa 

— Xbc = 

0 


x = 

1 

da 

2a + be’ 

dL 

= 1 

-Xb 

— Xac = 

0 


\ 

1 

db 

A — 

2b + ac’ 

dL 

= 1 

— Xc 

— Xab = 

0 


X = 

1 

dc 


2c + ab 


So 


1 


1 


2 a + be 2b + ac 

In the same way we obtain 


(a — b)(2 — c) = 0. 


(19.4) 


(b-c)(2-ci) = 0 


(19.5) 


and 


(c-a)(2-b) = 0. (19.6) 

If a — b — 2 then since a 2 + b 2 + c 2 + abc = 4 we get c — —2, and therefore 
a + b + c — 2. 

If a — b — Cy42 then from the given condition we deduce that 


3fl 2 + <7 3 = 4 (a — l)(a + 2) 2 = 0, 


and therefore a — b — c=\oxa = b — c — — 2, i.e. a + b + c — 3ora + b + c— — 6. 
Thus min{fl + b + c} — —6. 


Exercise 19.4 Let a,b,c,d e R + such that a + b + c + d— 1. Prove the inequality 


1 176 

abc + bed + eda + dab < 1 abed. 

~ 27 27 


Solution Let / = abc + bed + eda + dab — jcibcd . 
We’ll prove that 


/< 


1 

27' 
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Define g — a + b + c + cl— 1 and 


L — f — Xg = abc + bed + eda + dab —abed — X(a + b + c + d — 1). 


For the first partial derivatives we have 


Therefore 


dL 176 

— = be + cd + db bed — 1 — 0, 

da 27 

dL 176 

— — ac + cd + da acd — 1 = 0, 

db 27 

dL 176 

— = ab + bd + da abd — 1 = 0, 

dc 27 

dL 176 

— — be + ac + ab abc — 1 = 0. 

dd 27 


176 176 

1 = be + cd + db bed — ac + cd + da acd 

27 27 

176 176 

— ab + bd + da abd — be + ac + ab abc. 

27 27 


176 176 

be + cd + db bed — ac + cd + da acd, 

27 27 


we deduce that 


Similarly we get 


(b — a) I c + d — —cdj — 0. 


(b — c)l a + d — I — 0> 


(b — r/)l a + c — — ac 1 = 0, 


(a — c)( b + d — —bdj — 0, 


(a — d) I c + b — —cbj — 0, 


(c — t/)( a + b — -cib J — 0. 


By solving these equations we must have a — b — c = d, and since a + b + c + d — 1 
it follows that a — b — c = d— 1/4. 
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Then 


/ (1/4, 1/4, 1/4, 1/4)= 1/27, 

and we are done. 

Exercise 19.5 Let a, b, c e R. be real numbers such that a + b + c > 0. Prove the 
inequality 

a 3 + b 3 + c 3 < ( a 2 + b 2 + c 2 ) 3 ' 2 + 3 abc. 

Solution If we define 

abc 
•J a~ + b 2 + c 2 ' Va 2 + b~ + c 2 V a 2 + b- + c 2 

then the given inequality becomes 

■r 3 + y 3 + Z 3 < (x 2 + y 2 + Z 2 ) 3/2 + 3 xyz, with x 2 + y 2 + z 2 = 1 . 

So it suffices to prove that 

a 3 + b 3 + c 3 < ( a 2 + b 2 + c 2 ) 3 ! 2 + 3 abc, with condition a 2 + b 2 + c 2 — 1, 

i.e. 

a 3 + b 3 + c 3 < 1 + 3 abc, with a 2 + b 2 + c 2 — 1 . 

Let us define 

/ = a 3 + b 3 + c 3 — 3 abc, g — a 2 + b 2 + c 2 — 1 

and 

L — f — Xg — a 3 + b 3 + c 3 — 3 abc — X(a 2 + b 2 + c 2 — 1). 


We obtain 


Thus 


1 = 


dL , 

— = 3 a 2 — 3 be — 2 ka — 0, 
da 

8L , 

— = 3 b 2 — 3 ac — 2 Xb — 0, 
db 

dL , 

— = 3c“ — 3 ab — 2 Xc — 0 
dc 


3 (a~ — be) 3(b 2 — ac) 3 (c 2 — ab) 


2 a 


2b 


2c 


3 (or — be) 3(b 2 — ac) 


2 a 


2b 


<=>• (a — b)(ab + be + ca) = 0. 
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Similarly we deduce 

(b — c)(ab + be + ca) — 0 and (c — a)(ab + be + ca) — 0. 

By solving these equations we deduce that we must have a = b = c or ub + be + 
ca — 0. 

If a — b — c then /(o, a, a) — 0 < 1. 

If ab + be + ca = 0 then 

(a + b + c) 2 — a 2 + b 2 + c 2 + 2(ab + be + ca) = 1 , 

and since a + HoOwe obtain a + b + c = 1 . 

Therefore 

f(a, b, c) — a 3 + b 3 + c 3 — 3 abc — (a + b + c)(a 2 + b 2 + c 2 — ab — be — ca) — 1, 
and the problem is solved. 



Chapter 20 

Problems 


1 Let n be a positive integer. Prove that 


1 1 

1+ 22 + 3 ^' 


1 

-< 2 . 

n 


2 Let a„ = l + 2 + j + -- - + i. Prove that for any n e N we have 

1 + 1 + 1 + 1 
a j 2a\ 3 aj 

3 Let x, y, z be real numbers. Prove the inequality 


< 2 . 


nat 


x 4 + y 4 + z 4 > 4 xyz - 1. 


4 Prove that for any real number x , the following inequality holds 

+ x 1 *™ — x lyy ' > + 1 > 0 . 


5 Let x , y be real numbers. Prove the inequality 

3(x + y + 1 ) 2 + 1 > 3xy. 

6 Let a , b, c be positive real numbers such that a + b + c > abc. Prove that at least 
two of the following inequalities 

236 236 236 

- + - + ->6, — H \ — >6, - + - + ->6 

abc b c a cab 

are true. 

7 Let a, b, c, x,y, z > 0. Prove the inequality 

ax by cz ^ (a + b + c)(x + y + z) 

a + x b + y c + z ~ a + b + c + x + y + z 
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8 Let a, b, c e R + . Prove the inequality 

2 a 2b 2c a b c 

— 1 1 < 1 1 . 

a 2 + be b 2 + ac c 2 + ab be ac ab 

9 Let a , b, c, x, y,z e R + such that a + x — b + y = c + z— 1. Prove the inequal- 
ity 

(l 1 1 \ 

0 abc + xyz) ( b 1 ) > 3. 

\ ay bz ex ) 

10 Let ci\ , U 2 , ■ ■ ■ , u n be positive real numbers and let b\, /> 2 , • • • , b„ be their per- 
mutation. Prove the inequality 

2 2 2 

at at a„ 

by b • • • + t — >fli-bfl2 + '''+ fl H- 

b l b 2 b n 

11 Let x e K + . Find the minimum value of the expression 

12 Let a, b, c e R + such that abc = 1 . Prove the inequality 

a b c 3 

(a + i)(b+i) + (b+ l)(c+ 1) + (c+ l)(fl+ 1) ~ 4' 

13 Let x, y > 0 be real numbers such that y (y + 1) < (x + l) 2 . Prove the inequal- 
ity 

y(y - \)<x 2 . 

14 Let x, y e K + such that x 3 + y 3 < x — y. Prove that 

x 2 + y 2 < 1. 

15 Let a. b. x, y e R such that ay — bx = 1. Prove that 

a 2 + b 2 + x 2 + y 2 + ax + by > \/3. 

16 Let a,b,c,d be non-negative real numbers such that a 2 + b 2 + c 2 + d 2 — 1. 
Prove the inequality 

{\-a){\-b)(\-c){\-d)>abcd. 


17 Let x, y be non-negative real numbers. Prove the inequality 
4(x 9 + y 9 ) > (;t 2 + y 2 )(x 3 + y 3 )(x 4 + y 4 ). 
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18 Let x, y, z e K + such that xyz = 1 and | + \ > .r + y + z. Prove that for 
any natural number n the inequality 


1 1 

x n y n 


— >x n + v n + z n 
z n 


is true. 

19 Let x,y,z be real numbers different from 1, such that xyz = 1. Prove the in- 
equality 


1 — x 



>7. 


20 Let x,y,z< 1 be real numbers such that x + y + z= 1 • Prove the inequality 

1 1 1 27 

1 + x 2 1 + y 2 + 1 + z 2 ~ 10 

21 Let a, b, c e R + . Prove the inequality 

1113 

b b R . 

a(\+b) £>(l + c) c(l+a) 1 + cibc 

22 Let x, y, z be positive real numbers. Prove the inequality 


9(a + b){b + c)(c + a) > 8 (a + b + c)(ab + be + ca). 


23 Let a, b, c be real numbers. Prove the inequality 

(< a 2 + b 2 + c 2 ) 2 > 3 (a 3 b + b 3 c + c 3 a). 

24 Let a, b,c be positive real numbers such that a 2 + b 2 + c 2 = 3. Prove the in- 
equality 


a 3 (b + c) + b 3 (c + a) + c 3 (a + b) < 6. 


25 Let a, b, c be positive real numbers. Prove the inequality 


b + c 


c + a 


+ 


> 2 . 


26 Let a, b, c be positive real numbers such that a 2 + b 2 + c 2 — 3. Prove the in- 
equality 


a b c 

b + 2 + c + 2 + a + 2 


< 1 . 
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27 Let x, y, z be distinct nonnegative real numbers. Prove the inequality 

111 4 

1 1 > . 

(x — y) 2 (y — z) 2 (z — x) 2 xy + yz + zx 

28 Let a.b.c be non-negative real numbers. Prove the inequality 

3 (a 2 — a + 1 )(/r — b + l)(c 2 — c + 1) > 1 + abc + ( abc ) 2 . 

29 Let a, b e R, a ^ 0. Prove the inequality 

a 2 + b 2 +\ + ->V 3. 

30 Let a.b.c e R + . Prove the inequality 

a 2 + 1 b 2 + 1 c 2 + 1 

1 1 > 3. 

b + c c + a a + b 

31 Let x,y,z be positive real numbers such that xy + yz + zx = 5. Prove the in- 
equality 

3x 2 + 3 y 2 + z 2 > 10. 

32 Let a, b,c be positive real numbers such that ab + be + ca > a + b + c. Prove 
the inequality 

a + b + c > 3. 

33 Let a, b be real numbers such that 9 a 2 + 8 ab + lb 2 < 6. Prove that 

7a + 5b + 12 ab < 9. 


34 Let x, y, z e R + , such that xyz > xy + yz + zx. Prove the inequality 

xyz > 3(x + y + z). 


35 Let a, b, c e IR + with a 2 + b 2 + c 2 = 3. Prove the inequality 


ab be ca 

1 H — > 

cab 


3. 


36 Let a,b,c be positive real numbers such that a + b + c — \! abc. Prove the 
inequality 


ab + be + ca > 9(u + b + c). 
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37 Let a,b,c be positive real numbers such that a be > 1 . Prove the inequality 

L + _LV ( , + _M(' c+ _M> 2 z 

V fl+l/V *+l/V c+lj- 8 

38 Let a, b,c,d e K + such that a 2 + b 2 + c 2 + d 2 — 4. Prove the inequality 

a + b + c + d>ab + bc + cd + da. 

39 Let o, b, c e (-3, 3) such that + ^ + + ^ + 

Prove the inequality 

1 1 1 

b b ^ 1 . 

3 ~b a 3 + b 3~bc 

40 Let a, b, c e K + such that a 2 + b 2 + c 2 — 3. Prove the inequality 

1 1 1 

1 1 > L 

a + be + abc b + ca + bca c + ab + cab 

41 Let a,b,c e R + such that a + b + c = 3. Prove the inequality 

a 2 b 2 + a 2 + b 2 b 2 c 2 + b 2 + c 2 c 2 a 2 + c 2 + a 2 9 

b 1 ^ — . 

ab + 1 be + 1 ca + 1 2 

42 Let a , b. c , d be positive real numbers such that a 2 + b 2 + c 2 + d 2 — 4. Prove 
the inequality 

a 2 + b 2 + 3 b 2 + c 2 + 3 c 2 + d 2 + 3 d 2 + a 2 + 3 

1 1 1 > 10. 

a + b b + c c + d d + a 

43 Let a.b.c be positive real numbers. Prove the inequality 

111 9 

1 1 > . 

ab(a + b) bc(b + c) ca(c + a ) 2(a 3 + b 3 + c 3 ) 

44 Let a, b,c e R + such that a^fbc + b^fca + c\[cib > 1. Prove the inequality 

a + b + c > V3. 

45 Let a,b,c be positive real numbers such that abc = 1 . Prove the inequality 

b + c c + a a + b r- 

+ — — + > Vfl + vh + V?+ 3. 

V« +b V c 

46 Let x, y, z be positive real numbers such that x + y + z = 4. Prove the inequality 

1 1 11 
h h ^ • 

2 xy + xz + yz xy + 2 xz + yz xy + xz + 2 yz xyz 
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47 Let a, b, c e R + . Prove the inequality 

abc > (a + b — c)(b + c — a)(c + a — b). 

48 Let a, b, c be positive real numbers such that a + b + c = 3. Prove the inequality 

12 


abc ■ 


>5. 


ab + be + ac 

49 Let a,b,c be positive real numbers such that abc — 1 . Prove that 




50 Let a, b, c be positive real numbers such that abc — 1. Prove the inequality 

1 1 1111 

+ - <- + 


1 -[ - a b \ b c 1 "1 cl - !! 2 a 2-1 - b 2-|-c 

51 Let a,b , c > 0. Prove the inequality 


(a + b)~ + (a + b + 4c)‘ > 


lOOohc 


a + b + c 

52 Let a, b, c > 0 such that abc — 1 . Prove the inequality 

1 + ab 1 + be 1 + ac 

~t~ b — 3. 

lRt? 1 ~\~ b 1 “b tr 

53 Let a, b, c be real numbers such that ab + be + ca — 1. Prove the inequality 


a+ i) + ( ,,+ t) + ( c+ ^' i16 - 


54 Let a , b, c be positive real numbers such that abc > 1. Prove the inequality 

1 ~b a 1 ~b b 1 + c 

a + b + c> + b • 

1 ~b b 1 + c 1 + fl 

55 Let a, b e R + . Prove the inequality 


‘R + b + (b 2 + a + > { 2 a + (lb + - ) . 


56 Let d,i,ce R + such that abc — 1 . Prove the inequality 

abc 

' + , T . „ + — R I' 


; + 2 b 2 + 2 c 2 + 2 
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57 Let x,y,z> 0 be real numbers such that x + y + Z — xyz ■ Prove the inequality 

(jc — l)(y — l)(z— 1)<6V3— 10. 

58 Let a . b , c e (1, 2) be real numbers. Prove the inequality 

bJa cyfb aJc 

1 1 — > 1 . 

Ab^/c — c+Ja Ac^fa — ayfb AaVb — b^fc 

59 Let a, b, c e R + such that a + b + c = 3. Prove the inequality 

V a(b + c) + \Jb(c Ar a) + V c(a + b) > 3y/2abc. 

60 Let a, b, c be positive real numbers such that a + b + c = 1 . Prove the inequality 

Vfl + be + y/b + ca + Vc + ab < 2. 

61 Let a, b, c be positive real numbers such that a + b + c + 1 = Aabc. Prove that 

b 2 + c 2 c 2 + a 2 a 2 + b 2 

1 1 > 2 (ab + be + ca). 

a b c 

62 Let a, b, c e (— 1, 1) be real numbers such that ab + be + ac = 1. Prove the 
inequality 

6y / (1 — fl 2 )(l -b 2 )(l -c 2 ) < 1 + (a + b + c ) 2 . 


63 Let a, b, c , d be positive real numbers such that a 2 + b 2 + c 2 + d 2 = 1. Prove 
the inequality 

y / 1 — a A~ Vi — b A~ \ I — c A~ y / 1 — d ^ yfa -f- Vb A~ Vc "b Vd . 


64 Let x,y,z be positive real numbers such that xyz — 1 • Prove the inequality 

1 1 11 

(x + l) 2 + y 2 + 1 + {y + l) 2 + z 2 + 1 + (z + l) 2 + x 2 + 1 - 2 

65 Let a. b, c e R + . Prove the inequality 

a 3 

a 2 + (b + c) 3 

66 Let x,y,z& LR + . Prove the inequality 
(x + y + z) 2 (xy + yz + zx) 2 < 3(x 2 + xy + y 2 )(y 2 + yz + z 2 )(z 2 + zx + x 2 ). 
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67 Let a, b, c be real numbers such that a + b + c = 3. Prove the inequality 

2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) + 3 < 3 (a 2 + b 2 + c 2 ). 

68 Let a, b,c,d be positive real numbers. Prove the inequality 

a — b b — c c — d d — a 

1 r H 7 1 > 0 . 

b + c c + fl d + a a + b 

69 Let a, b, c e R + such that a + b + c — 1. Prove the inequality 

a b c 9 

(b + c) 2 (c + a) 2 (a + b) 2 ~ 4 

70 Let a,b,c e E’ + such that abc — 1 . Prove the inequality 

a 3 c b 2 a c 2 b 3 

1_ -j~ > — . 

(i b + c)(c + a ) ( c + a)(a + b ) ( a + b){b + c ) 4 

71 Let a, b, c > 0 be real numbers such that abc = 1 . Prove that 

( a + b)(b + c)(c + a) > 4 (a + b + c — 1). 

72 Let a, b, c be positive real numbers such that abc — 1 . Prove the inequality 

, 3 6 
1 > . 

a + b + c ab + be + ca 

73 Let x , y, z be positive real numbers such that x 2 + y 2 + z 2 = xyz ■ Prove the 
following inequalities: 

1° xyz >27 2° xy + yz + zx > 27 

3° x + y + z > 9 4° xy + yz + zx > 2(x + y + z) + 9. 

74 Let a , b, c be real numbers such that a 3 + b 2 + c 3 — 3 abc = 1. Prove the in- 
equality 

a 2 + b 2 + c 2 > 1. 

75 Let a, b,c,d e R + such that + j-pp,- = 1. Prove that 

abed > 3. 

76 Let a, b, c be non-negative real numbers. Prove the inequality 

I ab + be + ca J ( a + b)(b + c)(c + a) 

V 3 “ V 8 ' 
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77 Let a, b, c, d be positive real numbers such that a+b+c+d= 1. Prove that 

16 (abc + bccl + eda + dab) < 1 . 

78 Let a, b, c, d, e be positive real numbers such that a+b + c + d + e — 5. Prove 
the inequality 

abc + bed + ede + clea + eab < 5. 


79 Let a, b, c > 0 be real numbers. Prove the inequality 

a b c a + b b + c 

— H 1 — > 1 b L 

b c a b + c c + fl 


80 Let a. b, c > 0 be real numbers such that abc = 1 . Prove the inequality 





>2(1 + a + b + c). 


81 Let a,b,c be positive real numbers such that a + b + + 2 . Prove the 

inequality 

, 3 2 

a + b + c > : 1 — . 

a + b + c abc 


82 Let a, b,c, cl be positive real numbers such that abed = 1 . Prove the inequality 

1 + ab 1 + be 1 + cd 1 +da 

_|_ _|_ > 4. 

1 +a 1 +b 1+c 1 +d ~ 


83 Let a, b, c e R + . Prove the inequality 


111 27 

1 1 > . 

b(a + b) c(b + c ) a(c + a) 2 (a + b + c) 2 

84 Let a, b, c be positive real numbers such that a + b + c — 3. Prove the inequality 

a 2 b 2 c 2 ^ 3 

b 2 - 2b + 3 + c 2 - 2c + 3 + a 2 - 2a + 3 ~ 2 ' 

85 Let a, /;. c be positive real numbers such that ab + be + ca — 3. Prove the in- 
equality 


1 1 11 

1 + a 2 (b + c) 1 + b 2 (c + a) 1 + c 2 (a + b) ~ abc 

86 Let a,b,c be positive real numbers such that a + b + c = 1. Prove the inequality 


a -^/ 1 + b — c + by / 1 + c — a + ay / 1 + a — b < 1. 



192 


20 Problems 


87 Let a, b, c e R + such that a + b + c — 1. Prove the inequality 

1 — 2 ab 1 — 2 be 1 — lea 

1 1 ; > 7. 

cab 


88 Let a , b. 
inequality 


c be non negative real numbers such that a 2 + b 2 + c 2 = 1. Prove the 


1 — ab 1 — ab 1 — ab 1 

+ > — . 

7 — 3 ac 7 — 3 ac 7 — 3 ac 3 


89 Let x, y, z e R + such that x + y + z = 1 . Prove the inequality 


90 Let a,b,c be positive real numbers such that a + b + c = 1 . Prove the inequality 

a — be b — ca c — ab 3 

i ^ 1 1 7 — ^ ' 

a + be b + ca c + ab 2 

91 Let a, b, c be positive real numbers such that a be = 1. Prove the inequality 

a + b b + c I c + a 
y a + 1 ~Vc+l ~Vfl+l — ~ 

92 Let x,y,z> 0 be real numbers such that xy + yz + zx = 1. Prove the inequality 

.v y z 3V3 

1 + x 2 1 + y 2 1 + z 2 ~ 4 


93 Let a, b , 
inequality 


c be non-negative real numbers such that ab + be + ca = 1. Prove the 

1 1 1 3V3 

1 1 > . 

1 4 r a 1 b 1+c -y /3 + 1 


94 Let a, b , 
inequality 


c be non-negative real numbers such that ab + be + ca = 1. Prove the 


1+fl 1 4r b 1+c 7 J 3 -)- 1 


95 Let a , b, 1 


such that (a + b)(b + c)(c + a) = 8. Prove the inequality 


a + b + c a 2 + b 2 + c 3 

3 “ V 3 ' 
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4 2 

96 Find the maximum value of > where x e R, x > 1. 

97 Let a. b, c be positive real numbers. Prove the inequality 

a + \fab + \fabc J a + b a + b + c 

3 “V 2 3 

98 Let a, b, c be positive real numbers such that abcici + b + c) — 3. Prove the 
inequality 

(a + b)(b + c)(c + a) > 8. 


99 Let a, b, c be positive real numbers. Prove the inequality 


2 a 


2b / 2c 

+ J r<3. 


b + c Vc + fl V a + b 
100 Let ci,b,c e R + such that ab + be + ca — 1. Prove the inequality 


1 


1 


1 


9 

> -. 

a(ci + b) b(b + c ) c(c + a) 2 

101 Let 0 < a < b < c < lbe real numbers. Prove that 


, , , 108 
a^(b - c) + b~(c - b) + c 2 (l - c) < — . 


102 Let a,b,c e R + such that a + b + c — 1. Prove the inequality 


S — a 4 b + b 4 c + c 4 fl < 


256 

3125' 


103 Let a, b, c > 0 be real numbers. Prove the inequality 


a 2 b 2 c 2 a b c 

Tj + ~2 + ~2 - 

b A c L a- b c a 


104 Prove that for all positive real numbers a,b,c we have 


fl 3 b 3 c 3 

— H — t H — 2 — ci b -\r c . 


105 Prove that for all positive real numbers a, b. c we have 


a 3 Zr 3 c 3 a 2 b 2 c 2 

— H — t H — % > — — I 1 ■ 

c a 
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106 Prove that for all positive real numbers a,b,c we have 


a 3 b 3 c 3 

— — I 1 > ab + be + cci. 

b c a 


107 Prove that for all positive real numbers a, b. c we have 


a 5 b 5 c 5 2,2 2 

77 H — t H — t > o + b + c 


108 Let a,b,c e R + such that a + b + c — 3. Prove the inequality 

.,3 ui „3 


b 3 c" 

+ 


h(2c + a) c(2a + b) a(2b + c) 


> 1 . 


109 Let a,b,c e R + and a 2 + b 2 + c 2 = 3. Prove the inequality 

a 3 /r 3 c 3 

h b ^ 1. 

/? + 2c c + 2a a + 2/7 

110 Let a, /;, c be positive real numbers such that a 2 + b 2 + c 2 = 3. Prove the 
inequality 

1 1 1 

1 1 > 1. 

a 3 + 2 b 2 + 2 c 3 + 2 

111 Let a, b, c e R + such that a + b + c — 1 . Prove the inequality 

a 3 b 3 c 3 1 

a 2 + b- b 2 + c 2 + c 2 + a 2 ~ 2 

112 Let a, b. c be positive real numbers such that a + b + c = 3 . Prove the inequality 

1 1 1 

1 1 > 1. 

1 + 2 a 2 b 1 + 2 b 2 c 1 + 2 c 2 a 

113 Let a , b, c, d be positive real numbers such that a + b + c + d = 4. Prove the 
inequality 

a b c cl > 2 

1 +b 2 c 1 +c 2 d 1 +d 2 a 1 +a 2 b~ 

114 Let a, b, c, d be positive real numbers. Prove the inequality 

a 3 b 3 c 3 d 3 a + b + c + d 

a 2 + b 2 b 2 + c 2 c 2 + d 2 d 2 + a 2 ~ 


2 



20 Problems 


195 


115 Let ci,b,c be positive real numbers such that a + b + c = 3. Prove the inequality 


1 1 > 1 . 

a + 2 b 2 b + 2c 2 c + 2d 1 


116 Let a , b, c be positive real numbers such that a + b + c — 3 . Prove the inequality 


a~ b z c 1 

a + 2b 3 b + 2c 3 c + 2 a 1 ~ 


117 Let A, b, c be positive real numbers such that a 2 + b 2 + c 2 — 3. Find the mini- 
mum value of the expression 


a b c 


a + b + c 


118 Let a, b, c > 0 be real numbers such that a 2 + b 2 + c 2 — 1. Find the minimal 
value of the expression 

1 

A — g b c — - — . 

abc 

119 Let a, b, c be positive real numbers such that a + b + c = 6. Prove the inequality 


y/ab + be + y/bc + ca + y/ca + ab + y - (a 2 + b 2 + c 2 ) < 9. 

120 Let a,b,c e B’ + such that g + 2b + 3c > 20. Prove the inequality 

3 9 4 

S — o + fo + cH f — - — I — >13. 

a 2b c 


121 Let a,b,c e R + . Prove the inequality 


, 2d (l 1 1 \ 

S = 30a + 3b 2 + — + 36 — + — + — > 84. 

9 V ab be ca J 


122 Let a, b, c e LR + such that ac > 1 2 and be > 8. Prove the inequality 


/I 1 1 \ 8 121 

S_ a + b + c + 2( - + - + 


123 Let a,b,c,d >0 be real numbers. Determine the minimal value of the expres- 


-('+!)K)(-§)(‘+iy 
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124 Let a,b,c > 0 be real numbers such that a 2 + b 2 + c 2 — 12. Determine the 
maximal value of the expression 

A — a\f b 2 + c 2 + by/ c 2 + a 2 + c/J a 2 + b 2 . 

125 Let a. b. c > 0 such that a + b + c — 3. Prove the inequality 

(i a 2 — ab + b 2 )(b 2 — be + c 2 )(c 2 — ca + a 2 ) < 12. 

126 Let a, b, c be positive real numbers. Prove the inequality 

(i a 5 — a 2 + 3 )(b 5 — b 2 + 3)(c 5 — c 2 + 3) > (a + b + c) 3 . 

127 Let x, y, z e K + such that x + y + Z = 1. Prove the inequality 

xy zx yz 1 

Vl + z 2 y/l + y 2 Vl +x 2 VlO 

128 Let a,b,c e R + . Prove the inequality 

(a + b + c) 6 > 21(a 2 + b 2 + c 2 )(ab + be + ca) 2 . 

129 Let a, b, c e [1,2] be real numbers. Prove the inequality 

a 3 + b 3 + c 3 < 5 abc. 

130 Let a,b,c be positive real numbers such that ab + be + ca — 3. Prove the 
inequality 

(a 7 - a 4 + 3 )(b 5 -b 2 + 3 )(c 4 - c + 3) > 27. 

131 Let a, b, c e [1.2] be real numbers. Prove the inequality 

(a + b + c)( - + 7 + - ) <10. 

\ a b c J 

132 Let a,b,c e E’ + such that a + b + c = 1 . Prove the inequality 

10(a 3 + b 3 + c 3 ) - 9(a 5 + b 5 + c 5 ) > 1. 


133 Let neN and x\ ,X 2 ,..., x n e (0, n). Find the maximum value of the expres- 
sion 

sin.ri cos X 2 + sin.V 2 cos xj + • • • + sinx,, cos vi . 


134 Let a,- e [j. ^], for i — 1.2,..., n. Prove the inequality 


sinai + sina 2 H + sin a n + - ) > (coscri + cosoi 2 + • • • + cosa„). 
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135 Let a\, a 2 , ■ ■ ■ , a n \ a n +\ — ci \ , ci n+2 — «2 be positive real numbers. Prove the 
inequality 


E 

i = 1 


&i &i +2 
fli + l + «/'+ 2 


> 0 . 


136 Let n > 2. /? e f i and xi , x 2 , . ■ ■ , x„ be positive real numbers such that 


1 

.vi + 1998 


1 


V2 + 1998 




1 


1 


x n + 1998 1998 


Prove the inequality 


tyx\X 2 ■ ■ ■ x n > 1998(n — 1). 


137 Let ai,a, 2 , . . . ,a n e R + . Prove the inequality 


n 

kak < 

k= 1 



a 


k 

k- 


138 Let a\ , a 2 , ■ ■ ■ , a n be positive real numbers such that a\ + a 2 + • • • + a n = n. 
Prove that for every natural number k the following inequality holds 

«! + ^2 + ' ' ' ~b — fl l * + a 2 1 * + ' ' ' + a n 1 • 

139 Let a, b, c, d be positive real numbers. Prove the inequality 



140 Let xi,X 2 , . . . , x„ be positive real numbers not greater then 1. Prove the in- 
equality 

(l+xi)v(l+x 2 )* ■■■(l+x n )^ >2'\ 

141 Let xi,x 2 , x„ be non-negative real numbers such that xi+x 2 -\ b x n < 

I . Prove the inequality 

1 

(1 V 1 ) ( 1 — X 2 ) • • • (1 -X n ) > -• 

142 Let a,b,c e R + such that a be = 1 . Prove the inequality 

1 1 1 

a 3 + £> 3 + 1 £> 3 + c 3 + 1 + c 3 + a 3 + 1 — 
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143 LetO < a, b,c < 1 . Prove the inequality 

c b a 1 

7 + a 3 + b 3 + 7 + c 3 + a 3 7 + b 3 + c 3 — 3 

144 Let a,b,c e R + such that abc = 1 . Prove the inequality 

ab be ca 

1 1 < 1. 

a 5 + ab + b 5 b 5 + be + c 5 c 5 + ca + a 5 

145 Let a, b, c e R + such that a + b + c — 3. Prove the inequality 

a 3 b 3 c 3 > 

a 2 + ab + b 2 b 2 + be + c 2 c 2 + ca + a 2 ~ 

146 Let a,b,c be positive real numbers such that a 2 + b 2 + c 2 — 3 abc. Prove the 

inequality 

abc 9 

b 2 c 2 c 2 a 2 a 2 b 2 ~ a + b + c 

147 Let a, b, c, x, y, z be positive real number, and let a + b = 3. Prove the inequal- 
ity 

x y z 

h h > 1 . 

ay + bz az + bx ax + by 

148 Let x, y, z > 0 be real numbers. Prove the inequality 

x y z 1 

1 _ 1 _ > — . 

x + 2 y + 3z y + 2z + 3x z + 2x + 3y 2 

149 Let a, b,c,d e R + . Prove the inequality 


a +3b b + 3c c + 3d cl + 3a ~ 

150 Let a,b,c,d,e be positive real numbers. Prove the inequality 

a b c d e 5 
1 1 1 3 — ; 1 1 r — ^ • 

b + c c + d d + e e + a a + b 2 

151 Prove that for all positive real numbers n, b, c the following inequality holds 


a 3 b 3 c 3 a 2 + b 2 + c 2 

a 2 + ab + b 2 b 2 + be + c 2 c 2 + ca + a 2 ~ a + b + c 



20 Problems 


199 


152 Let a,b,c be positive real numbers such that ab + be + ca = 1. Prove the 
inequality 

1 1 13 

1 1 > 

4 a 2 — be + 1 4 b 2 — ca + 1 4c 2 — ab + 1 2 

153 Let a, b, c be positive real numbers such that 

1 1 1 

a 2 + b 2 + 1 b 2 + c 2 + 1 c 2 ~\r a 2 4-1 

Prove the inequality 

ab + be + ca < 3. 


154 Let a, b, c be positive real numbers such that ab + be + ca — 1/3. Prove the 
inequality 

a b c 1 

a 2 — be + 1 b 2 — ca + 1 c 2 — ab + 1 — a + b + c 

155 Let a, b, c be positive real numbers. Prove the inequality 

a 2 b 3 c 3 

1 1 > 1 . 

a 2 + b 2 +abc b 2 + c 3 + abc c 2 + a 2 + abc 

156 Let a , b, c be positive real numbers such that a 2 + b 2 + c 2 = 3. Prove the 
inequality 

a b cl 

a 2 + 2b + 3 + b 2 + 2c + 3 + c 2 + 2a + 3 “ 2' 

157 Let a,b,c,d > 1 be real numbers. Prove the inequality 

Vfl- 1 + y/b- 1 + Vc- 1 + y/d- 1 < j(ab+ l)(cd + T). 


158 Let a \ , 02 , ■ ■ ■ , a„ e R + such that a \ a 2 ■ ■ ■ a n — 1. Prove the inequality 


y/a I + \fa2 H + yfchi < fll + «2 H hi 


159 Let a, b,c be positive real numbers such that a + b + c — 1. Prove the inequality 


ay/b + bsfc + cyfci 


1 

< — 
~ V3 


160 Let a,b,c e (0, 1) be real numbers. Prove the inequality 
yj abc + y/ (l — a)(l — b){ 1 — c) < 1. 
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161 Let a, b. c be positive real numbers such that a + b + c — 3. Prove the inequality 

<r 3 + 2 Z? 3 + 2 c 3 + 2 „ 

Z? + 2 c -K 2 $ -K 2 

162 Let a , b. c be positive real numbers such that a 2 + b 2 + c 2 = 3. Prove the 
inequality 

1 1 1 

b b > 3. 

2 — a 2 — b 2 — c ~ 

163 Let <3, /;. c be positive real numbers such that abc = 8. Prove the inequality 

<7 — 2 b — 2 c — 2 

b b L 0. 

<3+1 b + 1 <7+1 

164 Let a,b,c e R + such that a 2 + b 2 + c 2 = 1. Prove the inequality 

a + b + c — 2abc < \[2. 

165 Let jc, y, z e K + such that x 2 + y 2 + z 2 — 2. Prove the inequality 

x + y + z <2 + xyz. 


166 Let x, y, z > — 1 be real numbers. Prove the inequality 


1 + x 2 1 + v 2 

1 + y + z 2 1 + z + x 2 


1 + z 2 
1 + X + y 2 


> 2 . 


167 Let a, b, c, cl be positive real numbers such that abed — 1. Prove the inequality 
(1 + <3 2 )(1 + b~)( 1 + c 2 )(l + d 2 ) > (a + b + c + d)~ . 


168 Let a,b,c,d e K + such that ^ + ^ + ^ + ^=4. Prove the inequality 


3, la 3 + b 3 3 b 2 +c 3 3 c 3 + d 3 3 d 2 + a 3 


+ , 


+ 


^ 2(<r + b + c + </) — 4. 


169 Let x, y, z e [— 1, 1] be real numbers such that x + y + z + xyz = 0. Prove the 
inequality 

Vx + 1 + -y/y + 1 + z + 1 < 3. 


170 Let <3, b, c > 0 be positive real numbers such that a + b + c = abc. Prove the 
inequality 


ab + be + ca >3 + \! a 2 + 1 + \! b 2 + 1 + \! c 2 + 1. 
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171 Let a, b. c, x, y, z be positive real numbers such that ax + by + cz = xyz ■ Prove 
the inequality 

\J ci -} ~~b 4r \J b -(-”c “h c ~ \~~a < x + y + z. 

172 Let a, b, c be non-negative real numbers such that a 2 + b 2 + c 2 = 1. Prove the 
inequality 

a b c 3 rr r- i 

7 T— r + i , + 2 T 1 - 7 (aVa + bVb + c^/c)-. 
b- + 1 c“ + 1 a z + 1 4 

173 Let a,b,c be positive real numbers. Prove the inequality 

a b c 9 

(b + c ) 2 (c + a) 2 (a + b ) 2 — 4(a + ft + c) 

174 Let .r > y > z > 0 be real numbers. Prove the inequality 

2 2 2 

x^y y z z x 2 -> 2 

— + : — + > .r 2 + v- + z 2 . 

z x y 

175 Let a, b, c be positive real numbers such that a be = 1 . Prove the inequality 

1 1 1 

1 1 < 1 . 

2 + a 2 + b 2 + c ~ 

176 Let a, b, c be positive real numbers such that abc > 1. Prove the inequality 


a 4 + b 2 + c 2 b 4 + c 3 + a 2 c 4 + a 2, + b 2 

177 Let a,b,c,d be positive real numbers such that abed — 1. Prove the inequality 

1 , 1 , 1 , 1 -.o 

a(l+b) + b(l+c) + c(l + d) + d(\ + a) ~ ' 

178 Let a,b,c be non-negative real numbers such that a + b + c = 1. Prove the 
inequality 

ab be ca 1 

_t_ -|_ <c — 

c+ 1 a+ 1 b+l - 4 

179 Let a, b, c be positive real numbers such that abc = 1. Prove the inequality 

1 , 1 , 1 „ 3 
(a+l) 2 (b + c) + (b+D 2 (c + a) + ( c+\) 2 (a + b ) ~ 8' 

180 Let x, y, z be positive real numbers. Prove the inequality 


xy(x + y — z) + yz(y + z — x) + zx(z + x — v) > J 3(x i y i + y i z i + z i x i ). 
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181 Let a,b,c be positive real numbers. Prove the inequality 


ab(a 3 + b 3 ) bc(b 3 + c 3 ) ca(c 3 +a 3 ) 

„? + (,? + i,2 + c* + — * ' /3 “ i,C( ° + 6 + C '■ 


c 2 + a 2 


182 Let a, b, c be positive real numbers. Prove the inequality. 

a+c b + a c + b , 

ab b be b ca > y 3abc{a + b + c). 

b + c c + a a + b 

183 Let a, h. c and x, y, z be positive real numbers. Prove the inequality 

a(y + z) + b(z + x) + c(x + y) > 2 J (xy + yz + zx)(ab + be + ca). 

184 Let a,b,c be positive real numbers such that a be > 1. Prove the inequality 

a 3 + ft 3 + c 3 > ab + be + ca. 

185 Let a, b, c > 0 be real numbers such that a 2 / 3 + b 2 ^ + c 2 / 3 = 3. Prove the 
inequality 

fl 2 + Z7 2 + c 2 > fl 4/3 + fc 4/3 + c 4/3_ 

186 Let a, b. c be positive real numbers such that a+b + c = 3. Prove the inequality 

1 1 1 


+ 


+ 


c 2 + a + b a 2 + b + c b 2 + c + a 
187 Let a,b,c e LR + . Prove the inequality 


< 1. 


2fl *■ 


2b 1 


2c 1 


> a + b + c. 


b + c c + a a + b 

188 Let a, b, c be positive real numbers such that a be — 2. Prove the inequality 

a 3 + b 3 + c 3 > a*Jb + c + b^J c + a + cVfl + b. 

189 Let a\, 02 , . . . ,a n be positive real numbers. Prove the inequality 

1 1 > 1 

t | i i _L_i_2 | | t jj 

l+fll ' 1+02 ' ' 1 +0/1 Ol ' 02 ' ' fl„ 

190 Let a,b,c,d e R + such that ab + be + cd + da — 1. Prove the inequality 


l? 


d 5 


b ~b c ~b d a + c + d b d a b -b c ~b a 


1 

> 
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191 Let a, x, y, z be positive real numbers such that xyz = 1 and a > 1. Prove the 
inequality 

x a y a z a 3 

1 1 > — . 

y + z z+x x + y 2 

192 Let x \ , X 2 , ■ ■ ■ , x n be positive real numbers such that 


1 1 1 

- P P • • • + 

1 + X\ I + X2 1 + X n 


Prove the inequality 

V*1 + *Jx 2 H P ^ ^ 1 | 1 1_ 

n 1 " -\/~X 2 

193 Let xi,X 2 , ■■■, x n > 0 be real numbers. Prove the inequality 


y X i r *2 

-x | A ^ 


■*1 +X2~\ ^~ x n 

X* n > (X]X2 ■ ■ ■ X n ) » 


194 Let a, b, c > 0 be real numbers such that a + b + c = 1 . Prove the inequality 

a 2 + b b 2 + c c 2 + a 

1 1 > 2 . 

b + c c + a a + b 


195 Let a . b , c > 1 be positive real numbers such that 
Prove the inequality 

1 1 1 

1 1 < 1. 

~P 1 b 4~ 1 c -p 1 


1 

b 2 - 1 



196 Let a, b, c, d be positive real numbers such that a 2 + b 2 + c 2 + d 2 — 4. Prove 
the inequality 

1111 

P p -p ^ 1 . 

5 — a 5-b 5 — c 5 -d~ 


197 Let a, b, c, d eR such that yy^+jy^ + yyy + yyj + yy^l- Prove the 
inequality 

a b c d e 

4 + fl 2 4 + b 2 4 + c 2 4 + d 2 4 + e 2 ~ 

198 Let a, b, c be real numbers different from 1 , such that a + b + c = 1. Prove the 
inequality 

1 + a 2 l+b 2 l+c 2 15 
1 — a 2 + 1 — b 2 1 — c 2 ~ 4 
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199 Let x, y, z > 0, such that xyz = 1 • Prove the inequality 


■ + 


y 


+ 


3 

> 


(1 + y)(l + z) (l + z)(l+*) (l+x)(l + y)-4 

200 Let a,b,c,d > 0 be real numbers. Prove the inequality 

a b c cl 2 

-p -|_ > — . 

b -|- 2c -p 3 d c ~P 2d -p 3 g d -p 2a -p 3 b g -p 2b -p 3c 3 

201 Let a, b, c be positive real numbers. Prove the inequality 


a 2 + be b 2 + ca c 2 • 
■ + 


■ ab 


> a + b + c. 


b + c c + a a + b 
202 Let a, b > 0, n e N. Prove the inequality 


1 + l ) +( 1 + -) ^ 2 " +1 

b 1 \ a . 


203 Let a, b, c > 0 be real numbers such that a + b + c — 1. Prove the inequality 


1 

G *p — 
a 


iy / iy ioo 
b + T,) + { c + - c ) -- 


204 Let x,y,z> 0 be real numbers. Prove the inequality 

■r y z 


■ + 


+ 


3 

< 


205 Let a , 

14, a + b 4 


2x + y + z x + 2 y + z x + y + 2z 4 

b,c,d > 0 be real numbers such that a < 1, a + b < 5, a 
c + d < 30. Prove that 


c < 


206 Let a 
inequality 


\/~g ~P Vb 4* y~c *P \Td P 10. 

b, c, d be positive real numbers such that a + b + c + d — 4. Prove the 


a 

b 2 + b 


bed 8 

1 1 > ■ 

c 2 + c d 2 + d a 2 + a ( a + c)(b + d ) 


207 Let x \ , X 2 , • ■ ■ , x n >0 and n e N, n > 1, such that x i + X 2 H P x„ — 1. Prove 

the inequality 

^'t f -T2 | | x„ > yy + yy h — p yy 

VI — Xi Vl — X2 V 1 — Xn ~ V U — 1 
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208 Let n e I I , n >2. Determine the minimal value of 


X 1 Xr\ 

1 h ■ 

X2 + *3 H h x„ XI + X3 H b x„ 


X\ +X2 H bx„_i 


where x\,X 2 , . • ■ ,x n e K + such that x 1 2 + x 2 + • • • + x 2 = 1 . 

209 Let P, L, R denote the area, perimeter and circumradius of A ABC , respec- 
tively. Determine the maximum value of the expression . 

210 Let a,b,c e R + such that a + b + c — abc. Prove the inequality 


Vl + a 2 V 1 + b 2 Vl + c 2 2 

211 Let (i,fc,ceR such that abc + a + c — b. Prove the inequality 

2 2 3 10 

a 2 + 1 b 2 + l + c 2 + l~ 3 

212 Let x,y,z> 1 be real numbers such that 2 -)- I -)- I = 2. Prove the inequality 

Vx — 1 + s/y - 1 + Vz — 1 < y/x + y + z. 

213 Let a , b, c be positive real numbers such that a + b + c = 1. Prove the inequality 

214 Let a,b,c be positive real numbers such that a + b + c + 1= 4 abc. Prove the 
inequalities 

111 1 1 1 

— I 1 — > 3 > 1 1 . 

abc yfab yfbc yfca 

215 Let a,b,c be non-negative real numbers such that ab + be + ca — 1. Prove the 
inequality 


1 + a 2 1 + b 2 1 + c 2 4 

216 Let a , b, c be positive real numbers such that a + b + c= 1. Prove the inequality 


I ab be / ca 3 

c + ab V a + be X b + ca ~ 2 
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217 Let a, b, c > 0 be real numbers such that (a + b)(b + c)(c + a) — 1 . Prove the 
inequality 

3 

ab + be + ca < 

4 

218 Let a, b, c > 0 be real numbers such that a 2 + b 2 + c 2 + abc — 4. Prove the 
inequality 

0 < ab + be + ca — abc < 2. 

219 Let a, b, c be positive real numbers. Prove the inequality 

a ^ “f~ b ~b 2 abc ~b 3 ^ (1 ~b ef)( 1 "b ^)(1 ~b e). 


220 Let a, b, c be real numbers. Prove the inequality 



221 Let ai,a 2 , a , , e K + such that a ? — 3 and ^" =1 af — 5. Prove the 
inequality 



i=l 


222 Let a, b, c be positive real numbers such that ab + be + ca = 3. Prove the 
inequality 

(1 + fl 2 )(l + b 2 )(\ + c 2 ) > 8. 


223 Let a, b,c be positive real numbers such that ab + be + ca — 1. Prove the 
inequality 

(i a 2 + ab + b 2 )(b 2 + be + c 2 )(c 2 + ca + a 2 ) > 1. 


224 Let a, b, c be positive real numbers such that abc — 1. Prove the inequality 



^7 + a 2 + b 2 


> 1 . 


225 Let a\,a 2 , ■ ■ ■ ,a n be positive real numbers such that ai + «2 + • • • + a„ = 1. 
Prove the inequality 
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226 Let a,b,c be positive real numbers. Prove the inequality 

a ^ b ^ c ■> 

~j 2 b- + 2 c 2 — a 2 s /2 c 2 + 2 a 2 — b 2 V2 a 2 + 2 b 2 — c 2 

227 Let a, b,c be positive real numbers such that ab + be + ca > 3 . Prove the 
inequality 

a b c 3 

7 H 7 H 7 > —p ■ 

\J a b \ b + c v c “b ci ^ 2 

228 Let a,b,c> 1 be real numbers such that a + b + c — 2abc. Prove the inequality 

\/ (a + b + c ) 2 > \fab — T + ibc — 1 + ^ ca — 1 . 


229 Let t a ,tb, t c be the lengths of the medians, and a, b. c be the lengths of the sides 
of a given triangle. Prove the inequality 

5 

t a tb + t b t c + t c t a < + be + ca). 

230 Let a, b,c and t a . t/, , t c be the lengths of the sides and lengths of the medians 
of an arbitrary triangle, respectively. Prove the inequality 

V3 

at a + btb + etc < + b 2 + c 2 ). 

231 Let a, b, c be the lengths of the sides of a triangle. Prove the inequality 

+ b — c + Vc + a — b + ~Jb + c — a < *fa + Vb + ~Jc. 


232 Let P be the area of the triangle with side lengths a , b and c, and T be the area 
of the triangle with side lengths a + b. b + c and c + a. Prove that T >AP . 


233 Let a, b, c be the lengths of the sides of a triangle, such that a + b + c = 3 . 
Prove the inequality 


ci ~\~ b + c -J- 


Aabc 13 


> 

3 “ 3 


234 Let a, b, c be the lengths of the sides of a triangle. Prove that 


3 a 3 + b 3 + c 3 + 3 abc 


> max{<7, b, c}. 


235 Let a.b.c be the lengths of the sides of a triangle. Prove the inequality 


abc < a 2 (s — a) + b 2 (s — a) + c 2 (s — a) < ~^ a bc. 
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236 Let a,b,c be the lengths of the sides of a triangle. Prove that 

1 1 1 3 (V^ + Vh + V?) 

1 1 > —21 — . 

^/a + Vb — yfc Vb + — yfa *Jc + -Ja — \fb a + b + c 

237 Let a,b,c be the lengths of the sides of a triangle with area P . Prove that 

a 2 + b 2 + c 2 > 4V3P. 

238 ( Hadwinger-Finsler ) Let a,b,c be the lengths of the sides of a triangle. Prove 
the inequality 

a 2 + b 2 + c 2 > 4V3P + (a - b ) 2 + (b - c) 2 + (c - a) 2 . 

239 Let a, b, c be the lengths of the sides of a triangle. Prove that 

1 1 1 < 1 
8 abc + (a + b — c) 3 8 abc + (b + c — a) 3 8 abc + (c + a — b) 3 — 3 abc 

t 2 2 

240 In the triangle ABC, AC is the arithmetic mean of BC and AB . Prove that 

cot 2 p > cota • coty. 

241 Let d\,d 2 and be the distances from an arbitrary point to the sides 
BC, C A, AB, respectively, of the triangle ABC . Prove the inequality 



242 Let a, b, c be the side lengths, and h a , hb, h c be the lengths of the altitudes 
(respectively) of a given triangle. Prove the inequality 

ha + hb + h c -\/3 
a+b+c ~ 2 

243 Let O be an arbitrary point in the interior of A ABC. Let x, y and z be the dis- 
tances from O to the sides BC, CA, AB, respectively, and let R be the circumradius 
of the triangle A ABC. Prove the inequality 

Vx + yy + -jz < 

244 Let D, E and F be the feet of the altitudes of the triangle ABC dropped from 
the vertices A, B and C, respectively. Prove the inequality 
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245 Let a, b, c be the side-lengths, h„, h /, . h c be the lengths of the respective alti- 
tudes, and 5 be the semi-perimeter of a given triangle. Prove the inequality 

h a hh h c s 

— + — + —< — ■ 
a b c 2r 

246 Let a,b,c be the side lengths, h a . hb, h c be the altitudes, respectively, of a 
triangle. Prove the inequality 

a 2 b 2 c 2 

h 2 + h 2 c + h 2 a + h 2 c + hi + h 2 ~ 

247 Let a, b, c be the side lengths, h a ,hb, h c be the altitudes, respectively, and r be 
the inradius of a triangle. Prove the inequality 

1 1 13 

_l_ _l_ > — . 

h a — 2 r hb — 2 r h c — 2 r r 

248 Let a,b,c',l a ,lp,ly be the lengths of the sides and the bisectors of respective 
angles. Let s be the semi-perimeter and r denote the inradius of a given triangle. 
Prove the inequality 

la Ip < s 
a b c ~ 2r 

249 Let a,b,c;l a ,lp,l Y be the lengths of the sides and of the bisectors of respec- 
tive angles. Let R and r be the circumradius and inradius, respectively, of a given 
triangle. Prove the inequality 

18r 2 V3 < al a + blp + cl y < 9 R 2 . 

250 Let a,b,c be the lengths of the sides of a triangle, with circumradius r — 1 / 2. 
Prove the inequality 


+ 


9V3. 


b + c — a a+c—b a+b—c 
251 Let a, b, c be the side-lengths of a triangle. Prove the inequality 

b c 


+ 


+ 


> 1 . 


3fl — b + c 3b — c + a 3c — a + b 

252 Let h a , hb and h c be the lengths of the altitudes, and R and r be the circumra- 
dius and inradius, respectively, of a given triangle. Prove the inequality 


h a + hb + h c <2 R + 5 r. 
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253 Let a, b, c be the side-lengths, and a, /J and y be the angles of a given triangle, 
respectively. Prove the inequality 


a 



+ 






, a b c 
> 2 ( - + - + - 
P y 


254 Let a, b,c be the lengths of the sides of a given triangle, and a, f>. y be the 
respective angles (in radians). Prove the inequalities 


1 ° 

2 ° 

3° 


L + i+I> £ 

* ^ P ^ y - n 
>+c—a | c+a— b 
/v i R 


■ + 


+ 

+ 


a+b—c 

y 

a+b—c 

cy 


> — , where s = 

— 71 



— n 


a+b+c 

2 


255 Let X be an arbitrary interior point of a given regular n- gon with side-length a. 
Let hi, h 2 , . . . , h n be the distances from X to the sides of the n-gon. Prove that 

11 1 2?r 

7 7 1 1 ~ > — ’ 

hi hi n n a 


256 Prove that among the lengths of the sides of an arbitrary n-gon (n > 3), there 
always exist two of them (let’s denote them by b and c) such that 1 <~ c <2. 


257 Let A], ai, «3, <24 be the lengths of the sides, and s be the semi-perimeter of 
arbitrary quadrilateral. Prove that 


E 


1 2 

— < - 
,y + ci 1 9 


E 


1 

y/(.S~ a i)(s ~ Clj) 


258 Let n e N, and a, /l, y be the angles of a given triangle. Prove the inequality 


cot" - + cot" - + cot" — > 3 "2". 
2 2 2 ~ 


259 Let a, yS, y be the angles of an arbitrary acute triangle. Prove that 
2(sina + sin/3 + siny) > 3(cosa + cos/3 + cosy). 


260 Let a, /3, y be the angles of a triangle. Prove the inequality 
sin a + sin /3 + sin y > sin 2a + sin 2/1 + sin2y. 


261 Let a, /3, y be the angles of a triangle. Prove the inequality 
cos a + V2(cos p + cos y) < 2. 
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262 Let a, fi, y be the angles of a triangle and let t be a real number. Prove the 
inequality 

t 2 

cos a + t (cos /3 + cos y ) < 1 + — . 

263 Let 0 < a, fi, y < 90° such that sin a + sin /3 + sin y — 1. Prove the inequality 

3 

tan 2 a + tan 2 fi + tan 2 y > - . 

8 

264 Let a , b , c be positive real numbers such that a + b + c — 3 . Prove the inequality 

(1 "fr? “b r? 2 ) (1 + b + b~}( 1 + c + c 2 ) > 9 fob + be coi) . 

265 Let a, b,c > 0 such that a + b + c — 1. Prove the inequality 

6 (a 3 + b 3, + c 3 ) + 1 > 5 (a 2 + b 2 + c 2 ). 

266 Let x,y,z € R + such that x + y + z = 1. Prove the inequality 

(1 - X 2 ) 2 + (1 - z 2 ) 2 + (1 - z 2 ) 2 < (1 + x)(l + y)(l + z). 

267 Let x, y, z be non-negative real numbers such that x 2 + y 2 + z 2 = 1. Prove the 
inequality 

(1 -xy)( 1 - yz)( 1 -zx)>^j. 

268 Let a,b,c e R + such that = 2. Prove the inequalities: 

i° 1 | 1 | 1 > i 

1 8a 2 + 1 + 8*2 + 1 + 8c 2 +1 - 1 

2 ° 1 I 1 I 1 > 1 

^ 4ab+l T 4*c+l T 4ca+l — 2' 

269 Let a , b, c > 0 be real numbers such that ab + bc + ca — 1. Prove the inequality 

111 1 

-}- — > 2 . 

a + b b + c c + a a+b + c 

270 Let a, £>, c > 0 be real numbers. Prove the inequality 

ab + Abe + ca be + 4 ca + ab ca + 4 ab + be 

T 1 Tt 1 7 j — 

a~ + be b- + ca c + ab 

271 Let a,b,c be positive real numbers such that a + b + c + 1 =4 a be. Prove the 
inequality 

1113 

a 4 + b + c b 4 + c + a + c 4 + a + b ~ a + b + c 
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272 Let x, y, z > 0 be real numbers such that x + y + z — 1. Prove the inequality 

(x 2 + y 2 )(y 2 + z 2 )(z 2 + x 1 ) < 

273 Let x, y, z e R + such that x + y + z = 1. Prove the inequalities: 

x v z 9 

1 < 1 1 < 

1 — yz 1 — zx l — xy 8 

274 Let x, y, z € R + , such that xyz = 1. Prove the inequality 

1 , 1 , 1 , 2 

( 1 + Jt ) 2 + (1 + y) 2 + (1 + z) 2 + (1 + x)(l + v) ( 1 + z) “ 

275 Let a. b, c > 0 such that a + b + c = 1. Prove the inequalities: 

1° ab + be + ca < a 3 + b 3 + c 3 + 6 abc 
2° a 3 + b 3 + c 3 + 6 abc < a 2 + b 2 + c 2 

3° a 2 + b 2 + c 2 < 2 (a 3 + Z? 3 + c 3 ) + 3 abc. 

276 Let x, y, z > 0 be real numbers such that xy + yz + zx + xyz = 4. Prove the 
inequality 

3 (x 2 + y 2 + z 2 )+xyz> 10. 

277 Let a,b,c e R + . Prove the inequality 

x 4 (y + z) + y 4 (z + x) + z 4 (x + y) < -^(x + y + z) 5 . 

278 Let a,b,c e R + such that a + b + c — 1. Prove the inequality 

1 1 1 

— - — b — b 48 (cib ~b be -b cr?) ^ 25. 

abc 

279 Let a,b,c be non-negative real numbers such that a + b + c = 2. Prove the 
inequality 

a 4 + b 4 + c 4 + abc > a 3 + b 2 + c 3 . 

280 Let a, b,c be non-negative real numbers. Prove the inequality 

2{a~ **b b ~ ~b c 2 ) “b abc -b 8 ^ 5(c/ -b b -b c). 
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281 Let a,b,c be non-negative real numbers. Prove the inequality 

a 3 + b 3 + c 3 + 4 (a + b + c) + 9 abc > 8 (ab + be + ca). 

282 Let a, b, c be non-negative real numbers. Prove the inequality 


+ 


b 3 


+ 


b 2 — be + c 2 c 2 — ca + a 2 a 2 — ab + b 2 


> a + b + c. 


283 Let a, b,c be non-negative real numbers such that a + b + c = 2. Prove the 
inequality 

7 . 7 15 abc 

a 3 + b 3 + c 3 H >2. 

4 

284 Let a,b,c be positive real numbers such that abc — 1. Prove the inequality 

a 2 + be b 2 + ca c 2 + ab 


+ 


+ 


2 (b + c ) b 2 (c + a) c 2 (a + b) 


> ab + be + ca. 


285 Let a, b,c be positive real numbers such that a 2 + b 2 + c 2 = 3 . Prove the 
inequality 

a 3 + abc b 3 + abc c 3 + abc 3 
(b + c ) 2 (c + fl) 2 (a + b ) 2 ~ 2 

286 Let a, b, c be positive real numbers such that a 4 + b 4 + c 4 = 3 . Prove the 
inequality 

1 1 1 

1 1 < 1 . 

4 — ab 4 — be 4 — ca 

287 Let a, b,c be positive real numbers such that ab + be + ca — 3 . Prove the 
inequality 

(a 3 - a + 5 )(b 5 - b 3 + 5)(c 7 - c 5 + 5) > 125. 

288 Let x, y, z be positive real numbers. Prove the inequality 

1 1 19 

x 2 + xy + y 2 y 2 + yz + z 2 z 2 + zx + x 2 ~ (x + y + z ) 2 

289 Let x, y, z be positive real numbers such that xyz — x + y + z + 2. Prove the 
inequalities 

1° xy + yz + zx > 2 (x + y + z) 

2° 
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290 Let x, y, z be positive real numbers. Prove the inequality 

8(.r 3 + v 3 + z 3 ) > (x + y) 3 + (y + z) 3 + (z + x) 3 . 

291 Let a,b,c be non-negative real numbers. Prove the inequality 

a 3 + b 3 + c 3 + abc > - (a + b + c) 3 . 

“ 7 

292 Let a , b, c be positive real numbers such that a + b + c = 1. Prove the inequality 

ci b~ c - (- 3abc > — . 

293 Let a\,a. 2 , ■ ■ ■ ,a n be positive real numbers. Prove the inequality 

(1 + ai)(l + a 2 ) • • • (1 + a„) < f 1 + — ) (l + — V ' ' f 1 + ~ V 

V «2/\ 03/ V a \) 

294 Let a, b, c, d be positive real numbers such that abed — 1. Prove the inequality 

1 | ! | ! | i 

(1+fl) 2 + (1 +b) 2 + (1+c) 2 + (1 +d) 2 ~ 

295 Let a,b,c,d > 0 be real numbers such that a + /; + c + d — 4. Prove the 
inequality 

abc + bed + ccla + dab + (abc) 2 + (bed) 2 + ( eda ) 2 + (dab) 2 < 8. 


296 Let a,b,c,d > 0 such that a-\-b-\-c-\-d = 1. Prove the inequality 

A A A A 148 1 

a 4 + b 4 + c 4 + d 4 H abed > — . 

27 " 27 

297 Let a,b,c be positive real numbers such that a 2 + b 2 + c 2 — 3 . Prove the 
inequality 

a 2 b 2 + b 2 c 2 + c 2 a 2 < a + b + c. 

298 Let a, b,c,d > 0 be real numbers such that a + b + c + d — 4. Prove the 
inequality 

(1 + a 2 )(l + b 2 )( 1 + c 2 )( 1 + d 2 ) > (1 + a)( 1 + b)( 1 + c)( 1 + d). 


299 Let a, b, c be positive real numbers such that abc = 1 . Prove the inequality 


1 

- + 
a 



1 

c 


6 

a + b + c 


> 5 . 
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300 Let a,b,c be positive real numbers such that a + b + c — 3. Prove the inequality 

n(- + l > 4 (a 3 + b 3 + c 3 ) + 21. 

\a b c ) 

301 Let a, b,c,d be non-negative real numbers such that a + b + c + d + e = 5. 
Prove the inequality 


4(a 2 +b 2 + c 2 + d 2 + e 2 ) + 5abcd > 25. 

302 Let a , b, c be positive real numbers such that a+b+c = 3 . Prove the inequality 

1 1 13 

1 1 < 

2 + a 2 + b 2 2 + b 2 + c 2 2 + c 2 + a 2 4 

303 Let a, b, c be positive real numbers such that a 2 + b 2 + c 2 = 3 . Prove the 
inequality 


ab + be + ca < abc + 2. 


304 Let a, b, c be positive real numbers. Prove the inequality 

a b c a + b b + c a + c 

7 H 1 — > 1 1 

b c a b + c c + a a + b 

305 Let a, b, c be positive real numbers. Prove the inequality 

b 2 c 2 a b 

> 


+ ■ 


b 2 + c 2 ' c 2 + a 2 a 2 + b 2 b + c c + a a + b 
306 Let a,b,c be positive real numbers such that a >b >c. Prove the inequality 
a 2 b(a — b) + b 2 c(b — c) + c 2 a(c — a) > 0. 


307 Let a, b, c be the lengths of the sides of a triangle. Prove the inequality 
( b + c) 2 ( c + a) 2 ( a + b) 2 

: h “77 1 7 7- > 0. 

a L + be + ca c~ + ab 


308 Let a, b, c be positive real numbers. Prove the inequality 


a + b b + c 

1 

b + c c + a 


c + a 
a + b 


+ 3 


ab + be + ca 
(a + b + c ) 2 


>4. 
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309 Let a, b,c be real numbers. Prove the inequality 

3 (a 2 — ab + b 2 )(b 2 — be + c 2 )(c 2 — ca + a 2 ) > a^b 3 + b 3 c 3 + c 3 a 3 . 

310 Let a , b,c,d e R + such that a + b + c + d + abed — 5. Prove the inequality 

1111 

-H 1 1 — >4. 

abed 



Chapter 21 

Solutions 


1 Let n be a positive integer. Prove that 


1 1 

1+ 2^ + 3^' 


-< 2 . 

rr 


Solution For each k > 2 we have 


1 

— ^ < 


1 


1 


k 2 k(k - 1) k-l 


So 


1 1 1 

1 - L— v + — — ^-<1 


2 2 3 2 


1 

1 - - 
2 


1 1 
2 ~~ 3 


1 


= 2 - - < 2 . 
n 


n — 1 n 


2 Let a„ = l + 2 + | + -- - + i. Prove that for any neNwe have 


1 


1 


1 


2(7^ 3a 2 

Solution Note that for any k > 2 we have 
1 1 d k — Clk-\ 


< 2 . 


> 


Ok - 1 ak-icik ka k a k -i ka% 


Adding these inequalities for k = 2, 3, ... , n we get 


2 ( 7 ^ 3 ( 7 ^ 
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and since a j = 1 , we obtain 


3 


111 12 

'-J I r* I rt I I 

flj 3fl3 «i 

Let x, y, z be real numbers. Prove the inequality 

x 4 + y 4 + z 4 > 4 xyz — 1 . 


= 2 . 


Solution We have 

-x 4 + y 4 + z 4 — 4 xyz + 1 

= (x 4 - 2x 2 + 1) + (y 4 - 2 y 2 z 2 + z 4 ) + (2y 2 z 2 - 4xyz + 2x 2 ) 

= (x 2 - l) 2 + (y 2 - z 2 ) 2 + 2(yz - x) 2 > 0, 

so it follows that 

x 4 + v 4 + z 4 > 4xyz - 1. 

When does equality occur? ■ 

4 Prove that for any real number x, the following inequality holds 
x 2m_ x m9 +x m6_ x m5 + 1>0 


Solution Denote 

;c 2002 _ Jr 1999 + ;c 1996 _ ;r 1995 + 1 >0 (1 ) 

We will consider five cases: 

1° If x < 0, then all summands on the left side of the inequality (1) are positive, so 
the inequality is true. 

2° If x = 0, inequality (1) is equivalent to 1 > 0, which is obviously true. 

3° If 0 < x < 1, then (1) is 

;c 2002 + x 1996 (1 _ x 3 ) + (1 _ x 1995 )>0 

Since 

1 — x 3 = (1 — x)(l + x + x 2 ) > 0 and 
1 — x 5 = (1 — x)(l + x + x 2 + x 3 + x 4 ) > 0, 

we deduce that the required inequality is true. 

4° If x = 1, then (1) is equivalent to 1 > 0, which is clearly true. 
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5° If x > 1, rewrite (1) in following way 


x 1999 (x 3 -l) + x 1995 (x-l)+l >0. 


Since x > 1 we have x 3 > 1. 

So x 1999 (x 3 — 1) + x 1995 (x — 1) + 1 > 0, and we are done. ■ 


5 Let x, y be real numbers. Prove the inequality 

30 + ;y+ 1) 2 + 1 >3xy. 


g^ + ub + Z? 2 — ( g + — 1 + — - — > 0, 


Solution Observe that for any real numbers a and b we have 

2 3 b 2 

~4~ 

with equality if and only if a — b — 0. 

Let x, y be real numbers. Then according to the above inequality we have 


x + - 


X+ - y+ - 


y+ ^ I ^°’ Le - 


3.x 1 + 3 y z + 3 xy + 6x + 6y + 4 > 0, 


which is equivalent to 


3(x + y + l) 2 + 1 > 3xy. 


Equality occurs iff x + % — y + 4 = 0, i.e. x = y — — 4 . 


6 Let a, b, c be positive real numbers such that a + b + c > abc. Prove that at least 
two of the following inequalities 

236 236 236 

- + - + ->6, — H 1 — >6, — I h t >6 

abc b c a cab 

are true. 

Solution Set ^ = x, j = y, ^ = Z- 

Then x, y, z > 0 and the initial condition becomes xy + yz + zx > 1 . 

We need to prove that at least two of the following inequalities 2x + 3y + 6 z > 
6, 2y + 3z + 6x > 6, 2z + 3x + 6y > 6, hold. 

Assume the contrary, i.e. we may assume that 2x + 3y + 6" <6 and 2z + 3x + 
6 y < 6 . 

Adding these inequalities we get 5x + 9y + 8z < 12. 

But we have x > 

Thus, 12 > 5 -j^ +9 y + 8z, i.e. 

12(y + z) > 5 + 9y 2 + 8z 2 + 12yz o (2z - l) 2 + (3y + 2z - 2) 2 < 0, 


which is impossible, and the conclusion follows. 


220 


21 


Solutions 


7 Let a, b, c, x,y,z > 0. Prove the inequality 

ax by cz < (a + b + c)(x + y + z) 
a + x b + y c + z ~ a + b + c + x + y + z 

Solution We’ll use the following lemma. 

Lemma 21.1 For every p,q,a, p > 0 we have 

pq < a 2 p + P 2 q 
p + q ~ (« + P ) 2 

Proof The given inequality is equivalent to (ap — Pq) 2 >0. □ 


Now let a— x + y + z,P=a + b + c, and applying Lemma 21.1, we obtain 


ax < {x + y + z) 2 a + (a + b + c) 2 x 
a + x ~ (x + y + z + a + b + c) 2 

by (x + y + z) 2 b + (a + b + c) 2 y 
b + y ~ (x + y + z + a + b + c) 2 

and 

cz (x + y + z) 2 c + (a + b + c) 2 z 
c + z ~ (x + y + Z + a + b + c) 2 

Adding these inequalities we get the required result. ■ 


8 Let a, b, c e R + . Prove the inequality 

2 a 2b 2c a b c 

1 1 < 1 1 . 

a 2 + be b 2 + ac c 2 + ab be ac ab 

Solution Notice that a ?^_ bc < \{\ + p), which is equivalent to 

b{a — c) 2 + c(a — b ) 2 > 0. 

Also l + + + which is equivalent to 

(a — b) 2 + (a — c) 2 > 0. 


Hence 
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Analogously, we obtain 


2b 1 (2b c a\ 

b 2 +ac~4-\ac ab be J 

2c 1/2 c a b 

c 2 +ab~4\ab be ac 

Adding (1), (2) and (3) we obtain the required inequality. 

Equality occurs if and only if a = b — c. ■ 



9 Let a,b,c,x,y,z£ R + such that a+x=b+y=c+z= 1. Prove the inequality 


(i abc + xyz) I hi 1 I > 3. 

\ay bz ex' 


Solution We have 

abc + xyz = abc + (1 — a)(l — b)( 1 — c) = (1 — b)( 1 — c) + ac + ab — a. 


So 


abc + xyz 1 — c c 
a( 1 — b) a + 1 — b 


and analogously we obtain and 

Hence 


/ i 1 1 \ 

(abc + xyz) hi 1 

\ay bz cx J 

a b c 1 — cl — b 

= h h H 1 

1 — c 1 — a l — o a c 


1 — a 


b 


— 3>6 — 3 = 3. 


10 Let a\ , 02 , . . . , a n be positive real numbers and let h \ ,bi, ■ ■ ■ , b n be their per- 
mutation. Prove the inequality 

2 2 7 

a i « 2 a- 

1 — hi — h • • • + i — > a\ + tt2 + • • • + o. n . 
b\ b 2 b„ 

2 

Solution Lor each x,y e K + we have y > 2 x — y. 

Hence 
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After summing for i = 1 , 2, . . . , n we obtain 
cr a? a 2 

— + “ + •■■+ -p- > 2(aj + Gi + ' ‘ ‘ + On) — (&1 + ^2 + ‘ ' ‘ + (+) 

01 02 b n 


— a 1 + 02 + ' ' ' + Q-n > 


and we are done. 

Equality occurs if and only if a; = bj,i = 1,2,...,;?. 

11 Let x e R + . Find the minimum value of the expression 


Solution Denote A ■ 
We have 


X-+1 
x+1 ■ 


A = 


x 2 -l + 2 
x+1 


= (X - 1 ) + 


x+1 


= (* + !) + 


x+1 


- 2 . 


For any a, b > 0 we have a + b > 2 yfab (equality occurs iff a — b). 
Now from (1) we get A > 2\[2 — 2. 

Equality occurs if and only if x = \[2 — 1 . 


12 Let a, b, c e R + such that a be = 1. Prove the inequality 

a b c 3 

(a + 1 ) (£> + 1 ) + (*+l)(c+l) + (c+l)(a+l) “ 4' 

Solution After expanding we get 

ab + ac + bc + a + b + c> 3 (abc + 1) 


( 1 ) 


i.e. 


ab + ac + be + a + b + c > 6. 

Since 

1 1 1 

cib + gc + be + g + b + c — — h — f — bt? + /; + c 

c b a 

= {l +a ) + {l +b ) + {l +C )~ 2 + 2 + 2 = 6 ’ 

we are done. 

Equality occurs if and only if ^ + a = ^ + £> = ^ + c = 1 , i.e. a = b = c = 1. ■ 
13 Let x, y > 0 be real numbers such that y{y + 1) < (x + l) 2 . Prove the inequality 

y(y — 1 )<* 2 - 
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Solution If 0 < y < i, then y(y — 1 ) < 0 < x 2 . 

Suppose that y > 1 . 

If x + j < y, then 

y(y - 1) = y(y + 1) - 2y < (x + l) 2 - 2^x + ^ = x 2 . 
If x + 2 > y then we have x > y — | > 0, i.e. 

* 2 > (.V - ^) = y(y - !) + ^ > y(y - D- 

14 Let x, y e K + such that v 3 + y 3 <-.-v . Prove that 

.r 2 + y 2 < 1. 

Solution From x 3 + y 3 < x — y we have 

0 < y < x 

and 

0 < x 3 < .r 3 + y 3 < x — _y < x, 

i.e. 

x 3 < x, 

from where we deduce that x < 1 . 

Thus 0 < y < x < 1 . 

Now we have x(x + y) < 1 • 2 = 2 and xv(x + y) < 2y. 

From x 3 + v 3 < x — v we obtain 


(x + y)(x 2 - xy + y 2 ) < x - y 


2 2 x - y 

x z - xv + y“ < - 

x + y 


x 2 + y 2 


X — v 

< — - + xy : 
x + v 


■ y + xy(x + y) x 


~ .V + 2 y 
x + y 


x + y 
x + y 


15 Let a,i),i,yel such that ay — bx = 1. Prove that 

a 2 + b 2 + x 2 + y 2 + ax + by > V3. 

Solution Let us denote u — a 2 + b 2 , v = x 2 + y 2 and w — ax + by. 
Then 

uv = ( a 2 + b 2 )(x 2 + y 2 ) = a 2 x 2 + a 2 y 2 + b 2 x 2 + b 2 y 2 
= a 2 x 2 + b 2 y 2 + 2 axby + a 2 y 2 + b 2 x 2 — 2 axby 
= (ax + by) 2 + (ay — bx) 2 = w 2 + 1 . 
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From the obvious inequality (fV 3 + l) 2 > 0 we deduce 

3t 2 + 1 > -2/V3, 


i.e. 

4r + 4>3-2rV3 + f 2 , 
i.e. 

4r + 4> (V3-0 2 - (1) 

Now we have 

(u + v) 2 > 4uv — 4 (w 2 + 1) > (V3 — w) 2 , 
from which we get u + v > V3 — w, which is equivalent to u + v + w > V 3. ■ 

16 Let a,b,c,d be non-negative real numbers such that ci 2 + b 2 + c 2 + d 2 — 1. 
Prove the inequality 


(1 - o)(l - b)( 1 - c)(l - d) > abed. 

Solution We have 2 cd < c 2 + d 2 — 1 — a 2 — b 2 . 

Hence 

2(1 - a )(1 - b) - 2 cd > 2(1 - a){ 1 - fc ) - 1 + a 2 + b 2 = (1 - a - b) 2 > 0, 


i.e. 


(i — «Ki 

Similarly we get 

(1 — c)(l 


b ) > ct/. 

(1) 

t/) > afe. 

(2) 


After multiplying (1) and (2) we obtain (1 — a)( \ — /;)( I — c)(l — c/ ) > abed, as 
required. Equality occurs iff a = b = c = d= l/2 or a=l,b = c = d = 0 (up to 
permutation). ■ 


17 Let x, y be non-negative real numbers. Prove the inequality 

4(x 9 + y 9 ) > ( x 2 + y 2 )(x i + y 3 )(x 4 + /). 


Solution Since the given inequality is symmetric we may assume that x > y > 0. 
Let a,b e N. Then we have x a > y a and x b > y b . 

Hence 

(x a - y a )(x b - y b )>0 

& x a+b + y a+b >x a y b + x b y a 

2(.r fl+& + y a+b ) > (x a + y fl )(.r 6 + /). 


( 1 ) 
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For a — 2, b — 3 in (1) we get 

2(x 5 + y 5 ) > (x 2 + y 2 )(x 3 + y 3 ). (2) 

For a = 5, b = 4 in (1) we get 

2(x 9 + y 9 ) > (x 5 + y 5 )(x 4 + y 4 ). (3) 

From (2) and (3) we get 

4(x 9 + y 9 ) = 2 • 2(x 9 + y 9 ) > 2(x 5 + v 5 )(x 4 + y 4 ) > (x 2 + y 2 )(x 3 + y 3 )(x 4 + y 4 ), 
and we are done. ■ 


18 Let x,y,z e M + such that xyz = 1 and ^ + * > x + y + z. Prove that for 
any natural number n the inequality 


1 

x" 


- + ->x" + V n + Z 

y" z n 


n 


is true. 


Solution After setting x = y = * and z= the initial condition 

1 1 1 

— I 1 — > x + y + z 

xyz 

becomes 

b c a a b c 

-+- + ->-H 1 

a b c b c a 

<4- a 2 b + b 2 c + c 2 a > ab 2 + be 2 + ca 2 

<4- (a — b)(b — c)(c — a) < 0. 


Let n e N, and take A = a n , B = b" , C — c n . 

Then a > b A > B and a < b O A < B, etc. 
So we have 


(A — B)(B — C)(C — A) < 0 


B C A A B C 

b — *F — ^ b b — 

A B C ~ B C A 


o \ + \ + - n >x n + y n + z n . 
x n y n z 


19 Let x,y,z be real numbers different from 1, such that xyz = 1. Prove the in- 
equality 


1 — x 


2 


+ 



3 — z 
1 - z 


2 


> 7 . 
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Solution Denote A = (j^) 2 + (yir^) 2 + (yzr?) 2 — 7. 


We have 


A = 1 


1 — x 


+ 1 + 


i -y 


1 - z 


-7. 


Let -r^— = «, i ~ = b, -r^— = c. 
l—x ’ 1 —y ’ 1 —z 

Then A = (1 + 2a) 2 + (1 + 2b) 2 + (1 + 2c) 2 - 7, i.e. 


A = 4a 2 + 4h 2 + 4c 2 + 4a + 4b + 4c - 4. 


( 1 ) 


Furthermore, the condition xyz = 1 is equivalent to abc — ( a — 1 )(b — l)(c — 1), 

i.e. 


a + b + c — 1 = ab + be + ca. 


(2) 


Using (1) and (2) we get 


A = 4a 2 + 4 b 2 + 4c 2 + 4(ah + be + ca) = 2 ((a + b) 2 + {b + c) 2 + (c + a) 2 ), 


i.e. A > 0. 

Equality occurs if and only if a = b = c = 0, which is clearly impossible. 
So we have strict inequality, i.e. A > 0, i.e. 


3 — x 


3 -y 


3 — z 
1 - z 


2 

— 7 > 0 


and we are done. 


20 Let x, y, z < 1 be real numbers such that x + y + z= 1. Prove the inequality 

1 1 1 27 

1 + x 2 + 1 + y 2 1 + z 2 ~ 10 


Solution We’ll prove that for every t < 1 we have < ^(2 — t). 

The last inequality is equivalent to (4 — 3r)(l — 3 1) 2 > 0, which is clearly true. 
Hence 


1 1 1 

1 + x 2 1 + y 2 1 + z 2 ~ 


21 

50 

27 

50 


((2 — x) + (2 — y) + (2 — z)) 
27 

(6-(x + y + z)) = — . 


21 Let a, b, c e R + . Prove the inequality 

1113 

1 _ 1 _ > . 

a(l + b) h(l+c) c(l+a) 1+ahc 
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Solution We can easily check the following identities 
1 + abc 1+fl b{\ + c) , 1 + abc 


a(l + b) a( 1 + b) 

and 


1 


1 + abc 


1 , 


1 + c 


b{ 1 + c) b( 1 + c) 

a(l + b) 


1 + b c(l + a) 

+ 

1 + C 


+ 


fl(l + b) c(l + fl) 
Adding these identities we obtain 

1 + abc 1 + abc 1 + abc 

+ 


1 


1 . 


a(\ + b) b(i + c) c(l + fl) 
1 + fl a(1 + b) 


i.e. 


a(l + b) 

1 + c 
c(l + fl) 


1 


+ 


1 + fl 

c(l + fl) 

1 + C 


1 +b Z?(l + c) 


b(\+c) 
— 3> 2 + 7 


1 +b 

■2-3 = 3, 


1 


■ + 


1 


a{\+b) £>(l + c) c(1+a) 

Equality occurs if and only if a — b = c = 1. 


> 


1 + abc 


22 Let x, y, z be positive real numbers. Prove the inequality 

9 (a + b)(b + c)(c + a) > 8(a + b + c)(ab + be + ca). 

Solution The given inequality is equivalent to a(b — c) 2 + b(c — a) 2 + c(a — b) 2 > 0, 
which is obviously true. Equality occurs iff a = b = c. ■ 

23 Let a, b, c be real numbers. Prove the inequality 

(a 2 + b~ + c 2 ) 2 > 3 (a 3 /? + b 3 c + c 3 a). 

Solution By the well-known inequality (x + y + z) 2 > 3 {xy + yz + zx) for 
x = a 2 + be — ab, y — b 2 + ca — be, z — c 2 + ab — ca , 
we obtain the required inequality. ■ 

24 Let a,b,c be positive real numbers such that a 2 + b 2 + c 2 — 3. Prove the in- 
equality 

a 3 (b + c) + b 3 (c + a) + c 2 (a + b) < 6. 
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Solution We’ll show that 

a 3 {b + c) + b 3 (c + a) + c 3 (a + b) < -( a 2 + b 2 + c 2 ) 2 . (1) 

Inequality (1) is equivalent to 

2 (a 4 + b 4 + c 4 ) + 4 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) 

> 3 ab(a 2 + b 2 ) + 3 bc(b 2 + c 2 ) + 3 ca(c 2 + a 2 ). (2) 

We have 

a 4 + b 4 + 4a 2 b 2 > 3ab(a 2 + b 2 ) (a — b) 4 + ab{a — b) 2 > 0, 

which is clearly true. 

Analogously we get 

b 4 + c 4 + 4b 2 c 2 > 3bc(b 2 + c 2 ) and c 4 + a 4 + 4c 2 a 2 > 3ca(c 2 + a 2 ). 

Adding the last inequalities we get (2), i.e. (1). 

Finally using a 2 + b 2 + c 2 — 3 we obtain the required result. 

Equality holds if and only if a — b — c. ■ 


25 Let a, b, c be positive real numbers. Prove the inequality 


b + c 


+ 


c + a 


+ 


a + b 


> 2 . 


Solution We’ll show that / > , 2 ' 

y y+z — x+y+z 


, for every x, y,z £ 


We have 


> 


2x 


y+z x+y+z 




> 


2x 


y+z V^+v+z 


(x + y + z) 2 >4.r(y + z) <+ (y + z - x) 2 > 0, 


with equality iff x — y + z. 
Now we easily obtain 


b + c 


c + a 


c ^ 2 (a + b + c) ^ 


a + b a + b + c 


with equality if and only if a — b + c, b — a + c, c = a + b, i.e. a — b = c = 0, 
which is impossible. 

So we have strict inequality, i.e. J + J + J > 2, as required. ■ 
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26 Let a, b, c be positive real numbers such that a 1 2 * 4 + b 2 + c 2 — 3. Prove the in- 
equality 

a b c 

T f- < 1 . 

b - t- 2 c + 2 a - 1- 2 

Solution The given inequality is equivalent to 

ab 2 + be 2 + ca 2 <2 + abc. 

We may assume that a>b>c (since the inequality is cyclic we must also consider 
the case c>b>a, which is analogous). 

Then we have a(b — a)(b — c) <0 from which we have a 2 b + abc > ab 2 + ca 2 . 
Thus 

ab 2 + be 2 + ca 2 < a 2 b + abc + be 2 . 

We’ll show that 

a 2 b + be 2 < 2. 

We have 

a 2 b + bc 2 < 2 b(3-b 2 )<2 (b - \) 2 {b + 2) > 0, 

which is clearly true, and we are done. 

Equality occurs iff<7 = Z? = c= 1 or a — 0, b — I . c — (over all permuta- 
tions). ■ 

27 Let x,y,z be distinct non-negative real numbers. Prove the inequality 

111 4 

1 1 > . 

(. x — y) 2 (y — z) 2 (z — x) 2 xy + yz + zx 

Solution If a, b > 0, then — V-r + -r + A > 4- . 

(a— by a A b A ~ ab 

The last inequality is true since 

1 1 1 4 _ (a 2 + b 2 - 3 ab) 2 

(a — b) 2 + a 2 + b 2 ab a 2 b 2 (a — b ) 2 

Without loss of generality we may assume that z = min{x, y, "}. 

By the previous inequality for a — x — z and b — y — z we get 

111 4 

(x - y) 2 + (y - z) 2 + (z - x) 2 ~ (x - z)(y - z) ' 

So it suffices to show that 

4 > 4 
(x - z)(y - z) ~ xy + yz + zx ’ 
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i.e. 


xy + yz + zx > (x — z)(y — z), 

i.e. 

2 z(y + x) > z 2 * , 

which is true since z = min{jt, y, z}- ■ 

28 Let a, ft, c be non-negative real numbers. Prove the inequality 

3 (a 2 — a + l)(ft 2 — b + l)(c 2 — c + 1) > 1 + abc + ( abc ) 2 . 


Solution Since 

2(a 2 - a + 1 )(b 2 - b + 1) = 1 + a 2 b 2 + (a - b ) 2 + (1 - a) 2 (l - b) 2 
we deduce that 

2(a 2 - a + l)(Zr - 6 + 1) > 1 + aV. 

It follows that 

3(a 2 - a + 1)(6 2 - 6 + l)(c 2 - c + 1) > ^(1 + a 2 b 2 )(c 2 - c + 1), 

and it remains to prove that 

3(1 + a 2 b 2 )(c 2 - c + 1) > 2(1 + abc + (abc) 2 ), 

which is equivalent to the following quadratic in c 

(3 + a 2 b 2 )c 2 - (3 + 2 ab + 3 a 2 b 2 )c + 1 + 3 a 2 b 2 > 0, 

and clearly the last inequality is true, since 3 + a 2 b 2 > 0 and D — —3(1 — ab) 4 < 0. 
Equality occurs iff a = b = c = 1 . ■ 

29 Let a, b e R, a ^ 0. Prove the inequality 

a 2 + fc 2 +4 + ->V 3. 

a z a 


Solution We have 


a + b~ H — ^ H — — ( b + — 

2a 


4 a 2 


Since (ft + ^) 2 > 0, using (1) we get 


2 1 2 1 ^ 2 ^ 

+ ft“ H — t H — >; a~ + - — ^ . 

a- a 4a- 


( 1 ) 


( 2 ) 
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Using AM > GM we have 


4 a 2 


-X>2ja 1 ~ = V3. 


4 a 2 


(3) 


From (2) and (3) we get 


a 2 + b 2 +^ + ->V3. 

a L a 


Equality occurs iff b + J- = 0 and a 2 = . i- e - a — ± J 1 and b — =p \ J t . 


4 a 2 ’ 

30 Let a, b, c e R + . Prove the inequality 

a 2 + 1 b 2 + 1 c 2 + 1 


■ + 

b + c c + a 


a + b 


>3. 


Solution For each reRwe have x 2 + 1 >2x. 

So we have 

a 2 + 1 b 2 + 1 c 2 + 1 2a 2b 
+ + r > i + 


b + c 


+ 


2c 


c + a a+b b + c c + a a + b 
b , c ^ 3 


It’s enough to prove that -f -2L- > which is Nesbitt’s inequality. 

Equality occurs if and only ifa = Zt = c=l. ■ 

31 Let x , y, z be positive real numbers such that xy + yz + zx = 5. Prove the in- 
equality 

3x 2 + 3y 2 + z 2 > 10. 


Solution Using the inequality AM > GM we obtain 

4x 2 +z 2 >4xz, 4y 2 + z 2 >4yz and 2x 2 + 2y 2 >4xy. 

Adding these inequalities and using xy + yz + zx = 5 we get the required inequality. 
Equality occurs iffx = j’=l,z = 2. ■ 

32 Let a. b, c be positive real numbers such that ab + be + ca > a + b + c. Prove 
the inequality 

a + b + c > 3. 


Solution We have 

{a + b + c)“ — a^ + b 2 + c 2 + 2{ab + ac + be ) 
> ab + ac + be + 2 (ab + ac + be) 
= 3 (ab + ac + be) > 3 (a + b + c), 


from which we get a + b + c > 3. 
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33 Let a, b be real numbers such that 9a 2 + 8 ab + lb 2 < 6. Prove that 

la + 5b + 12 ab < 9. 


Solution By the inequality AM > GM we have 


la + 5b + 12 ab < 7| a 


1 


51 a 


Uab 


4) \ 4 

= la 2 + 5 b 2 + 12 ab + 3 
= 9a 2 + + lb 2 - 2a 2 + 4 ab -2b 2 + 3 

= 9a 2 + 8 ab + lb 2 - 2(a - b) 2 + 3 < 6 + 3 = 9, 

as required. Equality holds iff a = b — 1/2. ■ 

34 Let x, y, z e R + , such that xyz >xy + yz + zx. Prove the inequality 

xyz > 3(x + y + z)- 

Solution Letting 4 = a, ^ = b, ^ = c, the initial condition xyz > xy + yz + zx 
becomes 


a + b + c < 1. 

We need to show that 

xyz > 3(x + y + z) 2>{ab + be + ca) < 1. 

Clearly 

(a + b + c) 2 > 3 (ab + be + ca). 

Now from (1) and (3) we obtain (2). 

35 Let a, b, c e R + with a 2 + b 2 + c 2 — 3. Prove the inequality 

ab be ca 

1 b — > 3. 

cab 

Solution The given inequality is equivalent to 


ab be ca' , 

1 b — ) >9 

cab 


a) 


( 2 ) 


(3) 


a 2 b 2 b 2 c 2 c l a 




2„2 


■ + 


+ 


b~ 


+ 2 (a 2 + b 2 + c 2 ) > 3 (a 2 + b 2 + c 2 ), 
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i.e. 


a 2 b 2 


+ 


b 2 c 2 


2 2 
c z a 


c 2 a 2 

Furthermore, applying AM > GM we get 


> a 2 + b 2 + c 2 . 


2„2 


a z b z b z c 

— b 


2„2 


>2b - 




+ 


2 2 

C G „ t 

> 2c , 


2z,2 




2 2 

C Cl o 

> 2g“. 


Z?2 


After adding these inequalities we obtain 


2 „2 


a z b 2 b z c 
— 9 b 


+ 


2 2 
CO 

b 2 


>a 2 + b 2 + c 2 


and we are done. ■ 

36 Let a.b.c be positive real numbers such that a + b + c = a be. Prove the 
inequality 

cib + be + ca > 9 (a + & + c). 

Solution By the inequality AM > GM we have 

V cibc = g + + c > 3 \fabc, 


which implies 

abc> 3 6 and a + Z? + c = Vabc > = 3 3 . (1) 

Once more, the inequality AM > GM gives us 

ab + be + ca > 3-y^ (abc) 2 , 


i.e. 

(a/? + Z>c + ca) 3 > 3 2 (abc) 2 — 3 3 (a + Z? + c) 4 > 3 6 (a + Zt + c) 3 . 


Hence 


aZ> + be + ca > 9 (a + b + c), 


as required. 

Equality occurs if and only if a = b — c = 9. ■ 

37 Let a , b, c be positive real numbers such that abc > 1. Prove the inequality 
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Solution By the inequality AM > GM we have 


<7+1 1 a + 1 1 3ci 3 3a 3 3 

4 a + 1 — V 4 a+1 4 4 “ V 4 4 2 

Adding these two inequalities we get 

1 3 r 

a H > -V<7. 


33+1 2 


Analogously we obtain 


1 3 r 13 ,- 

p-| > -Vh and c-| >-Jc. 

b+ l ~ 2 c+1 ~ 2 


Multiplying the last three inequalities gives us 


1 


1 


1 \ 27 , 27 


i i \ z, / I z, / 

b H cH ) > — \/abc > — , 


fl+l/\ ft + 1 / \ c+1 

as required. 

Equality occurs iff <7 = b — c = 1 . 

38 Let <7, b,c,d € R + such that a 2 + b 2 + c 2 + d 2 = 4. Prove the inequality 
a + b + c + d>ab + bc + cd + da. 

Solution We have 

<7 + b + c + d > ab + be + cd + da a + b + c + cl > (a + c)(b + d). 


i.e. 


Since AM > HM we have 


1 1 


> 1. 


a + c b + d 


1 1 4 

> 


3/ + c b 4~ d a + b + c + d 
Applying QM > AM we have 


( 1 ) 


r + h + c + <i a 2 + b 2 + c 2 + d 2 


< 


= 1 , 


i.e. 


33 + h + C + 3/^4. 
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Now by (1) we get 

11 4 4 

1 > > - = 1 . 

a + c b + d a+b+c+d 4 

Equality holds if and only if a — b = c — d=l. ■ 

39 Let a,b,ce (-3, 3) such that ^ + ^ + ^= 3 ^+ 3 ^ + 3 ^. 

Prove the inequality 

111 , 

b b > 1 . 

3 + a 3 + b 3 + c 

Solution By the inequality AM > HM we have 

((3 + a) + (3 + fe) + (3 + c))f— + -|- + — >9 (1) 

\3 + a 3 + o 3 + c/ 


and 

((3 - a) + (3 - b) + (3 - c)) ( — — + — L- + - 1 —] > 9 

\3 — a 3 — b 3 — c ) 

^ ((3-fl) + (3-fe) + (3-c))f-^- + -|- + -^)>9. (2) 

\3 + a 3 + o 3 + c/ 

After adding (1 ) and (2) we obtain 


18 


1 1 1 

3 + o 3 + h 3 + c 


> 18, i.e. 


■ + 


3 + a 3 + b 3 + c 


> 1 . 


40 Let a,b,c e R + such that a 2 + b 2 + c 2 = 3. Prove the inequality 


1 1 1 

a + be + abc b + ca + bca c + ab + cab 

Solution By AM > HM we have: 


1 1 1 
a + be + abc b + ca + bca c + ab + cafe 
9 

> . 

a + fe + c + afe + fec + ca + 3 abc 

Using the well known inequalities: 

a 2 + b 2 + c 2 > ab + be + ac and (a + fe + c ) 2 > 3(a 2 + fe 2 + c 2 ) 
and according to a 2 + fe 2 + c 2 = 3, we deduce 

afe + fec + ca<3 and a + fe + c<3. 


( 1 ) 


( 2 ) 
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By AM > GM we have a 2 + 6 2 + c 2 > 3-y ^ (abc) 2 and since cr + 6 2 + c 2 = 3 we 
easily deduce that 


abc < 1 

Now according to (1), (2) and (3) we obtain 
1 1 

+ 


1 


a + be + abc b + ca + bca c + ab + cab 


> 


9 


> 


9 


= 1 


a + b + c + ab + be + ca + 3abc 3 + 3 + 3 
Equality occurs if and only if <7 = 6 = c = 1. 

41 Let a, b,c e R + such that a + b + c = 3. Prove the inequality. 


a 2 b 2 + a 2 + b 2 b 2 c 2 + b 2 + c 2 c 2 a 2 + c 2 + a 2 9 

_|_ _|_ > — . 

aZ? + 1 be + 1 ca + 1 2 


Solution Let a, b e R + then we have 
(a - 1) 2 (6- 1) 2 >0 

<+• a 2 6 2 — 2a 2 6 + a 2 — 2ab 2 + 4a6 — 2a + b 2 — 26 + 1 > 0 

<+• « 2 Z? 2 + a 2 + b 2 > 2a 2 6 + 2ab 2 + 2a + 26 — 4a6 — 1 

<+• a 2 b 2 + a 2 + b 2 > 2a(ab + 1) + 2 6(a6 + 1) — 4(a6 + 1) + 3 

= (a6 + l)(2a + 26-4) + 3. 


Hence 


a 2 6 2 +a 2 + 6 2 , 3 

> 2a + 26 — 4 + 


a6 + 1 


a6 + 1 


Similarly we obtain 


6 2 c 2 + 6 2 + c 2 , 3 

> 26 + 2c — 4 + 


and 


6c + 1 


c 2 a 2 + c 2 + a 2 


6c + 1 


> 2c + 2a — 4 + 


ca + 1 


(3) 


( 1 ) 


( 2 ) 


ca + 1 


(3) 


21 Solutions 


237 


Adding (1), (2) and (3) gives us 


a 2 b 2 + a 2 + b 2 b 2 c 2 + b 2 + c 2 c 2 a 2 + c 2 + a 2 

+ 


ab+ 1 


be + 1 


> 4 (a + b + c) — 12 + 

3 3 

+ 


ca + 1 
3 3 


ab + 1 be + 1 ca + 1 
3 


ab + 1 be + 1 ca + 1 
Applying AM > 7/M we obtain 

1 1 1 

> 


1 + ab 1 + be 1 + ca 3 + ab + be + ca 


(4) 


(5) 


Using the well known inequality (a + b + c) 2 > 3 (ab + bc + ca) and a + b + c = 3 
we deduce 


ab + be + ca < 3. 

Finally by (4), (5) and (6) we obtain 

a 2 b 2 +a 2 + b 2 b 2 c 2 + b 2 + c 2 c 2 a 2 + c 2 + a 2 


(6) 


ab + 1 


be + 1 


3 3 3 

> + T 7 + > 


ca + 1 
27 


> 


27 9 


ab + 1 be + 1 ca + 1 3 + ab + be + ca 3 + 3 2 

Equality occurs iff a — b — c = 1 . ■ 

42 Let a, b, c, d be positive real numbers such that a 2 + b 2 + c 2 + d 2 = 4 . Prove 
the inequality 

a 2 + Z? 2 + 3 b 2 + c 2 + 3 c 2 + d 2 + 3 d 2 + a 2 + 3 

1 1 1 > 10 . 

a + b b + c c + d d + a 

Solution Observe that for any real numbers x :,y we have 

x 2 +xy + y 2 =(x+^j +^f>0, 

equality achieves if and only if x — y = 0. 

Hence (a — l) 2 + (a — I )(b — 1 ) + (/?— I) 2 > 0, which is equivalent to 

a 2 + b 2 + ab — 3a — 3b + 3 > 0, 


a 2 + b 2 + 3 > 3a + 3b — ab. 


from which we obtain 
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i.e. 


a + b 

By AM > GM we easily deduce that 


a 2 + b 2 + 3 ab 


a + b 


a + b ab 

> 


4 a + b 

Therefore by previous inequality we get 

a 2 + b 2 + 3 > ^ a + b 


Similarly we obtain 

b 2 +c 2 + 3 
b + c 

d 2 + a 2 + 3 


a + b 


b + c c 2 + d 2 + 3 c + d 
>3 , >3 and 


>3- 


4 

d + a 


c + d 


d + a 4 

Adding the last four inequality yields 

a 2 + b 2 + 3 b 2 + c 2 + 3 c 2 + d 2 + 3 d 2 + a 2 + 3 a+b + c + d 

+ ; + : + : > 12 - 


a + b b + c c + d d + a 

According to inequality QM > AM we deduce that 


( 1 ) 


a 2 + b 2 + c 2 + d 2 a + b + c + d 

V 4 4 

and since r + it 2 + c 2 + / = 4we obtain 

a + b + c + d< 4. 

By (1) and (2) we get 

a 2 + b 2 + 3 b 2 + c 2 + 3 c 2 + d 2 + 3 d 2 + a 2 + 3 


a + b 


b + c 


+ 


c + d 


■ + 


d + a 


> 12 - 


( 2 ) 


a+b+c+d 


>12 = 10 , 

2 


as required. 

Equality occurs if and only if a — b = c = d= 1. 

43 Let a, L r be positive real numbers. Prove the inequality 

111 < 

+ 1 77 7 + > 


ab(a + b) bc(b + c) ca(c + a ) 2 (a 2 + b 2 + c 3 ) 
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Solution According to the obvious inequality ( a + b)(a — b) 2 > 0 we get the in- 
equality 

a 3 + b 3 > ab(a + b). 


Thus 

1 1 

> ;r. 

ab(a + b) a 3 + b 3 

Similarly we get 


bc(b + c) b 3 + c 3 ca(c + a) c 3 +a 3 

After adding the last three inequalities we obtain 

1 1 1111 

1 1 > 1 t H — - . 

ab(a + b) bc(b + c) ca(c + a) a 3 + b 3 b 3 + c 3 c 3 + a 3 

Now since AM > HM we have 

111 9 

a 3 + b 3 b 3 + c 3 + c 3 + a 3 ~ ( a 3 + b 3 ) + ( b 3 + c 3 ) + (c 3 + a 3 ) 

9 

2 (a 3 + b 3 + c 3 ) 


( 1 ) 


( 2 ) 


From (1) and (2) we get the required inequality. 
Equality holds if and only if a = b = c. 


44 Let a, b, c e R + such that a^/bc + byfca + c^fab > 1. Prove the inequality 

a + b + c > V3. 


Solution We have 


i - — , — /— b + c c + a a + b 

1 < aw be + »V ca + cv ab < a \- b \- c 


— ab + ac + be < 


(a + b + c) 2 


i.e. 


(a + b ■ 


■ c) 2 > 3 




a + b + c > V3. 


45 Let a , b, c be positive real numbers such that abc = 1. Prove the inequality 
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Solution By AM > GM we get 


b + c c + a a + b 
y/a yfb yfc 



> 2(\j~ci 4~ Vb ~\~ \fc) ^ “f- Vb “j~ 4~ 3 yf cibc 

— y/ci + \fb + \fc 4" 3. | 

46 Let x, y, z be positive real numbers such that x + y + z = 4. Prove the inequality 

1 1 11 

1 — 1 — < • 

2 xy + xz + yz xy 4- 2xz + yz xy + xz + 2 yz xyz 

Solution By AM > HM we have that ^ 4- j for any a, b e K + . 

Therefore 

1 = 1 + 

2xy + xz+yz (xy + xz) + (xy + yz) 4\xy+xz xy + yz J 

R('(_L + i) + ‘(± + ±)) 

4 \ 4 \xy xz J 4 \xy yz J J 

_ 1 / 2 1 1 \ 2z + y + x 

16\.ry xz yz J 16 xyz 

Similarly, 

1 z + 2y + x 1 z + V 4- 2x 

< 1 and < . 

xy + 2xz + yz 16 xyz xy + xz + 2yz 16 xyz 

Adding the three inequalities yields that 

1 | 1 | 1 ^1 / 4(x + v + z) \ _ 1 

2xy + xz + yz xy + 2xz + yz xy +xz + 2yz ~ 16 \ xyz J xyz 

Equality occurs iff x — y = z = 4/3. ■ 

47 Let a, b, c e R + . Prove the inequality 

abc > (a + b — c)(b + c — a)(c + a — b) . 



21 Solutions 


241 


Solution Setting a + b — c = x, b + c — a — y, c + a — b = z the inequality becomes 
( x + y)(y + z)(z + x) > 8 xyz. 

Let us assume that x < 0 . Then c > a + b, and clearly y and z are positive and the 
right-hand side of the given inequality is negative or zero, but the left-hand side is 
positive, i.e. the inequality holds. 

So we may assume that x, y, z > 0 . Then using AM > GM we get 

(x + y)(y + z)(z + x) > 2^/xy ■ l^fyz • 2 *Jxz = 8 xyz 

and we are done. ■ 


48 Let a, b, c be positive real numbers such that a + b + c = 3. Prove the inequality 

12 

abc H — > 5. 

ab + be + ac 

Solution Recalling the well-known inequality abc > (b + c — a) (c + a — b) (a + 
b — c) (Problem 47) we obtain 


abc > (3 — 2a) (3 — 2b) (3 — 2c) 

4^ abc >21— 18(a + b + c) + 12 (ab + be + ca) — Sabc 
4^ 3abc > 4(ab + be + ca) — 9 
4 (ab + be + ca) 

4> abc > 3. 


Therefore we have 
12 

abc + 


4 (ab + be + ca) 


12 


ab + be + ac 3 ab + be + ac 

where the last inequality follows since AM > GM. 


— 3>8 — 3 = 5, 


49 Let a, b, c be positive real numbers such that abc = 1. Prove that 


a ~ [ + l 


1 


1 


1 +- c-l+- <1 


Solution Since abc = 1, it is natural to take a = ^,b — 7 , c = | where x,y,z> 0. 
Now the given inequality becomes 

- — l + ^)(- — ! + -)(- — 1 + -)<1 i.e. 


(x + y - z)(z + x - y)(y + z - x) < xyz, 


which is true (Problem 47). Equality occurs iff a — b — c = 1. 
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50 Let a,b,c be positive real numbers such that a be — 1 . Prove the inequality 

1 1 1111 

+ + + + • 

1 4~ a 4~ b 1 + h + c 1 + c + u 2 + u 2 + /? 2 + c 

Solution Let x — a + b + c and y = ab + ac + be. 

Clearly x,y > 3 (these are immediate consequences of AM > GM). 

Now the given inequality is equivalent to 

3 + 4 x + y + x 2 12 + 4.r + y 

2x + y + x 2 + xy ~ 9 + 4x + 2y ’ 

i.e. 

3.v 2 y + xy 2 + 6 xy — 5.r 2 — y 2 — 24x — 3 y — 27 > 0, 
i.e. 

(3.* 2 y — 5.r 2 — 12.v) + (xy 2 — y 2 — 3x — 3y) + (6 xy — 9x — 27) > 0, 
which is true since x, y > 3. ■ 


51 Let a, b, c > 0. Prove the inequality 


(a + b) 2 + (a + b + 4c) 2 > 


lOOohc 
a + b + c 


Solution Since AM > GM we have 

(u + b)~ + (o + b + 4c) 2 = (g + b)~ + (ci + 2c + b + 2c)~ 

>4 ab + (2 V 2 ac + 2V 2 be) 2 , i.e. 

(a + b) 2 + (a + b + 4c) 2 > 4 ab + 8 ac + 8 be + 16 cVab. 


Now 


(i a + b) 2 + (a + b + 4c) _ 
abc 

4 ab + 8ac + 8 be + 16 c\fab 


> 


abc 


16 


c b a yfab) 

111 1 

~ + 7 + _ 

Zc b a 


(a + b + c) 

(a + b + c) 
(a + b + c) 


1 


sfab \fab 

Using the last inequality and AM > GM once more we obtain 
(a + b) 2 + (a + b + 4c) 2 


a a b b 
— + — + — + — + c). 
2 2 2 2 


abc 


- (a + b + c) > 8 • 5 


1 

2 a 2 b 2 c 


■5 


2 b 2 c 


5 a 


16 


= 100 , 
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i.e. 


(i a + b) 2 + (a + b + 4c) 2 > 


lOOa/tc 
a + b + c 


Equality occurs if and only if a — b — 


2c. 


52 Let a, b, c > 0 such that a be = 1 . Prove the inequality 

1 + ab 1 + be 1 + ac 

+ h el 3. 

1 “E c? 1 + £? 1 + rz 


Solution Since abc = 1 we have 


1 + ab abc + ab fl£>(c+l) 
1 + a 1 4 -a rz + 1 


and similarly 


1 + be bc(a + 1) 1 + ca ca(b + 1) 

= and = 

1 + b b + 1 1 + c c+1 


Now by AM > GM we obtain 


1 + ab 1 + be 1 + ca ab(c+ 1) bc(a + 1) ca(b+ 1) 

1 1 = H 1 - 

1+fl 1 +b 1+c fl+1 b+l c+1 


>3 


ab(c + 1) bc{a + 1) cfl(Z?+l) 
rt+l b -\~ 1 c+1 


= 3^ (abc) 2 = 3. 


Equality occurs iff a — b — c = 1 . 

53 Let a. b. c be real numbers such that ab + be + ca — 1 . Prove the inequality 


1 


a + — ) + I b H — 


1 


c + - 1 >16. 

a , 


Solution 1 We have 


a + — ) +(£>-) — 


1 

c+ - 
a 


1 


1 


— a + b + c" H — ^ + 7 ^H — t + 2 1 — 4 1 — 


b 2 


= a 2 +^ + Z> 2 +-^ + c 2 +4+ 2(“ + - + - 
a z b A c L 
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n. ab + be + ca 1 ab + be + ca 0 ab + be + ca 

= a H ^ h b H = f-c H ~ 

o z c 



^ ab + Z?c + ct? + 3 + 9 + 3 — 1 + 3 + 9 + 3 — 16. 


Clearly, equality occurs iff a — b = c = 1 /\/3. ■ 


Solution 2 By well-known inequality x 2 + y 2 + z 2 > xy + yz + zx we have 



i.e. 




c + — ) > ab + be + cct + — + — + - + 3 


1 1 1 

ab be ca 


(1) 


Using AM > GM and AM > HM we get f + | + § > 3y/f ■ f ■ § = 3 and ^ + 

5? + ^ ^ ^b+Bc+ca = I = 9 ’ respectively. 

By last two inequalities and (1) we obtain 




>1 + 3 + 3 + 9=16, 


as required. 


Solution 3 By QM > AM we have 



/ 1\ 1 2 ( a + b + c+\ + \ + \ ) 2 

( C+ nj * 3 


(1) 


By well-known {a + b + c) 2 > 3(aZ? + be + ca) and flt + k + cfl = lwe obtain 

a + 1? + c > V3. 


(2) 
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According to AM > GM we have 

1 = ab + be + ca > 3 y/ ( abc ) 2 , 
i.e. 


1 


abc 


;V3. 


By AM > GM and previous inequality we have 

111 3 

— I" 7 H — — j} 

abc abc 

Finally by (1), (2) and (3) we get 


> 3\/3. 


a + — ) + ( b -\ — 


1 


c+ - ) > 
a 


(V3 + 3V3) 2 


(3) 


= 16, 


as required. Equality occurs iff a — b = c = 1 /-s/3- 

54 Let a,b,c be positive real numbers such that abc > 1. Prove the inequality 


1 ~\~ b l-f~c l-pu 

Solution We have 

l-ffl 1 b 1-f-c 


a + b + c — 


1 + b 1+c 1+fl 


— I 1+fl 


1+fl 

1 + Z? 


+ 1 +b 


1 + b 
1 + c 


+ l+c- 


1 + C 

1+fl 


= (1 + fl) ( 1 -TTi 


+ (! + *)( 1 — 


1 + c 


+ d + c) 1- 


1 + a 


-3 


(1 + a)b (1 + b)c (1 + c)a ^ 


1 + b 


1 + c 


1+fl 


> 3 / (1 +a)b (1 +b)c (1 + c)a _ 3 

— V 1 + b 1 + c 1+fl 

= 3 -sj abc — 3 > 0 (abc> 1). 

Equality occurs iff a — b — c— 1 . 

55 Let a, b e R + . Prove the inequality 


fl^ + b + ~ 


a + — I ^ ( 2 a + — I ( 2 b + — ] . 
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Solution For any reRwe have x 2 + 
So it follows that 




i 


i 


a + — I > ( a -\- b — a + H- ) — ($ + /?+ — 


i 


2a + 2b + 1 


2a ■ 


2b- 


1 \ 2 
2 


A>G 


t I 2(7 + — ) I 2Z? + — ) . 


56 Let a, b, c E - 


such that abc — 1 . Prove the inequality 
a b c 


+ 


a 2 + 2 b 2 + 2 ' c 2 + 2 


< 1. 


Solution By the well-known inequality x 2 + 1 > 2x, Vr e K, we have 
a b c a b 


a 2 + 2 b 2 + 2 c 2 + 2 


+ ■ 


+ 


a 2 + 1 + 1 b 2 + 1 + 1 c 2 + 1 + 1 


< 


a 


2fl+l 2b +1 2c + 1 
1 1 1 


2+i 2+j- 2+i 


= A. 


The inequality A < 1 is equivalent to 


1 


2 + - 1 1 2 H — 


2 H — 1 1 2 H — 


2 H — ) ( 2 + - 


< 2+- 2+f 2+- 


l.e. 


1 


1 1 


1111 ... 

4 < 1 1 1 , i.e. 3 < 1 1 , 

ab ac be abc ab ac be 


which is true since ^ ^ ^ > 3^ (^) 3 = 3. 

Equality occurs iffa = £> = c= l. ■ 

57 Let .v, y, z > 0 be real numbers such that x + y + z — xyz ■ Prove the inequality 

(x — l)(y — l)(z — 1) < 6 a/3 — 10. 


Solution Since x < xyz we have v" > I and analogously xz > 1 and xy > 1. At 
most one of x, y , z can be less than 1 . 
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Let x < 1, y > 1, z > L Then we have (x — l)(v — l)(z — 1) < 0, so the given 
inequality holds. 

So it’s enough to consider the case when x > 1, y > 1, z > 1. 

Let x — 1 = a, y — 1 = b, z — 1 = c. 

Then a, b,c are non-negative and since x = a + 1 , y = b + 1 , z = c + 1 we obtain 

a + \ + b+\+c+\ = (a + \){b T l)(c + 1), i.e. 
abc + ab + be + ca — 2. (1) 

Let x = yfabc, so we have 

ab + be + ca > 3-y^ {cibc) 2 = 3x 2 . (2) 

Combine (1) and (2) we have 

x 3 + 3x 2 < abc + ab + be + ca — 2 (x + l)(x 2 + 2x — 2) < 0, 

so we must have x 2 + 2x — 2 < 0 and we easily deduce that x < V3- 1, i.e. we get 
x 3 <(V3-l) 3 = 6^3-10 


and we are done. ■ 

58 Let a,b,c e (1, 2) be real numbers. Prove the inequality 

bJ~a c\[b aJc 

— 1 1 — 

Ab^fc — c^fa Ac^fa — asTb AaVb — b^/c 

Solution Since a,b,c e (1,2) we have 

A b^fc — Cyfa > Asfc — 2yfc — 2 yfc > 0 . 

Analogously we get 4 c-J~a — a\[b > 0 and Aci\fb — bj~c > 0. 

We’ll prove that 

bJa a 

2 > • 

4 b^fc — c^fa a + b + c 

Since Ab^fc — c^Ja > 0 inequality (1) is 

b(a + b + c) > *fa{Abyfc — Cyfa) 

(a + b)(b + c) > Absfac, 

which is clearly true (AM > GM). 

Similarly we deduce that 

C\[b b 

> 

AcJ~a — a\fb a + b + c 


(2) 
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and 


aJ~c c 

v > 


4 aVb — bVc a + b + c 
Adding (1), (2) and (3) we get the required result. 

59 Let a,b,c e R + such that a + b + c — 3. Prove the inequality 

y/a(b + c) + \Jb(c + a) + yj c(a + b) > 3V2abc. 

Solution We have 


(3) 


V ab + ac > (Vab + Vac) . 


Analogously 


V be + ba > (\fbc + \fba) and V ca + cb > ^-{y/ca + Vcb). 

So it suffices to show that 

sfl (Vab + yfac + Vbc) > 3\/2 abc, 
i.e. 

Vofi + yfac + Vbc > 3 \l abc. (1) 

By AM > GM we have 

Vab + Vac + Vbc > 3 Vabc > 3 V abc 
where the last inequality is true since 

3 / : a+b + c 

</abc< = 1, i.e. abc < 1. ■ 

“3 “ ■ 

60 Let a, b,c be positive real numbers such that a + b + c = 1. Prove the inequality 
V a + be + Vb + ca + V c + ab < 2. 

Solution Since a + b + c = 1 we have a + be = a(a + b + c) + be = (a + b)(a + c) 

i.e. 

(a + b) + (a + c) 2 a + b + c 


V a + be = V \a + b)(a + c) , 


Similarly we obtain 


rz 2 b + c + a . 2 c + a + b 

+ b + ca< and Vc + <io< . 


2 


2 
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After adding the last three inequalities, we obtain 


, — r , 2 a + b + c 2b + c + a 2 c + a + b 

\J ci - \- be -\- \J b - b Cd -\- v c -\- db < 1- 1- 

~ 2 2 2 

= 2 (a + b + c) = 2. 


Equality occurs iff a — b — c — 1/3. ■ 

61 Let a, b, c be positive real numbers such that a + b + c + I = 4a be. Prove that 

b 2 + c 2 c 2 + a 2 a 2 + b 2 
1 1 > 2 (ab + be + ca). 


Solution By the well-known inequalities: 

x 2 + y 2 > 2xy and 3(.v 2 + y 2 + z 2 ) > (x + y + z) 2 , 

we obtain 

b 2 + c 2 c 2 + a 2 a 2 + b 2 

1 h 1 

a b c 

2 be 2 ca 2 ab 2 ((be) 2 + (ca) 2 + (ab) 2 ) 2 (bc + ca+ab) 2 

> 1 1 = — 2 — : l : 1 > — — . (1) 

a b c abc 3 abc 

We have 

(ab + be + ca) 2 > 3((ab)(bc) + ( bc)(ca ) + ( ca)(ab )) = 3 abc(a + b + c), 


i.e. 


Also 


i.e. 


ab + be + ca > ^ 3abc(a + b + c). 


Aabc = a + b + c + 1 > 4 \fabc 


abc > 1. 


( 2 ) 


(3) 


Therefore 


(3) 

a + b + c — Aabc — 1 = 3 abc + abc — 1 > 3 abc. 


(4) 


By (1), (2) and (4) we obtain 


b 2 +c 2 c 2 + a 2 a 2 + b 2 
+ ; + 


2 (be + ca + ab) 2 2 (ab + be + ca)^/3abc(a + b + c) 

3abc ~ 3 abc 

2(ab + be + ca)^/ (3 abc) 2 
> = 2 (ab + be + ca). 


3 abc 
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62 Let a, b, c e (— 1, 1) be real numbers such that ab + be + ac = 1. Prove the 
inequality 

6y / (1 — fl 2 )(l — b 2 )(l — c 2 ) < 1 + (a + b + c ) 2 . 

Solution Since a,b,c e (—1, 1) we have 1 — n 2 , 1 — b 2 , 1 — c 2 > 0. 

By AM > GM we get 

6^(1 -fl 2 )(l -b 2 )(\ -c 2 ) = 2 • 3 \/ (1 — fl 2 )(l — b 2 )(l — c 2 ) 

<2(1 -a 2 + 1 -b 2 + 1 -c 2 ) 

= 2(3 - (a 2 + b 2 + c 2 )) 

= 6 — 2(a 2 + b 2 + c 2 ). 

We’ll show that 

6 - 2 (a 2 + b 2 + c 2 ) < 1 + (fl + b + c) 2 . 

This inequality is equivalent to 

6 - 2(a 2 + b 2 + c 2 ) < l + a 2 + b 2 + c 2 + 2 


i.e. 


3 < 3(a 2 + b 2 + c 2 ) 


i.e. 


a 2 + b 2 + c 2 > 1, 


which is true since a 2 + b 2 + c~ > ab + be + ac = 1 . 
Equality holds iffa = £> = c= ±-^. 


63 Let a, b, c, d be positive real numbers such that a 2 + b 2 + c 2 + d 2 — 1. Prove 
the inequality 


\J 1 — a + \/ 1 — b T a/ 1 — c T VY^d ^ 


Solution First we’ll show that 


a b -\- c -\- d < 2. 


We have 

a+b+c+d^ I a 2 + b 2 + c 2 + d 2 1 

4 -y 4 = 2 

i.e. 


( 1 ) 


a T b T c d <2. 
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Furthermore 


n /— (Vl - a - Va)(Vl - a + V«) 1 - 2a 

VI - fl - v<3 = ^ — = ^ . (2) 


■\f 1 — ~Cl \J~tt \J 1 — ~Cl -(- \J~Q. 


By AM < QM we have 


Vl — a + s/a / 1 — a + a 1 

2 " V 2 ~~ V2’ LC ’ VI -a + s/a ~ V2 


1 1 

>-=. 0) 


Using (2) and (3) we deduce 


Vl — a — ~Ja > 


1-2 a 

~JT' 


Similarly 


, <— 1—2 b , 1—2 c 

Vl — b — Vi> > , Vl — c — Vc> and 


Vl -d- Vd 


> 


V2 

1 - 2d 

VT' 


V2 


So it follows that 


Vl — a — «Ja + \/l — d — Vi + Vl — c — Vc + Vl — d — Vd 
4 — 2(rt d *F c 4~ d) ( i ) 


V2 


> 0 , 


as required. 

64 Let x, y, z be positive real numbers such that xyz — 1. Prove the inequality 


1 


1 


1 


1 

(x 4- 1) 2 4- y 2 + 1 ' (y + l) 2 4- z 2 + 1 ' (z + l) 2 4- x 2 4- 1 ~ 2' 
Solution We have 


1 


1 1 

< 


(x 4- l) 2 4- y~ 4- 1 2 + x 2 + y 2 + 2x 2(1 4- x 4- xy) 


Similarly 


1 1 

< 


1 1 

< 


(v 4- 1) 2 4- z 2 + 1 2(1 4- y 4- yz) (z 4- 1) 2 4- x 2 4- 1 2(14 -z4-z*) 


and 
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So we have 

1 1 1 

(x + l) 2 + y 2 + 1 + (y + l) 2 + z 2 + 1 + (z + l) 2 + x 2 + 1 

<U 1 + 1 + 1 Y 

2 V 1 + x + xy 1 + v + yz 1 + z + zx J 

We’ll show that 


+ 


+ 


l+x + xy 1 + y + yz 1 +z + zx 


= 1 , 


from which we’ll deduce the required result. 
We have 


1 


■ + 


1 


+ 


1 


1 + x + xy 1 + y + yz 1 + z + zx 

xyz 1 1 


■ + 


1 + y + yz 
1 

■ + 


+ 


1 + Z + ZX 

y 


xyz + x + xy 
yZ + 

yz + 1 + y 1 + y + yz y + yz+1 
l + y + yz 


= l, 


as required. 

65 Let a, b, c e 


1 + y + yz 


' . Prove the inequality 


■ + , 


■ + . 


y a 3 + (b + c) 3 y a 3 + (b + c ) 3 y a 3 + (b + c) 3 

Solution We’ll prove that for any x, y, z e K + we have 

I x 3 x 2 

> 


> 1. 


x 3 + (v + z) 3 x 2 + y 2 + z 2 


(1) 


We have 


> 

x 3 + (v + z) 3 x 2 + y- + z 2 
^3 




> 


x 3 + (y + z) 3 (x 2 + y 2 + z 2 ) 2 

2 x 2 (y 2 + z 2 ) + (y 2 + z 2 ) 2 >x(y + z) 3 


( 2 ) 
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By AM < QM we have 

2 (y 2 + z 2 )>(v + z) 2 , 

i.e. 

8(y 2 + z 2 ) 3 >(y + z) 6 . 

Using AM > GM and the previous result we get 


2x 2 (y 2 + z 2 ) + (y 2 + z 2 ) 2 > 2- 


>2 J 2 ^^ = *(y + z) 3 , 


so we prove (2), i.e. (1). 
By (1) we have 


a 3 + (b + c) 3 
a 2 

> 


+ , 


a J 


■ + 


a 3 + (b + c) 3 
b 2 


+ , 


+ 


a J 


a 3 + (b + c) 3 
„2 


a 2 + b 2 + c 2 a 2 + b 2 + c 2 a 2 + b 2 + c 2 


= 1 . 


66 Let x,y,z€ R + . Prove the inequality 

(x + y + z) 2 (xy + yz + zx) 2 < 3(x 2 + xy + y 2 )(v 2 + yz + z 2 )(z 2 + zx + x 2 ). 
Solution We have 

3 13 

X 2 + XV + y 2 = - (x + y) 2 + - (x - y) 2 > - (x + y) 2 , 

similarly 

3 3 

y 2 + yz + z 2 >-(y + z) 2 and z 2 + zx + x 2 > -(z + x) 2 . 

Hence 

3(x 2 + xy + y 2 )(y 2 + yz + z 2 )(z 2 + zx + x 2 ) > (x + y) 2 (y + z) 2 (z + x) 2 

81 , 

= tt((x + y)(y + z)(z + x)) 2 . 

54 

We’ll show that 
8 1 

— ((x + y)(y + z)(z + x)) 2 > (x + y + z) 2 (xy + yz + zx) 2 , 


9 

-(x + y)(y + z)(z + x) > (x + y + z)(xy + yz + zx), 

O 
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i.e. 


9(x + v)(y + z)(z + x) > 8(x + y + z)(xy + yz + zx), (1) 

from which we’ll obtain the desired inequality. 

Let’s note that 

( x + y)(y + z)(z + x) = (x + y + z)(xy + yz + zx) - xyz. 

Now by (1) we get 

9(x + y)(y + z)(z + x) > 8((x + y)(y + z)(z + x) + xyz). 


i.e. 


(x + y) (y + z)(z + x) > 8xyz, 

which is clearly true since 

x + y > 2 sfxy, y + z > 2 *Jyz, z + x > 2^zx . 

Equality occurs if and only if x = y = z. ■ 

67 Let «,Lrbe real numbers such that a + b + c — 3. Prove the inequality 
2{a 2 b 2 + b 2 c 2 + c 2 a 2 ) + 3 < 3(a 2 + /t 2 + c 2 ). 


Solution Without loss of generality we may assume a >b >c. 

Let’s denote w = and v = 

We easily obtain a — u + v and /; = u — v . 

We have ab — u 2 — v 2 > c 2 which implies 2 u 2 — 2 c 2 — v 2 > 0. 

Now we have 

a 2 /? 2 + b 2 c 2 + c 2 a 2 = c 2 (ci 2 + b 2 ) + a 2 b 2 = c 2 (2ir + 2v 2 ) + (u 2 — v 2 ) 2 

= -v 2 (2u 2 - 2c 2 - i> 2 ) + u 4 + 2 c 2 u 2 < n 4 + 2 c 2 m 2 . (1) 


Also 

a 2 + & 2 + c 2 = 2 m 2 + 2u 2 + c 2 > 2w 2 + c 2 . (2) 

We’ll show that 

2(m 4 + 2c 2 u 2 ) + 3 < 3(2m 2 + c 2 ). (3) 

From a + Hc = 3we have c = 3 — 2u . 

Now inequality (3) is equivalent to 

2 u 4 + 4(3 - 2 ufu 2 + 3 < 6m 2 + 3(3 - 2uf 

3n 4 — 8n 3 + 3n 2 + 6n — 4 < 0 (u — l) 2 (3n 2 — 2« — 4) < 0. 

Since 2 m < 3 we easily deduce that 3m 2 — 2m — 4 < 0. So inequality (3) holds. 


21 Solutions 


255 


Combining (1), (2) and (3) we obtain the required result. 

Equality holds if and only if ci = b = c = 1. ■ 


68 Let a, b, c, cl be positive real numbers. Prove the inequality 

a — b b — c c — d d — a 

1 H — I — L 0. 

b + c c + d d + a a + b 


Solution Applying AM > HM we have 


a — b b — c c — d d — a 

1 + — 1 ~ 

b + c c + d d + a a + b 

a + c b + d c + a d + b 

= f- + — 4 

b+c c+d d+a a+b 

1 1 


= (a + c) 


b + c 
4 (a + c) 


d + a 
4 (b + d) 


+ (b + d) 


1 


a + b + c + d a + b + c + d 


1 


c+d a+b 
-4 = 0. 


-4 


69 Let a, b, c e R + such that a + b + c = 1. Prove the inequality 

a b c 9 

( b + c) 2 + (c + a) 2 (a + b) 2 ~ 4 


Solution We’ll use the following well known inequalities: 

For any a, b, c > 0 we have | ( Nesbit’s ) and for any x, y,z> 

0 we have 


2 2 2 ^ o + y + z)- 

x +y +z > 


Now we obtain 

a b 

(b + c) 2 + (c + a) 2 + 


c 

(a + b) 2 


a(a + b + c) b(a + b + c) c(a + b + c) 


( b + c) 2 (c + a) 2 


b 


b + c 


c + a 


(a + b) 2 
2 


a+b ) b+c 


b c 

+ —— + 


c+a a+b 
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Using previous well-known inequalities we have 

abc 
(b + c) 2 (c + fl) 2 (a + b) 2 

c \ a b c 

7 ) 1 I 1 7 

a + b ) b + c c + a a + b 



70 Let a,b,c e R + such that abc — 1 . Prove the inequality 

a 2 c b 2 a c?b 3 

1_ _J_ > — . 

(b + c)(c + a) ( c + a)(a + b ) ( a + b){b + c ) 4 


1 / a b 

> - 7 + + 

3 \b + c c + a 


Solution Clearing denominators gives us 

4(a 4 c + b 4 a + c 4 a + a 3 cb + ir'ac + (?ba ) 

> 3 (a 2 b + a 2 c + b 2 a + b 2 c + c 2 a + c 2 b + 2 abc), 


i.e. 

4(a 4 c + b 4 a + c 4 a + a 2 + b 2 + c 2 ) > 3 (a 2 b + a 2 c + b 2 a + b 2 c + c 2 a + c 2 b + 2). 
By AM > GM and abc — I we have 
4(a 4 c + b 4 a + c 4 a + a 2 + b 2 + c 2 ) 

— ( a 4 c + a 2 + b 4 a) + ( b 4 a + b 2 + c 4 b) + ( c 4 b + c 2 + a 4 c) + ( a 4 c + a 2 + c 2 ) 
+ (b 4 a + b 2 + a 2 ) + ( c 4 b + c 2 + b 2 ) + ( a 4 c + b 4 a + c 4 b) + (a 2 + b 2 + c 2 ) 

> 3v/ a 6 b 2 + 3v/ b 6 c 2 + 3v/ c 6 a 3 + 3v/ a 6 c 3 + 3 tJ c 6 b 3 + 3v^ a 5 b 5 c 5 
+ 3-y^ a 2 b 2 c 2 

— 3 (a 2 b + a 2 c + b 2 a + b 2 c + c 2 a + c 2 b + 2), 

and we are done. ■ 

71 Let a, b, c > 0 be real numbers such that abc = 1 . Prove that 
(a + b)(b + c)(c + a) > 4 (a + b + c — 1). 


Solution Using the identity 


(a + b){b + c)(c + a) — (a + b + c)(ab + be + ca) — 1, 
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the given inequality becomes 

ab + be + ca + 

By AM > GM we have 

3 3 (ab + bc + ca) 

ab + be + ca + ■ 


a + b + c 


>4. 


a + b + c 


>4 


J (ab + be + ca ) 3 
V 9(a + b + c) 


(1) 


( 2 ) 


a + b + c 3 

So it’s enough to show that 

(i ab + be + ca) 3 > 9(a + b + c). 

By AM > GM and afoc = 1 we get 

ab + be + ca > 2>\/ ( abc ) 2 = 3. 

Furthermore, since (x + y + z) 2 > 3 (xy + yz + zx), we deduce 

(ab + be + ca) 2 > 3 ((ab)(bc) + (bc)(ca) + (ca)(ab)) = 3(a + b + c). (3) 
By (2) and (3) we obtain (ab + be + ca) 2 > 9 (a + b + c), i.e. (1) is true. ■ 

72 Let a, b, c be positive real numbers such that abc = 1 . Prove the inequality 

3 6 


1 


> 


a + b + c ab + bc + ca 


Solution Let x=^,y=^,z=^- Then clearly xyz = 1 . 
The given inequality becomes 


1 + 


> 


xy + yz + zx x + y + z 
Using the well-known inequality (x + y + z) 2 > 3 (xy + yz + zx) we deduce 

3 . 9 


1 + > 1 

xy + yz + zx 

So it’s enough to prove that 

9 

1 + 


(x+y + z) 


2 ' 


(x + y + z) 2 x + y + z 


The last inequality is equivalent to ( 1 


x+y+z 


) 2 > 0, and clearly holds. 


73 Let x,y,z be positive real numbers such that x 2 + y 2 + z 2 = xyz. Prove the 
following inequalities: 
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Solutions 


1° xyz >27 

2° xy + yz + zx > 27 

3° x 4- y 4- z > 9 

4° xy + yz + zx > 2(x + y + z) + 9. 

Solution 

1° Using AM > GM we get 

xyz = x 2 + y 2 + z 2 > 3^ ( xyz ) 2 , i.e. (xyz) 3 > 27(xyz) 2 , 

which implies 

xyz > 27. 

2° By AM > GM we get xy + yz + zx > 3 ^ (xyz) 2 > 3^27 2 = 27. 

3° By AM > GM and 1° we get x + y + Z > 3^/xyz > 3y/2H — 9. 

4° Note that x 2 + y 2 + z 2 = xyz implies x 2 < xyz, i.e. x < yz; analogously y < zx 
and z < xy. 

So xy < yz • zx, i.e. z 2 > 1, from which we deduce that z > 1; analogously x > 1 
and y > 1 . So all three numbers are greater than 1 . 

Let’s denote a — x — 1, b = y — 1, c = z — 1. Then a, b, c > 0 and clearly x = 
a + 1 ,y — b+ 1 , z = c + 1. 

Now the initial condition x 2 + y 2 + z 2 = xyz becomes 

a 2 4~ b~ + c 2 Aci~\~bAc~\~2 — cibc 4~ cib 4“ be 4~ ca. (1) 

If we set q = ab + be + ca we have 


ci~ + b + c 2 > q, ci 4~ b 4~ c - 


■ > ^ and «*:<(!) 
Finally by (1) and the last three inequalities we obtain 


27 


( 3<?) 3/2 


^ -f- y/ 3^ “I - 2 < $ 2 -|- /? 2 -|- c 2 -|-6f-}-Z?-|-c-l-2 — -f- -|- c# < — 1- ^ , 


i.e. 


y/'iq + 2 < 


( 3<?) 3/2 


27 


(2) 


Denote 3q — A . Then inequality (2) is equivalent to 


A 3 


A 4- 2 < — (A — 6)(A 4- 3) > 0, 


from which we deduce that we must have ^/3q = A > 6, i.e. q > 12. 
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Hence 

ab + be + ca> 12 <£> (x — l)(y — 1) + (y — l)(z — 1) + (z — l)(x — 1) > 12, 

from which we obtain xy + y z + zx > 2 (x + y + z) + 9 , and we are done. ■ 

74 Let a , £>, c be real numbers such that a 2 + b 2 + c 3 — 3 abc = 1 . Prove the in- 
equality 

a 2 + b 2 + c 2 > 1. 


Solution Observe that 

1 = o 3 + b 3 + c 3 — 3 abc = (a + b + c)(a 2 + b 2 + c 2 — ab — be — ca) 
= (<7 + ^ + C) ((fl - b) 2 + (b- c ) 2 + (c - a) 2 ). 


Since (a — £>) 2 + (b — c) 2 + (c — a) 2 > 0 we must have a + b + c > 0 . 
According to 

(a + b + c)(a 2 + b 2 + c 2 — ab — be — ca) = 1 


we deduce 


2 ,2 2 (a + b + c) 2 - a 2 - b 2 - c 2 

{a b -(- c) { a -f- -f- c — 


= 1 


and easily find 


a z + b~ + c" — — I (a + + c) z + 


a + b + c 


Since a + b + c > Owe may use AM > GM as follows 


a" + b 2 + c 2 = - ( (a + b + c) z + 


1 


1 


1 


a + b + c a + b + c 


> 1 , 


as required. 

Equality occurs iff a + £> + c = 1 . ■ 

75 Let a, b,c,d e R + such that -^4 + -^4 + + yyyyr = 1 . Prove that 

abccl > 3 . 


Solution We’ll use the following substitutions 


1 1 1 1 

1 +a 4 ’ 1 +b 4 1 + c 4 1 + d 4 

Then we obtain x + y + z + t = 1 and a 4 — , b 4 — , c 4 — , d 4 — . 
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Solutions 


We need to show that 


a 4 b 4 c 4 d 4 > 81, 


i.e. 


1 — x 1 — y 1 — z 1 — t 


>81. 


x y z t 

Applying AM > GM we have 

l — x 1 — y 1 — z 1 —t_y+z+t x + z + t x + y + t x + y + z 
x y z t x y z t 

3<yjzJ 3 Zfxzt 3 $xyt 3 f/xyz 


> 


y 


t 


= 81, 


as desired. 

76 Let A, b, c be non-negative real numbers. Prove the inequality 


ab + be + ca 3 / ( a + b)(b + c)(c + a ) 


Solution The given inequality is homogenous, so we may assume that ab + be ■ 
ca = 3. 

Then clearly 

(a + b + c) 2 >3(ab + be + ca) — 9, i.e. a + b + c>3 


and 


ab + be + ca ,/ ^ 

1 = > V (abc) 2 , i.e. abc < 1. 


So we need to prove that 


3/ (a + b)(b + c)(c + a) 


> 1, i.e. (a + b)(b + c)(c + a) > 8. 


We have 


(. a + b){b + c)(c + a) = (a + b + c)(ab + be + ca) — abc 
— 3 (a + b + c) — abc >9—1 = 8, 

and we are done. 

Equality holds iff a — b — c. ■ 

77 Let a, b, c, d be positive real numbers such that a+b + c + d— 1. Prove that 


16(fl£>c + bed + eda + dab) < 1 . 
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Solution We’ll show that 

16 (abc + bed + eda + dab) < (a + b + c + d) 3 . 

Applying AM > GM gives us 

16 (abc + bed + eda + dab) = I6ab(c + d) + 16 cd(a + b) 

< 4 (a + b) 2 (c + d) + 4 (c + d) 2 (a + b) 

= 4{c 4~ d)(a ~\~ b)(a 4~ b -\- c 4~ d) 

^ {a “(- b 4~ e 4~ d) 3 . 

It is obvious that equality holds if and only if a — b — c = d — 1 /4. ■ 

78 Let a , b. c, d . e be positive real numbers such that a + b + c + d + e = 5. Prove 
the inequality 

abc + bed + ede + dea + eab < 5. 

Solution Without loss of generality, we may assume that e = min {a, b, c, d , e). 

By AM > GM, we have 

abc + bed + ede + dea + eab — e(a + c)(b + d) + bc{a + d — e) 

f a 4~ c 4~ b -\- d\~ fbAeAaAd — 

S '(— 2— ) + ( 3 ) 

e(5-e) 2 t (5 — 2e) 3 
~ 4 + 27 ' 

So it suffices to prove that 

^5-^ (5-2^ < 

4 21 ~ 

which can be rewrite as (e — l) 2 (e + 8) > 0, which is obviously true. 

Equality holds if and only if a = b = c = d = e=\. ■ 

79 Let a, b, c > 0 be real numbers. Prove the inequality 

a b c a + b b + c 

— H 1 — > 1 h L 

b c a b + c c + a 

Solution Let x — | , y = | . 

Then we get 

c y a + b x + 1 b + c y + 1 

a x’ b + c y + 1 ’ c + tz x + y ’ 
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and the given inequality becomes 

x 3 y 2 + x 2 + x + y 3 + y 2 > x 2 y + 2 xy + 2xy 2 . 
Using AM > GM we obtain 


( 1 ) 


x 3 x 2 + x 9 
— > x 2 y, 


>2^ and .- + yl>2xy. 


After adding the last three inequalities we obtain inequality ( 1 ). 
Equality occurs iff x = y = 1 , i.e. iff a = b — c. 


80 Let a, b, c > 0 be real numbers such that abc = 1 . Prove the inequality 


b 


1 + 7- 1 + - 1 + - )>2(l+a + b + c). 


Solution The given inequality is equivalent to 


Furthermore 


Analogously 


So 


a a b b c c 

7 1 1 1 1 t-r> 2(fl + b + c). 

b c a c a b 


a a a a 3 re; 

— H f- 1 = — H V abc > 3 v a 3 = 3 a. 

be be 


b b c c 

— I h 1 > 3 h and — | h 1 > 3 c. 

a c a b 


aabbcc„„ 

— H 1 1 1 h — + 3>3(fl + b + c). 

b c a c a b 


(D 


It is enough to show that a + b + c > 3 . 

We have a + b + c > 3 Ifabc — 3 , and finally from ( 1 ) we obtain 

— H 1 1 1 1 7 + 3 > 2 (a + b + c) + (a + b + c) > 2 (a + b + c) + 3 , 

b c a c a b 


a a b b c c 

7 + - + - + - + - + 7>2 (a + b + c). 

b c a c a b 


Equality holds iff a = b — c = 1 . 

81 Let a, l 
inequality 


81 Let 0, b, c be positive real numbers such that « + /? + c > 7 + 7 + 7 . Prove the 


, 3 2 

0 + b + c > 1 — - — . 

a + b + c abc 
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Solution By AM > HM we get 


111 9 

a + b + c > — h - H — > 


a b c a + b + c ’ 


i.e. 


We will prove that 


a + b + c 3 
> 


a + b + c 


2 (q + b + c) 2 

3 — abc' 


(1) 


( 2 ) 


i.e. 


a + b + c > . 

abc 

Using the well-known inequality (xy + yz + zx ) 2 > 3(xy + yz + zx) we obtain 


, /'l 1 1 V /I 1 1 \ a+b + c 

(a + b + c) > ( — h y — I — ) >31— + - 1 I — 3 — , 

. a b c) \ab be cat abc 


i.e. 


a + b + c > . 

abc 

After adding (1) and (2) we get the required inequality. 


82 Let a, b,c,d be positive real numbers such that abed — 1 . Prove the inequality 
1+ab 1 + be 1 + cd 1 +da 


1+rt 1 + Z? 1 + c 1+r/ 


>4. 


Solution Clearly cd—\ and ad = j- . 


Now we have 


1 + ab 1 + be 1 + cd 1 + da 

A — + + + 

1 + a 1 + b 1 + c 1 +d 

1 +ab 1 + be 1 + 1 /ab 1 + 1 /be 


1 + tr I + /7 1 + c 

( 1 1 

= (1 + ab) ( 1 

\ 1 + a ab + abc 


1 + d 


+ (1 +bc) 


1 


1 


1 + b be + bed 


( 1 ) 
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By AM > HM and (1) we deduce 

( 1 1 

A = (l+ab) + 


, 1 1 

+ (1 + Z?c)( - + 


1 + a ab + abc ) \ 1 + b be + bed 

4(1 +ab) 4(1 Abe) 


= 4 


= 4 


1 + a + ab + abc 1 + b + be + bed 
1 + ab 1 + be 


1 + a + ab + abc 1 + b + be + bed 
1 + ab a + abc 


l+a + ab + abc a + ab + abc + abed 
Since abed = 1 from (2) we obtain A > 4, as required. 

83 Let a, b, c e R + . Prove the inequality 

111 27 

■ + > 


b(a + b ) c(b + c) a(c + a ) 2 (a + b + c) 2 

Solution Applying AM > GM we have 

1 


■ + 


1 


■ + 


1 


>3. 


1 


and 


b(a + b) c(b + c) a(c + a) V abc(a + b)(b + c)(c + a) 


3 / 1 3 

a + b + c >3S/abc, i.e. > 


abc a + b + c 


Furthermore 


( 2 ) 


( 1 ) 


(2) 


1 3 ,, 

1 + b + c — - ((a + b) + (b + c) + (c + a)) > — y (a + b)(b + c)(c + a), 


i.e. 


1 


> 


J/(a + b)(b + c)(c + a) 2 (a + b + c) 

Combining (2), (3) and (1) we get 


( 3 ) 


1 


1 


+ 


1 


b(a + b) c(b + c ) fl(c + fl) 


>3- 


1 


> 3 - 


abc(a + b){b + c)(c + a) 

3 3 27 


a + b + c 2(a + b + c) 2 (a + b + c) 2 
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84 Let a. b. c be positive real numbers such that a + b + c = 3. Prove the inequality 

a 2 b 2 c 2 ^ 3 

b 2 - 2b + 3 + c 2 - 2c + 3 + a 2 - 2a + 3 ~ 2 ' 

Solution Since a + b + c — 3 by QM > AM we have 

(b - l) 2 = ((1 - a) + (1 - c)) 2 < 2 ((a - l) 2 + (c - l) 2 ). 


Hence 

(b - l) 2 < |((a - l) 2 + (b - l) 2 + (c - l) 2 ) = l(i i 2 + b 2 + c 2 - 3). 

So we have 

b 2 -2b + 3 = {b- l) 2 + 2< l(a 2 + b 2 + c 2 - 3) + 2=l(a 2 + b 2 + c 2 ), 
which implies 

a 2 ^ a 2 3 a 2 

b 2 -2b + 3~ l( a 2 +b 2 + c 2 ) = 2 (a 2 + b 2 + c 2 ) ' 

Similarly we get 

b 2 3 b 2 j c 2 3c 2 

c 2 — 2c + 3 2 (a 2 + b 2 + c 2 ) a 2 — 2a + 3 2(a 2 + b 2 + c 2 ) 

By adding the last three inequalities we obtain the required inequality. ■ 

85 Let a, b,c be positive real numbers such that ab + be + ca — 3. Prove the in- 
equality 

1 1 11 

1 + a 2 (b + c) + 1 + b 2 (c + a) 1 + c 2 (a + b) ~ abc 


Solution Observe that 

1 1 1 _ 1 
1 + a 2 (b + c) 1 + a (ab + ac) 1 + a (3 — be) 3a + 1 — abc 

By AM > GM we get 


ab + be + ca 
3 


> / (abc) 2 . 


Thus 


abc < 1. 
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Therefore 


Similarly, 


1 _ 1 1 

I + a 2 (b + c) 3a + 1 — abc ~ 3 a 

II 11 

o < — and r < — . 

1 + b 2 (c + a) 3b l + c 2 (a + b) 3c 


Now we have 


1 


+ 


1 


+ 


1 


1 +a 2 (b + c) 1 +b 2 (c + a) 1 + c 2 (a + b) 




- be + ca 


3 \ 


abc 


1 

abc 


3 \a b c , 

Equality holds iff a — b = c ■ 

86 Let a, b, c be positive real numbers such that a + b + c — 1 . Prove the inequality 
ay/ 1 + b — c + by/ 1 + c — a + ay/ 1 + a — b < 1. 


Solution Note that 1 + £> — c = a + b + c + b — c — a + 2b >0. 

Now by GM < AM we have 

3/7— i 1+^-c+l + l a(b-c) 

Similarly 

* j b(c — a) 2 1 c(a — b) 

by/l+c — a<b-\ and cvl+fl — b<c-\ . 

Adding these three inequalities we get 

ay / 1 + b — c + by / 1 + c — a + cy/\ + a — b < a + b + c = 1. 
Equality occurs iff a — b — c = 1/3. 


87 Let a, b, c e B + such that a + b + c = 1 . Prove the inequality 

1 — 2 ab 1 — 2 be 1 — 2 ca 

1 1 ; > 7 . 

cab 

Solution We have 

1 — lab 1 — 2 be 1 — lea 

1 1 

cab 

(a + b + c) 2 — lab (a + b + c ) 2 — Ibc (a + b + c ) 2 — lea 
cab 
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a 2 + b 2 + c 2 + 2 be + 2 ac a 2 + b 2 + c 2 + lac + 2 ab 
1 


+ 


7 2 + b 2 + c 2 + lab + 2bc 


= ( a 2 +b 2 + c 2 ) 


1 1 

a b c / 

1 1 1 


+ 4 (a + b + c) 


= (a z + b z + c‘)l - + - + - +4. 

\a b c J 

By QM > AM we get 

2 2 2 (a + b + c) 2 1 1 1 1 

a 2 + b 2 + c 2 > = - and -+- + -> 

3 3 a bca+b+c 

Finally, from previous inequalities and (1) we obtain 


(1) 


9 


= 9. 


1 — 2 ab 1 — 2£>c 1 — 2ca 

1 1 


= (fl z + fe z + c z )( - + | + -)+4>-+4 = 7. 
a b c 


88 Let a, b, c be non-negative real numbers such that a 2 + b 2 + c 2 = 1. Prove the 
inequality 

1 — ab 1 — ab 1 — ab 1 
+ ^ ^ + > -■ 


7 — 3 ac 7 — 3 ac 7 — 3 ac 3 


Solution First we’ll show that 

1 


1 , 1 ^ 1 

7-3 ab + 7-3 be + 7-3 ca ~ 2' 


By AM > HM we have 

1 


1 


1 

< - 


1 


7-3 ab 3(1 — ab) + 2 + 2 — 9\3(1 — ab) 

Similarly we get 


1 


1 

< - 


1 


7 — 3bc ~ 9 \ 3(1 — be) 
So it follows that 


+ 1 ) and 


1 


1 

< - 


7 — 3ca ~ 9 \3(1 — ca) 


+ 1 


1 


+ 1 


1 


1 1 1 

+ < 


1 


1 


1 


7 — 3 ab 7 — 3 be 7 — 3 ca 27 \ 1 — ab 1 — be 1 — ca 

Recalling the well-known Vasil e Cirtoaje ’s inequality 


1 


+ 


1 


1 9 

< 


1 — ab 1 — be 1 — ca 2 ’ 


( 1 ) 


+ ( 2 ) 
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by (2) we obtain 

1111 

1 -3ab + 7 — 3bc + 7-3 ca ~ 2' 

Since a 2 + b 2 + c 2 = 1 we have a,b,c < 1 and then clearly 
7 — 3 ab, 7 — 3flb, 7 — 3«Z? > 0, 


so by AM > GM we have 

7 — 3a£> 7 — 3ab 7 — 3 ab 


+ 


■ + 


7 — 3ac 7 — 3ac 7 — 3ac 

Finally by (2) and (3) we have 

3 — 3 ab 3 — 3 ab 3 — 3 ab 

+ - — — + 


>3. 


(3) 


7 — 3 ac 7 — 3 ac 7 — 3 ac 

'l — 3ab 7 — 3ab 7 — 3ab 


K 7 — 3 ac 7 — 3ac 7 — 3 ac 
>3-2=1, 


-4 


1 


1 


1 


7 — 3a7> 7 — 3foc 7 — 3ca 


i.e. 


1 — ab 1 — ab 1 — ab 1 
+ = — + > -• 


7 — 3t/c 7 — 3ac 7 — 3ac 3' 

as required. 

89 Let x,y,z& R + such that x + y + Z = 1 . Prove the inequality 

xy zx yz 


+ 


i+z 2 


l + J 2 


+ 


n+X* 


1 

< 


Solution We have 


— +x — “C^ + y + z) + x — 


2 2 x 2 + y 2 + z 2 + 2 (xy + yz + zx) 


+ x z 


xy + yz + zx + 2 {xy + yz + zx) 2 2 

> \-x = xy + yz + zx + x~ 


= {x + y)(x + z). 


Now we get 


yz 


yz 


" < ~ < — 1 

/i , v 2 V (x + y)(x + z) 2 V x + y x + z 


HM<GM yz 
~2 


( 1 ) 


21 Solutions 
Analogously 

and 


xy 


< 


f + 


xy 


2 + j z + y 


z* 


< 


zx 


3+^ 2 


Adding (1), (2) and (3) we obtain 


1 1 

+ 


L < — 


1 1 

+ 


zx 
+ — 


2 \ y + z y + x 


1 1 

■ + 
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( 2 ) 


(3) 


yz 


1 1 
+ 


2 \z + .r z + yj 2 \y + z y + xj 2 \.r + y x + z 
1 /xy + yz xy + zx yz + zx \ x + v + z 1 


x + z 


y + z 


y + x 


90 Let a, b, c be positive real numbers such that a + b + c = 1 . Prove the inequality 

a — be b — cci c — ab 3 

_|_ 1_ < _ _ 

a + be b + cci c + ab 2 


Solution Note that 
a — be 


2 be 


2 be 


2 be 


a + be 1 — b — c + be (1 — b)(l — c) ( c + a)(a + b )’ 


Similarly we get 
b — ca 


= 1 


a — be 
a + be 


2 ca 


= 1 


2 be 


b + ca (c + b)(b + a) 

Now the given inequality becomes 

2 be 2ca 


(c + «)(«+ b) 


c — ab 

and = 1 


2 ab 


1 - 


(c + a) (a + b) 


1 - 


c + ab 


-1 - 


(b + c)(c + a) 


2a b 


(i c + b)(b + a ) (& + c)(c + a) 


3 
< - 


2 be 


+ 


2 ca 


2a b 


3 

> 


( c + a){a + b ) ( c + b)(b + a ) (b + c)(c + a) 2 

After expanding we get the equivalent form as follows 


4 (bc(b + c) + ca(c + a) + ab(a + b)) > 3(a + b)(b + c)(c + a), 
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i.e. 


1 1 1 

ab + be + ac >9abc, i.e. — I 1 — >9, 

a b c 


which is true since 


1 1 1 

— I h - > 


9 


a b c a + b + c 
Equality occurs iff a — b — c = 1/3. 


= 9 (AM > HM). 


91 Let a. b. c be positive real numbers such that a be — 1. Prove the inequality 


a + b b + c c + a 


a 1 y C \ v <2 + 1 
Solution By AM > GM we get 


>3. 


a + b b + c c + a ^ 6 1 (a + b)(b + c)(c + a) 

fl + i + V c + i + V« + i- y (o + 1)(^ + i)(c + 1)' 

So it suffices to prove that 

( a + b)(b + c)(c + a) 
(a+l)(b+l)(c+l) 

i.e. 


> 1 , 


C a + b)(b + c)(c + a) > (a + 1)(Z? + l)(c + 1). 

Since abc = 1 we need to prove that 

ab(a + b) + bc(b + c) + ca(c + a)>a + b + c + ab + bc + ca. (1) 
According to AM > GM we have 

2 (ab(a + b) + bc(b + c) + ca(c + a)) + (ab + be + ca) 

= + a 2 b + a 2 c + a 2 c + be) > 5 = 5(fl + b + c) (2) 


eye 


eye 


2 (ab(a + b) + bc(b + c) + ca(c + a)) + (a + b + c) 

— a 2 b + erb + b 2 a + b 2 a + c) > 5 = 5 (ab + be + ca). (3) 

eye eye 


and 
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After adding (2) and (3) we obtain 

4(ab(a + b) + bc(b + c) + ca(c + a)) + ( ab + be + ca) + (a + b + c) 

> 5(ab + be + ca) + 5 (a + b + c). 

Hence we have proved (1), as required. Equality holds a — b — c—\. ■ 

92 Let x, y, z > 0 be real numbers such that xy + yz + zx — 1. Prove the inequality 

x y z 3^3 

1 + x 2 1 + y 2 + 1 + z 2 ~ 4 

Solution We have 

1+ x 2 — xy + vz + zx + x 2 — (. x + y)(x + z). 

Analogously we obtain 

1 + y 2 = (y + x)(y + z) and 1 + z 2 = (z + x)(z + y). 


Therefore 

.r y z 

+ t + 


x y z 

+ - f- - + 


l+x 2 1 + y 2 1+z 2 (x + y)(x + z) (y + x)(y + z) (z + x)(z + y) 

x(y + z) + y(x + z) + z(x + v) 


(x + y)(y + z)(z + x) 

2 


(1) 


(x + y)(y + z)(z + x) 

It is easy to show that 

(x + y)(y + z)(z + x) = x + y + Z — xyz. (2) 

Due to the well-known inequality (x + y + z) 2 > 3(xy + yz + zx) we obtain 

(x + y + z) 2 > 3(xy + yz + zx) = 3, i.e. x + y + z > V?>. (3) 

Applying AM > GM it follows that 

xy + yz + zx > 3 ^ (xyz) 2 . 


i.e. 


27 ° W5- XK - 


(4) 
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Using (3) and (4) we obtain 


x + y + z — xyz > V3 — 


3V3 3V3' 


(5) 


Finally using (1), (2) and (5) we get 

xyz 2 2 3\/3 

1 1 = = < . 

l+x 2 1 +y 2 1 +z 2 (x + y)(y + z)(z + x) x + y + z — xyz 4 

Equality occurs iff x = y = z = . ■ 

93 Let a,b,c be non-negative real numbers such that ab + be + ca = 1. Prove the 
inequality 

1 1 1 3V3 

1 1 > . 

1 + a 1 b 1+c -s/3 + 1 

Solution After some algebraic calculations we get 


4 2 (u - b c) 3 V3 

2 + a + b + c + abc ~ 4- 1 

4^- 2(2 + a + b + c) (V3 4- 1) ^ 3V^3 (2 4~ a 4- 4~ c 4“ abc') 

3^/3 

44- 2 4- (fl 4- 4- c) > —abc, 

2- V3 


i.e. 

2 -)- (a 4- ^ 4- c) > 3^3(2 4- V3)abc. (1) 

Applying AM > GM we obtain 

1 = 4 - foe 4 - ca > 3 (abc) 2 , 



— — > abc. 

3V3 

(2) 

Also we have 




a + b + c > a/3. 

(3) 

Using (2) and (3) we get 




2+(a + b + c)>2 + ^3> 3^3(2 4- V3)abc, 


i.e. we have shown inequality (1), as desired. 

Equality holds if and only if a — b = c — 1 /-s/3 . ■ 


21 Solutions 
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94 Let a, b, c be non-negative real numbers such that ab + be + ca = 1. Prove the 
inequality 


+ 


b 2 c 2 
+ 


> 


V3 


1+fl 1 -\- b l+C -y/3 + 1 

Solution Using = x — 1 + yy-y we have 


l+x 
l 2 b 2 


e 1 

= ct b c — 3 + ■ 


1 


1 


\ Q 1 - b 1 -f- C 1 -j- £7 1 -p Z? 1 -p C 

Now using the result from Problem 89 and the inequality a + b + c > V3 we obtain 

- 2 b 2 c 2 111 

+ 


■ + 


1 -P £7 1 — |— Z? 1 -p c 


= a + b + c — 3 + 


> 


V3-3- 


1 +a 1 + b 1 + c 

3V3 V3 


V3+1 V3+1' 

Equality occurs if and only if a = b = c = 1 / V3- 

95 Let a,b,c e K + such that ( a + b){b + c)(c + a) — 8. Prove the inequality 


a + b + c 2 i a 2 + b 3 + c 3 


Solution We have 

(a + b + c) 3 — a 3 + b 3 + c 3 + 3(« + b){b + c)(c + a) 
= a 3 + b 3 + c 3 + 24 = a 3 + b 3 + c 3 + 3 H 


9^/ (a 3 + b 3 + c 3 )3 8 


'a + fe + cN > 9 a 3 + b 3 + c 3 . a + b + c > 27/ a 3 + b 3 + c 3 


4 _ 2 

96 Find the maximum value of x ~ x 


6^-> v 3_i > where iel,t> 1. 


Solution We have 


x 4 — x 2 


x — — 


x — - 


x 6 + 2 x 3 — 1 x 3 + 2 - X (x- h 3 + 2 + 3 (x- h' 


( 1 ) 
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We’ll show that 


Since x > 1 we have 1 > -, i.e. x — - > 0. 


x + 2 > 31 x . 


From AM > GM we get 


x — — | +2= lx--) + 1 + 1 > 3,7 I x ) -1-1 = 3 x-- 


Now in (1) we obtain 


4 2 


< 


X 6 + 2x 3 - 1 x 3 + 2- J 3 (x-i) 3 + 2+3(x-i) 3(*-i) + 3(x-i) 

1 

= 6 ■ 
97 Let a, r be positive real numbers. Prove the inequality 


a + \fab + Ifabc J a + b a + b + c 

1 <Ja . 


Solution Applying AM > GM we get 


, 3 / ab ■ — ^ — > yj ab ■ yf^E = slab. 


So 


a + -Job + y/ abc < a + *1 ab ■ — — f- y/abc. 


Now, it is enough to show that 


Cl -\- 




a + b 
2 


a + b + c 
3 


Another application of AM > GM gives us 



3 a 

< 

a + b + c 


1 i_ 2a I 3 a 

' a+b ' a+b+c 

3 


t 3b ^ 2+ 7 ^E+~c 

V a + b + c ~ 3 


and 



3c 

< 

a + b + c 


I J 'Mt L 

1 + a+b + 


3c 

a+b+c 


3 
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Adding, we obtain 


2 a 3 a 


3b 


a+b a + b + c Vfl + /? + c \ a + b a + b + c 


2b 3c 


< 3, 


i.e. 


1 2 3 ( 3 a + b 3/ — . 

— ■ • [ a + Jab • b v abc ) < 3 , 

a a+b a+b+c\ V 2 


, 3 / , a + b 3/— 3 a + b a + b + c 

a + , lab ■ b V abc < 3,/fl • • . 

2 ~ V 2 3 


98 Let a, /;. c be positive real numbers such that abcia + b + c) = 3. Prove the 
inequality 


(a + b)(b + c)(c + a) > 8. 


Solution We have 


A — (a + b)(b + c)(c + a) — ( ab + ac + b z + bc)(c + a) 


— (b(a + b + c) + ac){c + a) — I b ac ) (c + a). 

, ac 


By AM > GM we obtain 


,3 \ /111 

A — I — ~b ac 1 (c + a) — { — ~b b — + ac 1 (c + a) 

ac ) \ac ac ac 


ac , — 1 , — 

> 4 , 4 / ^ • 2 yfac — 4 —= • 2 +Jac — 8 . 

( acy 


Equality occurs iff a — c and — = ac, i.e. a — c — 1, and then we easily get b = 1. 


99 Let a, b, c be positive real numbers. Prove the inequality 



2b 

c + a 


+ 



< 3 . 


Solution Applying AM > HM we get 



2 a 2 

b + c~ 1 + ^ 


4 a 

2a + b + c 
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Solutions 


Analogously we obtain 


2b 


4b 


c + a a + 2b + c 
So it is enough to prove that 


and 


b 


2c 


4c 


a + b a + b + 2c 


< 3, 


2a + b + c a + 2b + c a + b + 2c 


i.e. 

a b c 3 

+ + <-. ( 1 ) 

2 a + b + c a + 2b + c a + b + 2c 4 

Since the last inequality is homogeneous we can assume that a + b + c = 1 . 

Now inequality (1) becomes 

a b c 3 

< -, i.e. 5(ab + be + ca) + 9abc <2. (2) 


1 + a 1 + b 1+c 4 

By the well-known inequality 3 (ab + be + ac) < (a + b + c) 2 and AM > GM we 
obtain ab + be + ac < j and abc < ^ . Now it is quite easy to prove inequality (2), 
as desired. ■ 


100 Let a, b, c e R + such that ab + be + ca = 1. Prove the inequality 


1 


1 


1 9 

> 


a(a + b) b(b + c) c(c + a) 2 
Solution The given inequality is equivalent to 

c(a + b) + ab a(b + c) + be + b(c + a) + ac > 9 


a (a + b) 


b(b + c) 


c(c + a ) 2’ 


i.e. 


a b c b c a 9 

7 H 1 1 r + t 1 > ~ 

b c a a + b b + c c + a 2 

a + b b + c c + a b c a 15 




+ > 


b c a a+b b+c c+a 2 


We have 


a+b b+c c+a b c a 

+ + r + t + 


b c a a + b b + c c + a 

a + b b + c c + a b c a 


4b 4c 4a 


(1) 


a+b b+c c+a 


2 1 Solutions 
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3 ( a + b b + c c + a 

4 


>6 


a + b b + c c + a b 


4b 


3 fa 


4c 4 a a + b b + c c + <7 4 \b c a 


a b c 


, 18 15 

>3 + - 3 J- + 3 =3+ — = —, 


b c a 

as required. 

101 Let 0<fl<fo<c<l be real numbers. Prove that 

i ;,2 /„ u\ i „2 


108 


a A (b - c) + //(c - fe) + c 2 (l - c) < — . 


Solution Using AM > GM we have 


Z? c 
- + - + 3 


cr(Z? — c) + Zr(c — b) + c 2 (l — c) < 0+ -(b ■ b ■ (2c — 2b)) + c 2 ( 1 — c) 


1 //? + Z? + 2c - 2Z> 
2 1 3 


4c 


= C Z - + 1-C =c z 1- — 


27 


+ c 2 (l - c) 


23c 



27 


27 


108 
529' 

102 Let a, b, c e R + such that a + b + c — 1 . Prove the inequality 
S = a 4 b + Z> 4 c + c 4 <7 < 


3125 


Solution Without loss of generality we can assume that a = max{<7, Z>, c}. 
So it follows that 


,4 i ., . 4 7 3 4 

b c < a~ be and c a < c a < ca . 


Since ^ > f we obtain 


4 4 

c a c a 


S — a 4 b + b 4 c H 1 < a 4 b + a 3 be H 

2 2 ~ 

,3 


4 2 3 

C<3 C~Cl~ 


= fl 3 Zt(<7 + c) H ^(<2 + c) = <7 3 (<7 + c)^Z? + < fl 3 (fl + c)^Z? + — 


(1) 
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Now using (1) and AM > GM we get 


3c 


S<a 3 (a + c)[b+-)=4'------ 


a a a a + c 


i , 3c 
■ \b+ — 


<r 


4/ S + l + f + ^ + (*+t) 


= 4 " 


a + b + c 


256 

3125' 


103 Let a, b, c > 0 be real numbers. Prove the inequality 


72 + ~2 + ~ 

b A c A a L b c a 

Solution Let | = x,- = y, - = z. Then it is clear that xyz — 1, and the given in- 
equality becomes 


x 2 + y 2 + z 2 > x + y + z. 


From QM > AM we have 


I x 2 + y 2 + z 2 x + y + z 


i.e. 

2 , 2 , 2 ^ (* + y + ^) 2 _ 3^xyz(x + y + x) 
x +y +z > > =x + y + z. 

104 Prove that for all positive real numbers a,b,c we have 

a 3 b 3 c 3 

7, H — t 1 — ^>a + o + c. 

o~ c~ 


Solution Using AM > GM we get 


a 3 a J 

-^ + 2b=-^ + b + b>3J - b-b = 3a. 


b 2 


b~ 


b~ 


Analogously we have 


h 3 c 3 

— + 2c > 3b and — + 2a> 3c. 
c- a" 


Adding these three inequalities we obtain 


a 3 b 3 c-' 


jw H — t H — t + 2 (a + b + c) > 3{a + b + c), 


as required. Equality holds iff a — b — c. 
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105 Prove that for all positive real numbers a,b,c we have 


b 2 c 

Solution Using AM > GM we get 

„3 


b 3 c 3 a 2 £> 2 c 2 
-ry H — y H — t — I 1 ■ 


— r + a >2. — ■ a — 2 — . 


b 2 


b 2 


Analogously we have 


r c 

Adding these three inequalities we obtain 


b 3 b 2 c 3 c 2 

— ^ — \- b > 2 — and — ^ f c ^ 2 — . 

a z a 


a 


b 3 


( 1 ) 


( 2 ) 


Ty H — y H — y + (a + & + c)>2( — — | 1 

b c a \ b c a 

According to Exercise 2.12 (Chap. 2) we have that 

a 2 b 2 c 2 

— H 1 >a + b + c. 

b c a 

Now using (1) and (2) we obtain 

a 3 b 3 c 3 /a 2 /? 2 c 2 \ a 2 fe 2 c 2 

vy H — y H — y + (fl + b + c)>2( — — | 1 ) > — — | 1 b(fl + b + c) 

b z c L a A \bcajbca 

and equality holds iff a = b = c. I 

106 Prove that for all positive real numbers a,b,c we have 

a 3 b 3 c 3 

— — I 1 > ab + be + ca. 

b c a 

Solution Using AM > GM we get 

^ 3 b 3 


3 a 3 b 3 

1 h be > 3, / — • — - be — 3ab. 


Analogously we have 


b 3 c 3 


3 3 

c a 

1 b ca > 3bc and 1 \-ab>3ca. 

c a a b 
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Adding these three inequalities we obtain 

/ a 3 b 3 c 3 \ 

21 1 1 ) + ab + be + ca > 3 (ab + be + ca ), 

\ b c a ) 

from which follows the desired inequality. Equality holds iff a — b — c. 

107 Prove that for all positive real numbers a, b. c we have 

a 5 b 5 c 5 2,2 2 

77 H 7" H 7 — a + b + c . 

b 3 c 3 a 3 

Solution Using AM > GM we get 


a 5 a 5 


5 a 5 a 5 


2— + 3b 2 = — + — + b 2 + b 2 + b 2 > 5, • -r • b 2 ■ b 2 ■ b 2 = 5a 


b 3 b 3 


b 3 b 3 


Analogously we have 


2— j- + 3 c~ > 5 b~ and 2 — 7 + 3 a 2 > 5c 2 . 


Adding these three inequalities we obtain 

2 (S + ? + + 3(fl2 + 1,2 + c2) - 5(fl2 + /?2 + c 2 )’ 


a 5 b 5 c 5 111 
b 3 + c 3+ ^ 3 ~ Cl +h +C • 

Equality holds iff n = £> = c. 

108 Let a,b,c e R + such that a + b + c — 3. Prove the inequality 

a 3 b 3 c 3 

b b bt 1 • 

£>(2c + a) c(2a + b) a(2b + c) 

Solution We’ll show that 

a 3 b 3 c 3 a + b + c 

+ “I” ^ , 

b(2c + a) c(2a + b) ci(2b + c) 3 

from which, with the initial condition, will follow the desired inequality. 
Using AM > GM we get 


b(2c + a) 


~b 3 b ~b (2c ~b r/) > 3, 


b(2c + a) 


■ 3b ■ (2c + a) — 9a. 
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Analogously we have 
9 b 3 


■ + 3c + (2a + b) > 3b and 


9c 3 


c(2a + b) 

Adding the last three inequalities we obtain 

a 3 b 3 c 3 


a (2b + c) 


+ 3fl + (2b + c) > 3c. 


b(2c + a) c(2a + b) a(2b + c ) 


+ 6(a + b + c) > 9(a + b + c), 


i.e. 


a 3 b 3 c 3 a + b + c 3 

4" -j- > — — — I . 

b(2c + a) c(2a + b) a(2b + c ) 3 3 


109 Let a,b,c e R + and a~ + b 1 + c 2 — 3. Prove the inequality 


b 3 


b + 2c c + 2a a + 2b 

Solution We’ll prove that 

” 3 b 3 


> 1 . 


+ 


c 3 a 2 + b 2 + c 2 
> . 


b + 2c c + 2a a + 2b 

from which since a 2 + b 2 + c 2 — 3, we’ll obtain the required result. 
Applying AM > GM we get 


9 a 3 


b + 2c 
Analogously we deduce 
9 b 3 


+ a(b + 2c) > 2. 


9 a 3 
b + 2c 


■ a • (b + 2c) — 6a A 


+ b(c + 2a) > 6b~ and 


9c 3 


c + 2a a + 2b 

Adding the last three inequalities we obtain 


+ c(a + 2b) > 6 c“ 


9 


b 

■ + 


b + 2c c + 2a a + 2b 


i.e. 


+ 3 (ab + bc + ca) > 6(a 2 + b 2 + c 2 ), 


a 21 + b* c 2 ^ 6(a + b + c ) — 3(ab + be + ca) 


b + 2c c + 2a a + 2b 
Using the well-known inequality 


(1) 


a ^ 4“ b~ -(- c - ^ ab be -(- ca , 
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according to (1) we obtain 


a 3 b- c 

+ ^ + 


b + 2c c + 2a a + 2b 


3 > 3(a 2 + b 2 + c 2 ) _ a 2 + b 2 + c 2 _ 3 _ 


9 


110 Let a, b, c be positive real numbers such that a 2 + b 2 + c 2 = 3. Prove the 
inequality 

1 1 1 

+ 7^5 r + r > 1. 


a 3 + 2 b 3 + 2 c 3 + 2 


Solution We have 


1 


-ii. 


a 3 + 2 2 

Therefore 

1 


a 3 + 2 


= 2 ' 1 


a? + 1 + 1 


>-1 1-7- l = rl 1-- I- 

5a 


■ + 


3 + 2 b 3 + 2 c 3 + 2 ~ 2 


>7 1-T 1-T 1-T 


3 a 2 + b 1 + c 2 


= 1. 


2 6 

Equality holds iff a — b = c — 1 . 

Ill Let a, b, c e IB + such that a + b + c — 1 . Prove the inequality 


■ + 


b 3 


■ + b 2 b 2 + i 


+ 


Solution Clearly we have 

a 2 + b 2 
2 

Therefore 


> ab i.e. 


c- + a 


ab 


1 

2-9' 


1 

' + b 2 ~ 2' 


7 2 + b 2 


ab b 

= a — b^r — > a — 

a 2 + b~ 2 


Analogously 


b 3 c 

r- > b and 

■ 2 2 


b 2 + c 


c a 

r > c — 

c 2 + a 2 2 


After adding these and using a + h + c= lwe obtain 


+ 


b 3 


i 2 + b 2 b 2 + 


+ 


c- + a- 


> a + b + c 


a + b + c a + b + c 1 


2 
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112 Let a, b, c be positive real numbers such that a + b + c — 3. Prove the inequality 

1 1 1 

1 + 2a 2 b 1 + 2 b 2 c 1 + 2 c 2 a ~ 


Solution Note that 

2 a 2 b 2 a 2 b 

>1 — = 

1 +a 2 b + a 2 b 3^/a 4 b 2 

2 Jf^b ^ i 2(2a + b) 

3 “ 9 ' 

After adding these inequalities for all variables we get 

1 1 1 6 (a + b + c) 

1 1 >3 = 3-2=1, 

1 + 2 a 2 b 1 + 2 b 2 c 1 + 2 c 2 a 9 

as required. 

Equality holds iff a — b — c—\. ■ 

113 Let a, b, c, d be positive real numbers such that a+b+c+d— 4. Prove the 
inequality 

a b c d > 2 

1 + b 2 c + 1 + c 2 d 1 + d 2 a 1 + a 2 b ~ ~ 

Solution Applying AM > GM we have 

a ab 2 c 

=- — a > a 

1 + b 2 c 1 + b 2 c 

b(a + ac ) 


ab 2 c 

2b s [c 


abSc bJa ■ ac 

a > a 


1 2crb 

1 + 2 a 2 b 1 + 2 a 2 b 


i.e. 


a 1 

> a (ab + abc). 

1 +b 2 c~ 4 


Analogously we obtain 


b 1 

r— > b {be + bed), 

1 + c 2 d ~ 4 

d 1 

> d {da + dab). 

1 + a~b 4 


c 1 

> c {cd + eda ), 

1 + d 2 a~ 4 
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Adding these three inequalities we obtain 


+ 


1 + b 2 c 1 + c 2 d 1 + d 2 a 1 + a 2 b 

1 

>(a + b + c + d) — ~(ab + be + cd + da + abc + bed + eda + dab). 
One more use of AM > GM give us 

1 9 

ab + be + cd + da < - (a + b + c + d) = 4 

and 

1 , 

abc + bed + eda + dab < — (a + b + c + d)~ = 4. 

16 

From (1), (2) and (3) it follows that 

abed 

+ - . ^ >4-2 = 2, 


( 1 ) 


1 + b 2 c 1 + c 2 d 1 + d 2 a 1 + a 2 b 

as desired. 

Equality holds if and only if a = b = c = d= 1. 


( 2 ) 


( 3 ) 


114 Let a,b,c,d be positive real numbers. Prove the inequality 


b 3 


+ 


d 3 


a 2 + b 2 b 2 + c 2 c 2 + d 2 d 2 + a 


2 ~ 


a + b + c + d 


Solution Using AM > GM we get 

a 3 ab 2 


ab 1 


i 2 + b 2 


= ^ > a —a . 

j2 _|_ 2 ab 2 


Analogously 


b 3 c 

2 ~ b ~ 2’ 


b 2 + c 


c 3 d 

~ C ~ 2 ’ 


c 2 + d 2 


a 

?^-2‘ 


Adding these inequalities give us the required inequality. 


115 Let a, b, c be positive real numbers such that a + b + c = 3. Prove the inequality 

a 2 b 2 c 2 

+ > 1 . 


a + 2 b 2 b + 2c 2 c + 2a 2 

Solution Applying AM > GM we get 

a 2 2a b 2 2 ab 2 2 (ab) 2 / 3 

= a TT9T > a 5 ; = a . 


■2b 2 


■2b 2 ~ 
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Analogously we obtain 


b 2 2 (/?c) 2 / 3 c 2 2(ca) 2 / 3 

> /? _ and ^77 > c . 


b + 2 c~ 3 c + 2a- 

Adding these three inequalities gives us 


- (fl + b + c ) ~ l« ab ? /3 + w 2/ 3 + (™) 2/3 )- 

a + 2/A b + 2 c z c + 2 a A 3 


So it is enough to show that 


(a + b + c) - ~((ab) 2/3 + ( bc ) 2/ 3 + (ca) 2/3 ) > 1 , 


i.e. 


(fl/t) 2/3 + (bc) 2/3 + ( ca) 2/ 3 < 3. 

Applying AM > GM we get 

(a/,) 2 / 3 + (be) 2 ' 3 + (ca) 2 / 3 < <fi+ab + b) + {b + bc + c) + {c + ca + a) 

2 (a + b + c) + ( ab + bc+ ca) 


( 1 ) 


< 2 (a + b + c) + (a + b + c ) 2 / 3 2 • 3 + 3 2 /3 


i.e. we have proved (1), and we are done. 

Equality holds iff a — b — c = 1 . ■ 

116 Let a, h, c be positive real numbers such that a + b + c = 3. Prove the inequality 

a 2 b 2 c 2 

+ — > 1 . 


a + 2 Z? 3 b + 2c 3 c + 2 a 3 
Solution Applying AM > GM gives us 


a~ 


2Z? 3 


2ab 3 2 ab 3 2 ba 2 / 3 

■ a 5- > a , . = a — 


■ 2 b 3 


Analogously 


b 2 2 cb 2 ! 3 c 2 2 etc 2 / 3 

> b and 7 > c . 


b + 2c 3 - ' 3 

Adding these three inequalities implies 


■ + 2a 3 


a ~ + + C " > (0 + b + C ) _ 5W/3 , fo 2/3 , 2/ 3) 

a + 2b 2 + b + 2c 2 + c + 2a 2 - [ + + + + ’’ 
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So it is enough to prove that 


(a + b + c)- -(, ba 2/ 3 + cb 2/ 3 + ac 2/3 ) > 1, 


i.e. 

bo 2 ' 3 + cfo 2/3 + ac 2/3 < 3. (1) 

After another application of AM > GM we get 

ba 2 ' 3 + cfo 2 / 3 + ac 2 / 3 < *Q*+l) + c{2b+l) + a(2 £ +l) 

a + Z? + c + 2 (ab + be + ca ) 

~~ 3 

^ (a+b + c) + (a+b + c) 2 /3 3 + 2 • 3 2 /3 

“ 3 3 ~~ ’ 

i.e. we have proved (1), and we are done. 

Equality holds iff a = Z> = c = 1. ■ 

117 Let a, b, c be positive real numbers such that a 2 + b 2 + c 2 — 3. Find the mini- 
mum value of the expression 


, 16 

a + b + c H . 

a + b + c 


Solution By the inequality AM > GM we get 

16 !— 

a + b + c + ^ 2V 16 — 8, 

a + b + c 

with equality if and only if a + b + c — Q+ 1 ^ +f from which we deduce that a + b + c = 
4 and then 

16 = (a + b + c) 2 < 3(a 2 + b 2 + c 2 ) = 9, 

a contradiction. 

We estimate that the minimal value occurs when a = b — c, i.e. a — b = c = 1 . 
Let a + b + c = g+ ^ +c . Thus a — 9 at the point of incidence a — b = c = 1. 
Therefore let us rewrite the given expression as follows 


a + b + c + 


9 

a + b + c 


1 

a+b + c 


( 1 ) 


Applying AM > GM and 3(a 2 + b 2 + c 2 ) > (a + b + c ) 2 we have 


9 

a + b + c 


>2V9 = 6 


u -|- b 4" c “h 


( 2 ) 
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and 

1 i _ i 

a + b + c y/3(a 1 2 * + b 2 + c 2 ) 3 

By (1), (2) and (3) we obtain 

16 9 7 


(3) 


a “b b + c + 


7 25 

— a + + c H - 1 > 6 + — — — , 

<7 + 7> + c a + b + c 3 3 


a + b + c 

with equality if and only ifa = £? = c=l. ■ 

118 Let a, b, c > 0 be real numbers such that a 2 + b 2 + c 2 — 1. Find the minimal 
value of the expression 

1 


A — a + b + c + 


abc 


Solution By AM > GM we obtain 


1 4/ 1 

A= a + b + c -\ — > 4,/ abc ■ —— = 4, 

abc V aoc 

with equality iff a = b = c = ^4- , i.e. a = b — c = 1 . 

Thus a 2 + b 2 + c 2 = 3 ^ 1, a contradiction. 

Since A is a symmetrical expression in a, b and c, we estimate that min A occurs 
at the incidence point a = b — c, i.e. a — b — c = 1 /a/3- 

Hence at the incidence point we have a — b = c = = -^= , and it follows 


that a — 


a 2 bc (1/V3) 4 

Therefore 


= 9. 


8 


1 1 

A — a + b + c H : — — a + b + c + — — b — — - — 

abc 9 abc yabc 


4/ 1 

> 4,/ abc ■ 


9 abc 9 abc 


= 4,7-- 


9 9fl be 


By QM > GM we obtain 


a 2 + b 2 + c 2 3/ IT 3 / 

>3 Vabc, i.e. y - > 3 abc. 


Hence 


By (1) and (2) we get 


— >3V3. 

abc 


A> — +3^3-1= 4V3. 
V3 9 


So min A = 4^3, and it occurs iff a — b — c — 1 / V3- 


( 1 ) 


( 2 ) 
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119 Let a, b, c be positive real numbers such that a + b + c = 6. Prove the inequality 

y/ab + bc + y/bc + ca + y/ ca + ab + y/-(a 2 + b 2 + c 2 ) < 9. 

Solution Analogously as in the first solution of Exercise 5.13 we obtain that 

ja^+ji^ + js+^<i( 2< ^ +fe 3 + “ )+48 ). in 

At the point of incidence a = b = c = 2 we have a 2 + b 2 + c 2 = 12. 

Therefore by AM > GM we have 

3/97; 7 7 3/ 9(a 2 + b 2 + c 2 ) • 12 • 12 1 3/rT 

y -(fl 2 + h 2 + c-) = J 4.12.12 = 4V (a : 2 + b 2 + c 2 ) -12-12 


1 /a 2 + h 2 + c 2 + 24 
< - 


( 2 ) 


By (1) and (2) we obtain 


1/ ab + be + y/bc + ca + y/ ca + ab + ^-(a 2 + b 2 + c 2 ) 

{ 


1 f 2(ab + be + ca) + 48 \ i 1 ( a 2 + b 2 + c 2 + 24 


6 2 + 72 


= — ((« + h + c) 2 + 72) = 

12 2 12 

as required. 

Equality occurs if and only if a = h — c = 2. 


= 9, 


120 Let a,b,c e R + such that a + 2b + 3c > 20. Prove the inequality 

3 9 4 

S — fl + b + cH 1- — — | — >13. 

a 2b c 

Solution S — 13 at the point a = 2, b = 3, c = 4. 

Using AM > GM we get 


4 

a+ - > 
a 



i.e. 



b + ->2 



= 6 , 


16 

c H > 

c 



= 8 . 



and 



> 2 . 
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Adding the last three inequalities we have 


3 113 9 4 

-a + -b + -c 4 h — + - > 8. 

4 2 4 a 2b c 


Using a + 2b + 3c > 20 we obtain 


1 1 3 

-a + -b+-c> 5. 


Finally, after adding ( 1 ) and (2) we get 


3 9 4 

a + b + c-\ h — + ->13, 

a 2b c 


as desired. 

121 Let a, h, c e R + . Prove the inequality 


S = 30a + 3 Zr + 


2c 3 /111 

— — f 36 ( — - + - — I 


9 


V ab be ca 


> 84. 


Solution S — 84 at the point a — l,b = 2, c — 3. 
From AM > GM we obtain 


(1) 


( 2 ) 


b 2 


b 2 / 2 V 


2 - a + — + 2- — = a + a + — H -H r > 5,7 a 2 • — • I — J =5, 


ah 


ah ah 


4 \ah / 


n/h 2 \ 3 / C 3 \ 2 


3-+2-- + 6->ll - • - ■ - =11 


27 


be 


27 


he 


7— + 3- a + 3- — > 7,7 ■ a 3 • ( — ) =7 


27 




27 


ca 


i.e. 


ab 


3 h 2 2c 3 36 


9 2a+ — + — >45, + — + — >11, 


27 he 


After adding these three inequalities we get 


2c 


3 


9 


1 


4( — + 3aH ) > 28. 

,27 c«, 


1 1 


30a + 3h z + + 36 — + — + — > 84. 


ah be ca 


122 Let a, h, c e R + such that ac > 12 and be > 8. Prove the inequality 


1 


1 


1 


S — a + h + c + 21 — — + 1 ) H — > — — . 


ah he ca 


121 


abc 12 
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Solution S = ^pf at the point a — 3, b = 2, c — 4. 
Use of AM > GM gives us 


a 





a b c 
3 + 2 + 4 


24 

abc 


4, 


bed, 

2 + 4 + Vc~ 3 ' 


c a 12 

- + - H >3 and 

4 3 ca 


i.e. 


a 

3 



be 24 

— I 1 > 4. 

2 4 afec “ 




> 21 , 


After adding these three inequalities we get 


6 32 84 24 

3(a + b + c)-\ + 1 1 — — > 40. 

ab be ca abc 


( 1 ) 


Also, since ac > 12 and be > 8 we obtain 


11 11 

— < — and — < -, 
ac 12 be 8 


so from (1) it follows that 


26 78 26 78 . 121 

40 < 3 S’ + h — < 3S + h — , i.e. S > . 

be ca ~ 12 8 “12 


123 Let a, b, c, d > 0 be real numbers. Determine the minimal value of the expres- 
sion 


A = 



Solution By AM > GM we get 



with equality if and only if?|=?| = ^ = ^ = l. 

Hence 2 (a + b + c + d) — 3 (a + b + c + d), i.e. 2 = 3, which is impossible. 
Since A is a symmetrical expression in a,b,c and d . the minimum (maximum) 
occurs at the incidence point a = b — c — d >0, and then 
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We have 


2 a 1 1 1 a a 


1 + — = - + - + - + — + — >5,7 - — =- - 


3b 3 3 3 3b 3b 

Similarly we get 

2/5 


3b 


5 (a 


3 \b 


2/5 


1 + — > 

3c~ 3\c 


1 + — > -(-) 
3d ~ 3\d 


2/5 


2d 5 / 2/5 

and 1 H > - 1 — ) 

3a 3 \ a J 


If we multiply the above inequalities we obtain A > ^ . 
Equality holds if and only if a — b — c — d >0. 


124 Let a, b, c > 0 be real numbers such that a 2 + b 2 + c 2 = 12. Determine the 
maximal value of the expression 

A — a\/b 2 + c 2 + b\J c 2 + a 2 + c\/ a 2 + b 2 . 

Solution Since A is a symmetrical expression with respect to a, b and c, max A 
occurs when a — b — c > 0, i.e. a — b = c — 2. 

Hence 


and 


2 a 2 = 2 b 2 =2c 2 = \ 


b 2 + c 2 = c 2 + a 2 = a 2 + b 2 = 8. 


By AM > GM we have 


b 2 + c 2 — ^ a 2 (b 2 + c 2 ) = a 6 (b 2 + c 2 ) 2 — ( 2 a 2 ) 3 ■ ( b 2 + c 2 ) 2 ■ 8 

= -v / 8(2fl 2 )(2a 2 )(2a 2 )(i) 2 + c 2 )(b 2 + c 2 ) 


1 8 + 6 a 1 + 2 (b 1 + c z ) 4 + 3 a 2 + b 2 + c 2 

~ 2 6 _ 6 


Similarly 


bsfc 2 


y 4 + a 2 + 3b 2 + c 2 3 /- 1 : -y 4 + a 2 + b 2 + 3c 2 

+ a 2 < and c\ / a 2 + b 2 < . 


After adding the last three inequalities we get 


„ ^ 12 + 5(fl 2 + ft 2 + c 2 ) 12 + 5-12 ]o 

A — — 1 2 .. 


with equality if and only if a = b — c = 2. 
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125 Let a, b, c > 0 such that a + b + c = 3. Prove the inequality 

(i a 2 — ab + b 2 ){b 2 — be + c 2 )(c 2 — cu + a 2 ) < 12. 

Solution Without loss of generality we may assume that a > b > c > 0. 
So it follows that 

0 < b 2 — be + c 2 < b 2 and 0 < c 2 — ca + a 2 < a 2 , 


i.e. we obtain 

(. b 2 — be + c 2 )(c 2 - ca + a 2 ) < a 2 b 2 . 

Now we have 


(a 2 — ab + b 2 )(b 2 — bc + c 2 )(c 2 — ca + a 2 ) 


< a 2 b 2 (a 2 — ab + b 2 ) 

4 3 ab 3 ab 2 
~ 9 ' ~2 Y ' {U 


(a + b) 2 


4 

< - 
~ 9 


ab + b 2 ) < 
(a + b + c) 


4 /I nab 3 ab 


9 

2 \ 3 


3 l 2 


4~ (a" — ab + b^i 


4/3 


?2 \ 3 


= - - = 12 . 


9 V 3 


126 Let a, b, c be positive real numbers. Prove the inequality 

(o 5 - a 2 + 3 )(b 5 -b 2 + 3)(c 5 - c 2 + 3) > (a + b + c) 3 . 

Solution For every positive real number x, we have that x 2 — 1 and x 3 — 1 have the 
same signs, and because of this x 5 — x 3 — x 2 + 1 = (x 2 — l)(x 3 — 1) > 0, i.e. we 
obtain 

x 5 - x 2 + 3 > x 3 + 2. 


Now we get 

(a 5 -a 2 + 3 )(b 5 - b 2 + 3)(c 5 - c 2 + 3) > (a 3 + 2){b 3 + 2 )(c 3 + 2). 

So it is enough to show that 

(a 3 + 2)(b 3 + 2)(c 3 + 2) > (a + b + c) 3 . (1) 

After a little algebra we obtain that (1) is equivalent to 

a 3 b 3 c 3 + 3 (a 3 + b 3 + c 3 ) + 2 (a 3 b 3 + b 3 c 3 + c 3 a 3 ) + 8 
> 3 (a 2 b + b 2 a + b 2 c + c 2 b + c 2 a + a 2 c ) + 6 abc. 


(2) 
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Using AM > GM we can easily obtain the following inequalities 
a 1 * 3 +a 3 b 3 + l>3a 2 b, a 3 + a 3 c 3 + 1 > 3a 2 c, b 3 + a 3 b 3 + 1 > 3b 2 a, 
b 3 + b 3 c 3 + 1 > 3 b 2 c, c 3 + c 3 a 3 + 1 > 3c 2 a, c 3 + c 3 b 3 + 1 > 3c 2 b, 

a 3 b 3 c 3 + a 3 + b 3 + c 3 + 1 + 1 > 6 abc. 

After adding the previous inequalities we obtain inequality (2), as desired. ■ 


127 Let x ,y,ze R + such that x + y + z = 1. Prove the inequality 


xv zx yz 1 

' + ; + ' < 


\/l + z 2 y/\ + y 2 Vl +x 2 VTO 


Solution We have 


Vl+z 2 = j9- { ^ ) + z 2 - 


N 


1 1 „ K >A 1 / 1 

—y + • • • + +Z > , — ( — ' 

3 2 3 2 VTO V.3 


3 -| - % 

~ VTo’ 

i.e. we obtain that 

Analogously we obtain 


<vio / 37 


yz 


< 


\/l + x 2 3 + x 


Vl + z 2 3 + z 


VTO^- and — < VTo 


Vl +y 2 3 + y 


So it is enough to prove that 

VTo l^+ zx ■ 3,2 


i.e. 


3 + z 3 + y 3 + x/ VTO 


xy zx yz 1 
+ + — — < 


3-f~z 3 + y 3 + x 10 

Let a = 3 + x,h = 3 + y,c=3 + z. 

Then clearly a + b + c = 10. 

Inequality ( 1 ) is equivalent to 

(a-3)(b-3) (c — 3)(a — 3) (h-3)(c-3) ^ 1 

c b a ~ 10’ 


\ +Z 


( 1 ) 
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i.e. 


ab — 3{a + b) + 9 | ca — 3(c + a) + 9 
c 1 b 

ab + 3c — 21 ca -f- 3b — 21 

^ 1 A 

c b 

ab — 21 ca — 21 be — 21 

44 - 1 1 

c b a 

After clearing denominators, we obtain 


be — 3 (b + c) + 9 
a 

be + 3a — 21 1 

1 < — 

a “10 

89 

< 

- 10 


1 


< — 
- 10 


21 (a 3 (b + c) + b 2 (a + c) + c 3 (h + a)) + 16(a 2 Z?c + b 2 ac + c 2 ab) 

> 58 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) 

(21 ab - 8c 2 ) (a - b) 2 + (21 be - 8 a 2 )(b - c) 2 
+ (21ca — 8b 2 )(c — a) 2 > 0, 

which is true since a,b,c e (3, 4), i.e. 

21 ab - 8c 2 > 21 • 3 • 3 - 8 • 4 2 = 61 > 0. 

In the same way we find that 21 be — 8 a 2 > 0 and 21ca — 8 b 2 >0. ■ 

128 Let a, b, c e R + . Prove the inequality 

(a + b + c) 6 > 21 (a 2 + b 2 + c 2 )(ab + be + ca) 2 . 


Solution Denote x = a + b + c,y = ab + bc + ca. 

Then we have 

x 6 > 27 (x 2 - 2y)y 2 

x 6 > 27x 2 y 2 - 54y 3 

(x 2 — 3y)(x 4 + 3x 2 y — 18y 2 ) > 0, 

which is true, since 

x 2 — (a + b + c) 2 >3(ab + be + ca) = 3y, x 4 >9 y 2 and 

3x 2 y > 3 • 3y ■ y — 9 v 2 , 
i.e. we have 


x 2 — 3y > 0 and x 4 + 3x 2 y — 18y 2 > 9y 2 + 9_y 2 — 18y 2 = 0. 
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129 Let a,b,c e [1,2] be real numbers. Prove the inequality 

a 3 + b 3 + c 3 < 5 abc. 

Solution Without loss of generality we may assume that a >b > c. 

Then since a, b, c e [1, 2] we have 

Zr + i?+l<fl 2 + fl+l<2a + <7+l<5a and 
c 2 + c+ l<fl 2 + fl+l<5a< 5ab. 

Because of the previous inequalities it follows that: 

a 3 + 2<5a O (a — 2)(a 2 + 2a — 1) < 0, (1) 

5a + b 3 <5ab+l (b - \){b 2 + b + 1 - 5a) < 0, (2) 

5ab + c 3 <5abc + 1 (c - l)(c 2 + c + 1 - 5ab) < 0. (3) 

Adding (1), (2) and (3) gives us the desired inequality. 

Equality holds iff a = 2, b — c = 1. ■ 

130 Let a, b, c be positive real numbers such that ab + be + ca = 3. Prove the 
inequality 

(a 7 -a 4 + 3 )(b 5 - b 2 + 3)(c 4 - c + 3) > 27. 


Solution For any real number x, the numbers x — 1, x 2 — 1, x 3 — 1 and x 4 — 1, are 
of the same sign. 

Therefore 


(x- l)(x 3 - 1)>0, 

(x 2 — l)(x 3 — 1) > 0 and 

(x 3 - l)(x 4 - 1) > 0, 

i.e. 


c 4 — c 3 — c + 1 > 0, 

(1) 


b 5 - b 3 - b 2 + 1 > 0, 

(2) 


a 7 — a 4 — a 3 + 1 > 0. 

(3) 


By (1), (2) and (3) we have 

a 7 — a 4 + 3 > a 3 + 2, b 5 — b 2 + 3 > b 3 + 2 and c 4 — c + 3 > c 3 + 2. 
After multiplying these inequalities it follows that 

(a 7 -a 4 + 3 )(b 5 - b 2 + 3)(c 4 - c + 3) > (a 3 + 2 ){b 3 + 2)(c 3 + 2). (4) 
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Analogously as in Problem 126, we can prove that 

(a 3 + 2)(b 3 + 2)(c 3 + 2)>(a + b + c) 3 . (5) 

By the obvious inequality (a + b + c) 2 > 3 (ab + be + ca), since ab + be + ca — 3 
we deduce that 


a + b + c > 3. 


( 6 ) 


Finally from (4), (5) and (6) we obtain the required inequality. 
Equality occurs iff a = b — c = 1 . 

131 Let a,b,c e [1,2] be real numbers. Prove the inequality 


(a + b + c) ( - + 7 + - ) < 10. 
, a b c . 


Solution The given inequality is equivalent to 

a b c b c a 

7 + - + - + - + 7 + -<7. 

b c a a b c 

Without loss of generality we may assume that a>b>c. 

Then, since ( a — b){b — c) > 0 we deduce that 

t a a b 

ab + bc>b +ac, i.e. — fl> — | — . 

c be 

Analogously as ab + be > b 2 + ac we have - + 1 > | + 7. 
Now we obtain 

a b c b a c 

7 H P 7 4 — 5 — I h 2 . 

b c b a c a 


So 


a b c b c a . .. 

7 H 1 1 h 7 H — <2 + 21 — | — 

b c a a b c \c a 


( 1 ) 


( 2 ) 


Let x = |. Then 2 > x > 1, i.e. we have that ( x — 2){x — 1) < 0, from which we 
deduce that 


1 5 

x+-<-. 

X 1 

Finally using (2) and (3) we obtain inequality (1). 

Equality occurs iff a = b — 2, c = 1 or a — 2, b = c = 1 . 


( 3 ) 


132 Let a, b, c e R + such that a + b + c = 1 . Prove the inequality 
10(a 3 + b 3 + c 3 ) - 9(a 5 + b 5 + c 5 ) > 1 . 
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Solution Denote L — 10(a 3 + £> 3 + c 3 ) — 9(a 5 + b 5 + c 5 ). 

Let x=a+b+c= 1 , y = ab + be + ca, z = abc. 

Then 

10(a 3 + b 3 + c 3 ) = 10((a + b + c) 3 — 3(a + b + c){ab + be + ca) + 3 abc) 
= 10 - 30_y + 30z 

and 

9(a 5 + b 5 + c 5 ) = 9(x 5 - 5x 3 y + 5 xy 2 + 5 x 2 z - 5 yz) 

= 9(1 — 5_y + 5y 2 + 5z — 5yz) 

= 9 - 45y + 45y 2 + 45z - 45yz. 

We have 

L > 1 10 — 30y + 30z — 9 + 45y — 45y 2 — 45z + 45_vz > 1, 

i.e. 

1 + 1 5 v - 15z - 45y 2 + 45yz > 1, 


y — z — 3y(y — z) > 0 (1 — 3y)(y — z) > 0. 


(1) 


Furthermore, 


(a + b + c) 2 1 

y — ab + be + ca < = - , i.e. 1 — 3 y > 0 

“3 3 


and 


y = ab + be + ca > 3y/ a 2 b 2 c 2 — 3\/~z 2 > z. 
The last inequality is true since 

a b c 

z = abc< | 1 ={<21. 


From the previous two inequalities we get inequality (1), as desired. 


133 Let n e N and x\,xi,...,x n e (0, n). Find maximum value of the expression 
sin.ri cos .*2 + sinx 2 COSX 3 + • ■ • + sinx„ cosxi . 

Solution It’s clear that for all real numbers a, b we have a 2 + b 2 > 2 ab. So we 
obtain 


sin.ri cosx 2 + sin.r 2 cos X 3 H h sin.r,, cosxi 


sin 2 x\ + cos 2 X 2 sin 2 X 2 + cos 2 X 3 


+ 


2 2 

Equality occurs iff .ri =X 2 = ■ ■ ■ = x n = f. 


+ ...+ 


sin 2 .r„ + cos 2 xi n 
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134 Let a, e [j, ] , for i = 1,2 Prove the inequality 


sinai + sin (*2 H + sina„ + - J > (cosaq + cosa 2 + - 


■ cos a n ) . 


Solution Let S = sinai + sina 2 + h sin a,,. 

We have 

/ 1\ 2 2 5 1 7 5 1 / 1\ 2 

\ 4 / = 5 + 2 + l6= 5 -2 + l6 +5 =( 5 ^) +S - 5 ' (1) 

Since e [|, j] we deduce that 


sin a i > cos a , , for all i = 1 , 2, . . . , n . 

Using (1) and (2) we obtain the required inequality. 


(2) 


135 Let a\, d 2 , . . ■ , a n \ a n +\ = a\, a „ + 2 — ai be positive real numbers. Prove the 
inequality 


E 


Oi — fl/+2 
Oi+ 1 + O-i+2 


>o. 


Solution Applying AM > GM we have 


So 


a i + O-i+1 01+02 02 + fl 3 


y~\ u i T w,_|_ [ a i ~r U2 ^ 

“a/+l+fl/ + 2 02 + 03 03 +04 


o„_i + a n o„ + oi 
a„ + oi oi + 02 


/fll+02 02 + 03 fl„_i+fl„ fl„+fll 

> n"l • = n. 

02 +03 03+04 fl„+fli fll+02 


( 1 ) 


E Oi +1 \ ' 

m , 1 _l— n ■ , o ' J 


o;+l + fli+2 


E 


fl (+2 


• _1 O/+I + O* +2 “j' Oi+1 + Oi+2 “■[' O/+I + Oi+ 2 


0/+2 


=«-E- 

~J r Oi+1 + 0/+2 

(1)^-V fl,'+fl,' + l 


^E 


E- 


Oi+2 


“j' Oi+1 + Oi+2 *7^ 0/+1 + fli+2 


E 


Oi Oi+2 
Oi+1 + Oi+2 


> 0 . 


from where it follows that 
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136 Let n > 2, n e N and x \ , xi , . ■ . , x n be positive real numbers such that 
11 11 


xi + 1998 x 2 + 1998 
Prove the inequality 

\J x\X 2 ■■■x n > 1998(h — 1). 


x n + 1998 1998 


Solution After setting nil. = a,-, for ; = 1,2 the identity 


a-,- + 1998 

1 1 

+ 




1 


1 


xi + 1998 X 2 + 1998 x„ + 1998 1998 


becomes 


a \ + a 2 + ■ ■ ■ + a n — 1 ■ 


We need to show that 


We have 


- - i)(- - i) (— - 1 ) > (» - D". 

a\ ) \a 2 ) \a n 


1 1 — ai a\ + • • ■ + cij-i + fl;+i 


ci: 


ai 


> (n — 1) n ~\ 


Cl\ • • * &i — 1 di -|- 1 • • • Gfi 


af 1 


Multiplying these inequalities for / = 1, 2, . . . , n we obtain (1), as desired. 
137 Let a .\ , ci 2 , . • • ■> cin £ M~*". Prove the inequality 

iz ka k <("!,) +i2 a i 


k= 1 


Solution For 1 < i < n we have 


*=i 


(1) 


ci^ (k — 1 ) — ciji + 1 + 1 + -- - + 1 > kyj — kak . 

V> " v ' 

k - 1 

After adding these inequalities, for 1 < k < n we get 


n n 


]> i <X>l+X>-i>=£»!+ = L^=£ 


jfc=l k=\ *=1 


k= 1 


2 ^ K V2 

*=i 
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138 Let a\, a. 2 , . . . , a n be positive real numbers such that u\ + «2 + • ■ • + a n = n. 
Prove that for every natural number k the following inequality holds 

a\ + 4 + •■•+«* > a k ~ { + a k ~ l + ■ • ■ + a k ~ l . 


Solution Using AM > GM we get 

( k — 1 )a k + 1 = a k + a k + • • • + a k +1 > kyj a ki,k ^ 


= ka 


k - 1 


k - 1 


and if we add these inequalities for i = 1 , 2, . . . , n we obtain 

(L — lXfl^ + ti k + • • • + a k ) + n > £(c!j + <^2 + ■ ■ ■ + a j, *). 


(1) 


We’ll show that 


a k - l +a k ~ l 


■a k 1 > n. 


One more application of AM > GM gives us 


( 2 ) 


k—2 

and adding the previous inequalities for i = 1 , 2, . . . , n we get 

(a k + a k ^ + • • • + a k *) + n(k — 2) > (k — l)(fli + (12 + • • • + a n ) = n(k — 1), 

from which we deduce 


jt-i , k - 1 


1 >n. 


So we are done with (2). 

Now from (1) and (2) we obtain 

(k — 1 ) (i a k + a k + ■ • ■ + ci k ) + 72 > A:(a j ^ * + ■ ■ ■ + a k *) 

(k — l)(fli + ci k + ■ • • + a k ) + n 

> (k — l)(a k + a 2 ' + •••+ a k * ) + (a j + ^2 + • • • + a k * ) 

> ( k — \){a k + a 2 ' + • • • + a k ') + n 

+ a k + ■ ■ ■ + a k > a k 1 + a k 1 + ■ • ■ + a k 1 , 


as desired. 

Equality holds iff ai — «2 = • - • = a n — 1 . 


Remark The given inequality immediately follows by Chebishe v ’s inequality. 
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139 Let a, b, c, d be positive real numbers. Prove the inequality 

(^b) + (^) + (^) 

Solution 1 Let x = b/a, y = c/b, z = d/c and t = a/d. 

Then it is clear that xyzt = 1, and the given inequality becomes 



By the inequality AM > GM we have 

2 (ttt) + i = (/nb) + (ttl) + 35 + s + 35-^(rb) • 

So it follows that 



We’ll prove that for all positive real numbers x and y the following inequality holds 

1 1 1 
(1 +x) 2 + (1 + y) 2 ~ 1 + xy ' 

We have 

1 1 1 xy(x 2 + y 2 ) — x 2 y 2 — 2xy + 1 

(1 +x) 2 + (1 +y) 2 1 + xy (1 +x) 2 (l + y) 2 (l +xy) 

__ xy(x - y) 2 + (xy - l) 2 > 

(1 +x) 2 (l +y) 2 (l + xy) _ 


Now according to the previous inequality and the condition xyzt = 1, we deduce 



> “I - — h 

1 + xy 1 +zt 1 + xy 1 + 1 /xy 

By (2) and (3) we get 


12 5 

2A+ — > 
32 - 8 


1 

i.e. A > 

“ 8 


Equality occurs iff;c = y = z = f= 1, i.e. a — b — c — d. 
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140 Let x\ , x 2 , ■ ■ ■ , x„ be positive real numbers not greater then 1 . Prove the in- 
equality 

(l+xi) i ?(l+x 2 )^---(l+x„)^ >2". 


Solution From 0 < xi , x 2 , . . . , x„ < 1 it follows that 

1 1 1 
— > 1 . 

X! X 2 X„ 

By Corollary 4.7, (Chap. 4) we have that for every x > — 1 and a e [1, oo), the 
following inequality 

(1 + x)“ > 1 + xa 


holds. 

Hence we get 

(l+xi)^(l+x 2 )^...(l+x„)^ >(l + —)(l + -)■■•(! + —)• (D 

V *2/\ x 3 / V XI / 

Furthermore, applying AM > GM we get 



By (1) and (2) we obtain 

(1+Xi)^(l+X 2 )^ ■••(1+X„)^ >2". 


Equality occurs iff xi = x 2 = • • • = x n = 1. 


141 Let xi, x 2 , . . . ,x„ be non-negative real numbers such that xi + x 2 + • • • + 
. Prove the inequality 

1 

(1 - X 1 ) ( 1 - X 2 ) • • • (1 - X n ) > -. 


Solution From xj + x 2 + ■ • ■ + x n < \ and the fact that xi,x 2 , . . . , x„ are non- 
negative we deduce that 

1 

0 < x; < - < 1 , i.e. — x; > — 1 , for all i = 1 , 2, . . . , n, 

~ 2 

and it’s clear that all — x,- are of the same sign. 

Applying Bernoulli’s inequality we obtain 

(1 - X!)(l - X 2 ) • • • Cl - x n ) = (1 + (— X!))(l + (-x 2 )) •••(! + (-Xn)) 

> 1 + (-X1 - X 2 Xn) 

1 1 

= 1 — (xi +x 2 4 Fx„)>l-- = -. ■ 
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142 Let a, b,c e R + such that a be = 1 . Prove the inequality 


1 1 1 

a 3 + b 2 + 1 b 2 + c 3 + 1 c 3 -f- a 2, ~1- 1 


Solution We have 


a 2 + fo 3 + 1 (a + b)((a — b) 2 + ab ) +1 (a + b)ab + 1 ’ 


and since ab — - we deduce 


Similarly 


j 3 + 7> 3 + 1 (fl + b)ab +1 a + b + c 


la lb 

—5 5 < and -3 5 < . 

Z? 3 + c 3 + 1 a + b + c c 3 +a 3 + l a + b + c 


Adding the last three inequalities we obtain the required inequality. 
Equality holds if and only if a — b — c =1. 

143 LetO < a, b,c < 1 . Prove the inequality 

c b a 1 

7 + a 2 + Z> 3 7 + c 3 + a 3 7 + Z> 3 + c 3 — 3 

Solution Since 0 < a, b, c < 1 it follows that 0 <a 2 ,b 2 ,c 2 < 1 , so we have 


7 + a 3 + b 2 7 + c 2 + a 2 7 + Z> 3 + c 3 

c b a 

~ 6 + a 3 + b 2 + c 3 + 6 + c 3 + a 3 + b 2 6 + b 2 + c 3 + a 3 
a + b + c 
6 + a 2 + Z> 3 + c 3 


It suffices to prove that 


3(a + b + c) <6 + a ~\~ b -(- , 


which is true since t 2 — 3t + 2 = (t — l)“(t + 2) > 0, for 0 < t < 1. 
144 Let R + such that a be = 1 . Prove the inequality 


ab be ca 

a 5 + ab + b 5 b 5 + be + c 5 c 5 + ca + a 5 ~ 
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Solution Since 

a ' 4 — a 2 b — ab 3 + b 4 = a 2 (a — b) — £> 3 (a — b) = (a — b) 2 (a 2 — ab + £> 2 ) > 0, 
we have 


o 5 + £> 5 = (a + £>)(a 4 — a 3 £> + a 2 b 2 — ab 3 + £> 4 ) > (a + b)a 2 b 2 . 


So 


a/? 


a£> 


abc~ 


a 5 + ab + b 5 (a + b)a 2 b 2 + ab (a + b)a 2 b 2 c 2 + abc 2 a + b + c 


Analogously 


and 


be 


b 5 + be + c 5 a + b + c 
b 


ca 


< 


c 5 + ca + a 5 a + b + c 
Adding (1), (2) and (3) gives us the required inequality. 

145 Let R + such that a + b + c — 3. Prove the inequality 


(1) 


( 2 ) 


(3) 


a 


+ 


b 3 


+ 


a 2 + ab + b 2 b 2 + be + c 2 c 2 + ca + a 2 

Solution We’ll show that 


> 1 . 


A — 


a - 


+ 


b 3 


+ 


2 + ab + b 2 b 2 + be + c 2 c 2 + ca + a 2 


> 


a + b + c 


For every x,y e R + we have t2 ^_ y2 > in which equality occurs iff x = y. 

(This inequality follows from the obvious inequality 2(x + y ) (x — y ) 2 > 0.) 
On the other hand, we have 


A = 


b 2 


+ 


2 + ab + b 2 b 2 + be + c 2 c 2 + ca + a 2 a 2 + ab + b 2 


+ 


+ 


b 2 + be + c 2 c 2 + ca + a 2 ' 


so 


2A = 


a 2 + b 2 b 2 + c 2 

+ 


+ 


c 2 + a 3 


i 2 + ab + b 2 b 2 + be + c 2 c 2 + ca + a 2 


> 


a + b b + c c + a 


3 


3 


3 
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, a+b+c 

A > = 1. 

3 

Equality occurs if and only if a — b = c — 1/3. ■ 

146 Let a. b, c be positive real numbers such that a 2 + b 2 + c 2 = 3a be. Prove the 
inequality 

a b c 9 

b 2 c 2 c 2 a 2 a 2 b 2 ~ a + b + c 

Solution The given inequality is equivalent to 

(a 3 + b 3 + c 3 )(a + b + c)> 9 a 2 b 2 c 2 . 

Applying the Cauchy-Schwarz inequality we have 

( a 3 + b 2 + c 3 )(fl + b + c) > (a 2 + b 2 + c 2 ) 2 . 

Since a 2 + b 2 + c 2 — 3 abc we obtain 

(a 3 + b 3 + c 3 )(a + b + c) > (a 2 + b 2 + c 2 ) 2 = (3 abc) 2 — 9 a 2 b 2 c 2 . 

Equality holds if and only if a = b — c— \. ■ 

147 Let a,b,c,x, y, z be positive real number, and let a + b = 3. Prove the inequal- 
ity 

x y z 

b b ^ 1 . 

ay + bz az + bx ax + by 

Solution We’ll show that 

x y z 3 

j — I j — I ; — — r> 

ay + bz az + bx ax + by a + b 

and combining with a + b — 3 will give us the required inequality. 

Applying the Cauchy-Schwarz inequality we have 

x y z 

7 1 7 1 7 

ay + bz az + bx ax + by 

x 1 v 2 z 2 (x + v + z) 2 

= 1 1 > 

axy + bxz ayz + bxy axz + byz (a + b){xy + yz + zx) 


> = 1 . 

a + b 
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148 Let x, y, z > 0 be real numbers. Prove the inequality 

X V z 1 

1_ 1_ > — . 

x + 2y + 3z y + 2z + 3x z + 2x + 3y 2 

Solution The Cauchy— Schwarz inequality gives us 

1 2 2 

X~ V z 

1 : 1 

x 2 + 2 xy + 3xz y 2 + 2 yz + 3 xy z 2 + 2xz + 3 yz 

> (x + y + z) 2 

- x 2 q_ y2 q- z 2 5( X y + y Z + zx) 

It suffices to prove that 

2(x +y+z) 2 > x 1 + y 2 + z 2 + 5 (xy + yz + zx), 
which is exactly x 2 + y 2 + z 2 > xy + yz + zx, and clearly holds. ■ 

149 Let a,b,c,d e R + . Prove the inequality 

c d a b 

zl 1 • 

a + 3b b + 3c c + 3d d + 3a 

Solution Let L — ac c +3bc + id + 3cd + ca +ida + bd+3ab ■ 

Applying the Cauchy— Schwarz inequality we get 

((ac + 3 be) + ( bd + 3 cd) + ( ca + 3 da) + (bd + 3 ab)) ■ L > (a + b + c + d) 2 
(a + b + c + d) 2 

L > . 

2 ac + 2 bd + 3 be + 3 cd + 3 ad + 3 ab 

It suffices to prove that 

(a + b + c + d) 2 > 2 ac + 2 bd + 3 be + 3 cd + 3 ad + 3 ab 
(a- b) 2 + (a- d) 2 + (b - c) 2 + (c - d) 2 > 0, 

which is clearly true. 

Equality holds iff a = b = c = d. ■ 

150 Let a,b,c,d,e be positive real numbers. Prove the inequality 

a b c d e 5 

~i 1 i ^ i 1 1 T — X, ■ 

b + c c + d d + e e + a a + b 2 
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152 Let a,b,c be positive real numbers such that ab + be + ca = 1. Prove the 
inequality 

1 1 13 

1 1 > 

4a- — be + 1 4 b 1 2 — ca + 1 4c 2 — ab + 1 2 

Solution Since 1 — be = ac + ab, 1 — ca — ab + be and 1 — ab — ac + be, the given 
inequality can be rewritten as 

1 1 13 

4 “ 4 “ bl — • 

a(4a + b + c) b(4b + c + a) c(4c + a + b) 2 
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Solutions 


By the Cauchy— Schwarz inequality we get 

1 1 


1 


a(4a + b + c) b(4b + c + a) c(4c + a + b) 


4 a + b + c 4 b + c + a 4 c + a + b 

1 1 

a b c 


1 1 1 V- 1 

, a b + c ) a 2 b 2 c 2 


So it suffices to prove that 


4 a + b + c 4 b + c + a 4c + a + b 

> + : + 


We have 


4 a + b + c 4b + c + a 4c + a + b 


b c 

a + b + c b + c + a c + a + b 


a 

= 9- 


(l 1 1 

= 9 + (a + b + c) I - + - + - 
\a b c, 

(a + b + c)(ab + be + ca) 


= 9- 


= 9- 


abc 


a + b + c 
abc 


so inequality (1) becomes 


2 a+b+c iii 

> 9 H : , i.e. 21a~b"c 2 + 3abc(a + b + c) <2. 


3 a 2 b 2 c 2 abc 

By AM > GM we have 

1 — ab + be + ca > 3\/ a 2 b 2 c 2 , i.e. 21a 2 b 2 c 2 <\. 

By the well-known inequality (x + y + z) 2 > 3 {xy + yz + zx) we get 

3 abc(a + b + c) < ( ab + be + ca) 2 — 1 . 

Finally by (3) and (4) we get inequality (2), as required. 

Equality occurs iff a = b = c = . 

153 Let a,b,c be positive real numbers such that 

1 1 1 


+ 


+ 


+ b 2 + 1 b 2 + c 2 + 1 c 2 + a 2 + 1 


> 1 . 


(1) 


( 2 ) 

(3) 

(4) 
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Prove the inequality 


ab + be + ca < 3. 


Solution Using the Cauchy— Schwarz inequality gives us 

1 2 + c 2 

(a 2 + b 2 + 1 ) ( 1 + 1 + c 2 ) > (a + b + c) 2 , i.e. = < 


j 2 + b 2 + 1 (a + b + c) 2 


Analogous we obtain 


1 2 + a 2 1 2 + b 2 

< and — ; < 


b 2 + c 2 + 1 (a + b + c) 2 c 2 + a 2 + 1 (a + b + c) 2 

So we have 

1 


1 < 


1 1 6 + a 2 + b 2 + c 2 

+ 


a 2 + b 2 + 1 b 2 + c 2 + 1 c 2 + a 2 + 1 (a + b + c) 2 


i.e. 


6 A a ~\~ b~ -\ - c ^ (tt “H b -t - c) , i.e. ab be "H ca C 3. 


154 Let a,b,c be positive real numbers such that ab + be + ca = 1/3. Prove the 
inequality 

a b c 1 

“b To r~r + > 


a 2 — be + 1 b 2 — ca + 1 c 2 — ab+ 1 a + b + c 
Solution Applying the Cauchy— Schwarz inequality we have 


a b c 

+ Tn + 


— be + 1 b 2 — ca + 1 c 2 — ab + 1 


a~ 


+ 


+ 


> 


a 2 — abc + a b 2 — abc + b c 2 — abc + c 
(a + b + c ) 2 


a 


2 + b 2 + c 2 +a + b + c — 3 abc 


Furthermore, since 


a 2 + b 2 + c 2 — 3 abc — (a + b + c)(a~ + b~ + c~ — ab — be — ca) 
= (a + b + c)(a 2 + b 2 + c 2 - 1/3), 
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we obtain 


(a + b + c) 2 (a + b + c ) 2 

a 2 + ft 3 + c 3 + a + b + c — 3abc (a + b + c) (a 2 + b 2 + c 2 + 1 — 1 /3) 

a + b + c 

a 2 + b 2 + c 2 + 2/3 
a + b + c 

a 2 + b 2 + c 2 + 2 (ab + be + ca) 


a + b + c ’ 


as required. 


155 Let a, b, c be positive real numbers. Prove the inequality 

a 3 b 3 c 3 

1 1 > 1 . 

a 2 +b 2 +abc b 2 + c 3 + cibc c 2 +a 2 +abc 

Solution Let x=-,y=^,z=~- Then clearly xyz = L 
Therefore 


i 2 +b 2 +abc l+Jf 3 +v 1 +x 3 +x 2 y xyz + x 2 + x 2 y 


yz + x~ + xy 

Similarly we deduce 

b 3 xz 

b 2 + c 3 + abc xz + y 2 + zy 
So it suffices to prove that 


c 2 + a 2 + abc xy -\- z 2 + xz 


VZ xz XV 

1 ^ 1 7 > 1. 

yz + x 2 + xy xz + y 2 + zy xy + z 2 + xz 
According to the Cauchy-Schwarz inequality (Corollary 4.3, Chap. 4) we have 

yz xz xy 

yz + x 2 + xy xz + y 2 + zy xy + z 2 + xz 

(xy + yz + zx) 2 

- yz(yz + x 2 + xy) + xz(xz + y 2 + zy) + xy(xy + z 2 + xz) 

We need to prove that 

(xy + yz + zx) 2 > yz(yz + x 2 + xy) + xz(xz + y 2 + zy) + xy(xy + z 2 + xz), 

which is in fact an equality. 

Equality holds iff x = y = z, i.e. a = b — c. I 
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156 Let a, b, c be positive real numbers such that a 2 + b 2 + c 2 = 3. 
inequality 

a b cl 

a 2 + 2b + 3 + b 2 + 2c + 3 + c 2 + 2a + 3 “ 2' 

Solution Clearly x 2 + 1 > 2x, for every real x, and therefore 

a b c 

a 2 + 2b + 3 b 2 + 2c + 3 c 2 + 2a + 3 
a b c 

S 2(a + b+ 1) + 2(b + c+ 1) + 2(c + a + 1)' 

So it remains to prove that 

a b c 

1 1 < 1 . 

a b \ b c 1 c 4- a ~}~ 1 

Inequality (1) is equivalent to 

b 1 c + 1 a 4~ 1 

4~ 4~ 2. 

a b \ Z? —f— ct —f— 1 c 4~ a 4~ 1 

According to the Cauchy-Schwarz inequality (Corollary 4.3) we have 

4~ 1 c + 1 a + 1 

a -\- b \ £> + c + 1 c 4~ a 4~ 1 

> (a + b + c + 3) 2 

(Z>+ 1 ) (a + /? + 1) + (c+ 1)(Z? + c + 1) + (a + l)(c + a+ 1) 

Equality holds iff a — b — c = 1 . 

157 Let a, b,c, d > 1 be real numbers. Prove the inequality 

Va — 1 + ~Jb — 1 + Vc — 1 + d — 1 < y (aZ> + 1 ) (cc/ + 1). 

Solution We’ll prove that for every x, y e R + we have V x — 1 + *Jy — 1 

Applying the Cauchy-Schwarz inequality for a\ = V-* — 1 , «2 = 1 ; b\ 
~Jy — 1 gives us 

(V* - l + -/y - l) 2 < i-e. V*-i4--/y-i< Vlv- 


Prove the 


( 1 ) 


= 2 . 


■ < v*y- 

= l,b 2 = 


Now we easily deduce that 

Va — 1 + VZ> — 1 + Vc — 1 + ~J d — 1 < Vaft + VcV < y/ (a£> + 1 ) (cc/ + 1). • 
158 Let a \ , ^ 2 , . . . , d n £ such that a\ci 2 • • • ci n = 1 • Prove the inequality 
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Solution Applying AM > GM we obtain 


V«T + + • • • + \/On ^ J , — /—— , 

L -y v tX \ 02 ' ' ' -y U/i — 1 


i.e. 


(1) 


«Ja I + Vfl2 H h > «• 

Now we’ll use the Cauchy— Schwarz inequality. 

We have 

(\/fl I + \/fl2 + ■ • ■ + \fOn)~ < (n't + £?2 + • • • + fl«)(l + 1 + • • • + 1), 


i.e. 

{\fa{ + \/^2 + • • • + sfOn ) 2 < w(fll + #2 + ' ' ' + a n ). ( 2 ) 

Using ( 1 ) and ( 2 ) gives us 

(a/uJ + \/^2 + • ■ • + \furt)~ < n(t 7 i + 02 + • ‘ • + a, i) < (Vof + s/oi + ■ ■ ■ + \[an) 

x («i + a2 + • • • + a n ) 

i.e. 

■v/flT + \/^2 + • • • + < a 1 + fl2 + ■ ■ ■ + a n ! 

as required. ■ 

159 Let a , b, c be positive real numbers such that a + h + c = 1 . Prove the inequality 

aVb + byfc + c-v/fl < —= . 

V 3 

Solution Applying the Cauchy— Schwarz inequality we have 

(aVb + b^fc + c-Ja ) 2 < (a 2 + b 2 + c 2 )(a + b + c) — a 2 + b 2 + c 2 . (1) 

One more use of the Cauchy— Schwarz inequality for 

Al=^/a, A2 = Vb, A3 = *fc and 
B\ = Vab, Z?2 = Vbc, Bt, = *Jca 

gives us 

(aVb + b^/c + c^/aj 2 < (a + b + c)(ab + be + ca) — ab + be + ca, 


i.e. 


2 (aVb + bj~c + Cy/a ) 2 < 2 (ab + be + ca). 


(2) 


21 Solutions 


313 


By adding (1) and (2) we get 

3 (aVb + byfc + Cy/a ) 2 <a 2 + b 2 + c 2 + 2 (ab + be + ca ), 


i.e. 


i.e. 


3 {ayfb byfc Cyfa 0 < (a b -p c) — 1 , 


ayfb + byfc + Cyfa < — =. 

V3 ■ 

160 Let a, b, c e (0, 1) be real numbers. Prove the inequality 

y/abc + yj (1 — a)(l — b)( 1 — c) < 1. 

Solution 1 For x e (0, 1) we have yfx < fx. 

So 

y/abc < y/abc and f (\ — n)(l — b)(l — c) < ^(1 — a)(l — b){ \ — c). (1) 

Using (1) and AM > GM gives us 

\fabc + ^(1 — a )(1 — b)( 1 — c) < V abc + ^(1 — a)(l — b){ 1 — c) 

a + h + c 1— fl+1 — £> + 1 — c 

< 1 = 1 . m 

3 3 ■ 

Solution 2 Since a,b,c e (0, 1) we obtain 

V abc + \/(l — a)(l — b)(l — c) < -Jbyfc + Vl — by/ 1 — c. (1) 

Using the Cauchy— Schwarz inequality we have 

Vbyfc + Vl — by / 1 — c < y/ (b + 1 — b) 2 (c + 1 — c) 2 = 1 . (2) 

From (1) and (2), we obtain the required inequality. ■ 

161 Let a, b, c be positive real numbers such that a + b + c = 3. Prove the inequality 


a 3 + 2 b 3 + 2 c 3 + 2 


■ + 


+ 


>3. 


/? -p 2 c 2 a + 2 
Solution By AM > GM we have 

a 3 + 2 a 3 + 1 + 1 2>y/ a 3 -1-1 3 a 

> 


b + 2 


6 + 2 


b 2 6 + 2 
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Similarly we get 

b 3 + 2 3b c 3 + 2 3c 

> and > . 

c 2 c + 2 a + 2 a + 2 

Therefore 

a 3 + 2 b 3 + 2 c 3 + 2 / a b c \ 

T h 3 ( h h I . 

Z? + 2 c + 2 a + 2 “ \b + 2 c + 2 a + 2) 

Applying the Cauchy-Schwarz inequality (Corollary 4.3) we obtain 

a b c a 2 b 2 c 2 

b + 2 + c + 2 + a + 2 ~ a(b + 2) + b(c + 2) + c(a + 2) 

(a + b + c) 2 

a(b H - 2) -|- b(c 2) -|- c(ci -\- 2) 

_ (a + b + c) 2 

ab + be + ca + 2(a + b + c) 

Since (a + b + c ) 2 > 3 (ab + bc+ ca) we deduce that 

1 3 

> . 

ab + be + ca (a + b + c) 2 


(1) 


(2) 


( 3 ) 


From (2) and (3) we get 

a b c (a + b + c) 2 

1 _ 1 _ > — 

b + 2 c + 2 a + 2 ab + be + ca + 2 (a + b + c) 

(a + b + c) 2 

~ (a + b + c) 2 / 3 + 2 (a + b + c) 

3 (a + b + c) 2 3 (a + b + c) 

(a + b + c) 2 + 6 (a + b + c) (a + b + c) + 6 

Finally by (1), (4) and since a + b + c — 3 we obtain 


a b c \ 9 (a + b + c) 27 

b + 2~^c + 2~^a + 2j~ (a + b + c) + 6 9 


as required. Equality occurs iff a — b = 


c = 1. 


162 Let a, b, c be positive real numbers such that a 2 + b 2 + c 2 = 3. Prove the 
inequality 

1 1 1 

o ^ o — T + T — 3- 

2 — a 2 — b 2 — c 


2 1 Solutions 
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Solution Rewrite the given inequality as follows 

a b c 

b b ^ 3, 

2 — a 2-b 2 -c 


a 2 b~ c~ 

1 1 > 3. 

2a — a 2 2b — b 2 2c — c 2 

Clearly a,b,c e (0, V3), so 2a — a 2 , 2b — b 2 , 2c — c 2 > 0. 

Now by the Cauchy-Schwarz inequality (Corollary 4.3) we obtain 

a 2 b 2 c 2 (a + b + c) 2 

2 a — a 2 2b — b 2 2c — c 2 ~ 2 (a + b + c) — ( a 2 + b 2 + c 2 ) 


2 (a 4- b 4- c) — 3 


So it remains to prove that 


(a + b + c)~ > 

2 (a + b + c) — 3 — 

which is equivalent to (a + b + c — 3) 2 > 0, and clearly holds. 

Equality holds iff a — b = c = 1 . 

163 Let a, b, c be positive real numbers such that abc = 8. Prove the inequality 

a — 2 b — 2 c — 2 

1 1 < 0. 

a + 1 b + 1 c+ 1 “ 

Solution Rewrite the given inequality as follows 

a - b 1 — 3 b - b 1 — 3 c + 1 — 3 

b ~b ^ 0 

fl + 1 b - b 1 c + 1 


1 1 1 

b b 1 • 

a - b 1 b - b 1 c + 1 

Let a = —,b=—,c=—. 


1 1 1 

7 + 7 7 + 


1 

-1- 

1 

1 

T+ 1 

f-M 

T+l 

> + 

z 

_J_ 

X 

2 x + y 

2v + z 

2 z + x 
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2xy + y 2 + 2 yz + z 2 2zx + x 2 

> O + v + z) 2 

— 2xy + y 2 + 2 yz + z 2 + 2 zx + x 2 

In the last step we used the Cauchy-Schwarz inequality (Corollary 4.3). ■ 

164 Let a,b,c e R + such that a 2 + b 2 + c 2 = 1. Prove the inequality 

a + b + c — 2 abc < -s/2. 

Solution Since a 2 + b 2 + c 2 — 1 and a 2 > 0 it follows that b 2 + c 2 < 1 , i.e. 2 be < 1 . 
Applying the Cauchy-Schwarz inequality we have 

a + b + c — 2abc — a{\ — 2 be) + (b + c) ■ 1 < V a 2 + (b + c) 2 y / (1 — 2bc) 2 + 1 

= -y/ (fl 2 + fc 2 + c 2 + 2bc)(2 — 4 be + 4 b 2 c 2 ) 

= 7(1 + 2fcc)(2 - 4fcc + 4(7 2 c 2 ). 

So it suffices to show that 

(1 + 2bc){2 - 4 be + 4b 2 c 2 ) < 2. 

We have 

2 - (1 + 2bc){2 - 4 be + 4b 2 c 2 ) = 4b 2 c 2 (l - 2 be) >0. a 

165 Let x, y, z e R + such that x 2 + y 2 + Z 2 — 2. Prove the inequality 

x + y + z< 2 + xyz. 

Solution 1 Let x — aj 2, y — by/2, z = cV 2. Then a 2 + b 2 + c 2 = 1 and the given 

inequality becomes a + b + c — 2 abc < y/2, which is true (Problem 127). ■ 

Solution 2 The given inequality becomes 

x(\ -yz) + y + z<2. 

Using the Cauchy-Schwarz inequality we get 

0(1 - yz) + (y + z) ■ l) 2 < O 2 + (y + z) 2 )((l - yz) 2 + l 2 ) 

O O + y + z - xyz) 2 < O 2 + y 2 + z 2 + 2yz)(2 - 2 yz + y 2 z 2 ) 

(x + y + z- xyz) 2 < 2(1 + yz)(2 - 2yz + y 2 z 2 ). 
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So it suffices to show that 


2(1 + yz)(2 — 2yz + y 2 z 2 ) < 4, 


i.e. 


i.e. 


(1 + yz)(2 - 2yz + y 2 z 2 ) < 2 o y 3 z 3 <y 2 z 2 , 


yz < 1 . 

The last inequality is true since 2yz < _y 2 + z 2 < x 2 + y 2 + z 2 = 2. 

166 Let x , y, z > — 1 be real numbers. Prove the inequality 

1+x 2 1 + y 2 1 + z 2 

+ — ^ + * > 2 . 


l+y + z 2 1 + z + x 2 1 + x + y 


2 - ' 


Solution Notice that > y and 1 + y + z 2 > 0. 
So 


1+x 2 1 + x 2 

> 


2(1 +x 2 ) 


l + y + z 2 i -). 1+ y -|- z 2 2(1 + z-) + 1 + v- 


2(1 + y 2 ) 


Analogously 

i + y 2 > 

1 + z + x 2 _ 2(1 + x 2 ) + 1 + z 2 
It suffices to show that 

2(1 +x 2 ) 2(1 + _y 2 ) 


1 + z 2 

and > 


2(1 + z 2 ) 


1 + x + _y 2 2(1 + y 2 ) + 1 + x 2 ' 


+ 


2(1 + z 2 ) 


2(1 + z 2 ) + 1 + y 2 2(1 +x 2 ) + 1 + z 2 2(1 + y 2 ) + 1 + x 2 

Let 1 + x 2 = a, 1 + _y 2 = b, 1 + z 2 = c, i.e. we need to show that 

a b c 

+ - > 1 - 


> 2 . 


2c + b 2 a + c 2b + a 

Applying the Cauchy-Schwarz inequality we obtain 


) ( ab + bc + ca) > (a + b + c ) 2 


i.e. 


2 ca + ab lab + be 2 be + ca ) 


a b c (a + b + c)~ 

+ — + — > — — — > 1 , 


2 c + b 2a + c 2 b + a 3 (ab + be + ca) 


as required. 
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167 Let a,b,c,d be positive real numbers such that abccl — 1. Prove the inequality 

(1 + « 2 )(1 + b 2 )( 1 + c 2 )(l + d 2 )>(a + b + c + d) 2 . 

Solution Since abed = 1 , there are two numbers x, y among a , b. c, d, such that 
x, y > 1 or x, y < 1 . Without loss of generality we may suppose that they are b 
and d. Then clearly (b — 1 )(cl — 1 ) > 0 , i.e. bd + 1 > b + d. 

According to the Cauchy-Schwarz inequality and the previous note, we obtain 

(1 + a 2 )( 1 + b 2 ){ 1 + c 2 )( 1 + d 2 ) = (1 + a 2 + b 2 + a 2 b 2 )(c 2 + 1 + d 2 + c 2 d 2 ) 

> (c -|- ci bd + l) 2 > (ci -\- b c d^ 2 . 

Equality holds iff a = b = c = d = \. ■ 

168 Let a,b,c,d e K + such that ^ + 5 + 7 + 3= 4 . Prove the inequality 


3/ a 3 + b 3 ^ 3 b 3 + c 3 + 3 jc 3 + d 3 + 


d 3 ■ 


^ 2 (u “P b -p c T d ) — 4 . 


3 / -y 3 + v 3 < .Y 2 +y 2 


Solution 

Lemma 21.2 If x, y e K + then y — T _ v+y . 

Proof The given inequality is equivalent to (x — y) 4 (x 2 + xy + y 2 ) > 0 . 
So it follows that 


3 a 3 + b 3 3 b 3 + c 3 3 c 3 + d 3 3 d 3 + a 3 


+ 


a 2 + b 2 b 2 + c 2 c 2 + d 2 d 2 + a 2 

< + + 


a + b b + c c + d d + a 


Furthermore, we have 


So 


(a + b) 


a 2 + b 2 lab 


a+b a+b 


□ 


lab Ibc led 

L < (a + b) — + (b + c) — h (c + d) + (d + a) 

a+b b+c c+d 

and it is sufficient to prove that 

ab be cd da 

+ 7 + > 2 . 


Ida 
d + a 


a + b b + c c + d d + a 
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Applying the Cauchy-Schwarz inequality we obtain 

( i ab be ccl da \ / /I 1 1 1\\ > 

a + b b + c + c + d + d + a) — 

i.e. 

ab be cd da 16 

b b b ^ — = 2, 

a + h + c c + d d + a 8 

as required. ■ 

169 Let x, y, z e [— 1, 1] be real numbers such that x + y + z + xyz = 0. Prove the 
inequality 

\l x + 1 + yj y + 1 + Vz+T < 3. 

Solution Applying the Cauchy-Schwarz inequality we have 

aA + 1 + -y/y + 1 + a/z+T < y/3(jr + y + z + 3) . 

If x + y + z < 0 then yA + 1 + Vy + 1 + a/z + 1 < 3, and the given inequality 
clearly holds. 

So let us assume that x + y + z > 0. Then we have xyz = — {x + y + z) < 0. 
Without loss of generality we may assume that z < 0 and then it’s clear that x, y e 
(0,1]. 

Applying once more, the Cauchy-Schwarz inequality we obtain 

aA + 1 + sj y + 1 + a/z + 1 5 \/ 2jc + 2y + 4 + aA + 1 ■ 

So it suffices to show that 

\/ 2x + 2 y + 4 + Vz + 1 5 3. 

We have 

\/ 2.x + 2y + 4 + a/z + I < 3 y/ 2.r + 2y + 4 — 2 < 1 — aA + 1 

2(.r + y) -z 

<£> < 

a/2.v “b 2y -b 4 -b 2 yA -b 1 ~b 1 

^ — 2z(l + xy) < -z 

\/2x + 2 y + 4 + 2 yA + 1 + 1 

2(1 + xy)(l + yA + z) < \/2x + 2y + 4 + 2 

<b> 2xy + 2(1 + jcv)a/ 1 + z < y/2x + 2 y + 4. (1) 

We can easily deduce that 1 + z = and then inequality (1) is equivalent 

to 
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Finally, using the Cauchy-Schwarz inequality we obtain 

xy + -y/(l — *)(1 - y)(l +xy) = y/xyfxy 2 + V 1 - x-J 1 + xy — y— xy 2 


< yj (x + 1 - x)(xy 2 + 1 + xy - y - xy 2 ) 

= y/l + y{l-x)<l<Jl + - 


x + y 

~Y~ ’ 


as desired. 


170 Let a, b, c > 0 be positive real numbers such that a + b + c — abc. Prove the 
inequality 

ab + be + ca > 3 + y/ a 2 + 1 + y/b 2 + 1 + y/ c 2 + 1. 


Solution First we’ll show that 


2/2 I 1 2 2 I 2 2 ^ 2/22 

a b +b c +c a >abc. 


in 


We have 


(ab) 2 + (be) 2 + (ca) 2 > (ab)(bc) + (bc)(ca) + (ca)(ab) — abc(a + b + c) 


i.e. 


1 1 1 (ab) 2 + (be) 2 + (ca) 2 a + b + c 

1 1 = : — — > = 1 

a 2 b 2 c 2 (abc) 2 abc 

, v 2/ 2 i / 2 2 I 22-^ 2 j,2 2 

a b + b e + c a > abc . 


Furthermore 


(ab + be + ca) 2 — a 2 b 2 + b 2 c 2 + c 2 a 2 + 2 abc(a + b + c) 


( 1 ) 


> a 2 b 2 c 2 + 2 abc(a + b + c) = 3(a + b + c) z . (2) 


So 


(ab + be + ca — 3) 2 = (ab + be + ca) 2 — 6 (ab + be + ca) + 9 

( 2 ), 


> 3 (a + b + c) — 6 (ab + be + ca) + 9 
= 3(a 2 + b 2 + c 2 ) + 9, 


i.e. 


ab + be + ca > 3 + y/3 (a 2 + b 2 + c 2 ) + 9. 


(3) 
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Applying the Cauchy-Schwarz inequality we have 

3 (a 2 + b 2 + c 2 ) + 9 = 3 ((a 2 + 1) + ( b 2 + 1) + (c 2 + 1 )) 
> (v / fl 2 + 1 + \/b 2 + 1 + Vc 2 + l) 2 . 


i.e. 

\/ 3(a 2 + b 2 + c 2 ) + 9 > -\/a 2 + 1 + \/ £> 2 + 1 + V c 2 + 1. (4) 

Using (3) and (4) we obtain 

+ foe + ca > 3 + -\/3(a 2 + b 2 + c 2 ) + 9 > 3 + \/ « 2 -(- 1 + \/ b 2 + 1 + \/c 2 + 1 , 
as required. ■ 


171 Let a, b. c,x,y,z be positive real numbers such that ax + by + cz = xyz . Prove 
the inequality 

a 4~ ~h A \fb~-\-~c A y/c~-\~~a < r 4* y 4 Z. 


Solution We have — 
Let 



a b c 

u = — , v = — , w = — . 

yz xz xv 


We need to show that 


yjz(yu +xv) + yjx{zv + yw) 4- a /y(xw + zu) <x + y+z. 


where u + v + w = 1. 

Applying the Cauchy-Schwarz inequality we obtain 

(v/ziyu 4- xv) + y/x(zv + yw) + y/y(xw + zu)) 2 
< (x 4- y 4- z)(yu + xv + zv + yw + xw + zu). 


Also we have 

yu + xv + zv + yw + xw + zu = x(l — u) 4- y(l — v) 4- z(l — w) 

= x + y + z — (xu 4- yv 4- zw) < x + y + z. 


Now we obtain 

(s/z{yu + xv) 4- y/x{zv 4- yw) + yj y(xw + zu)) 2 < (x 4- y 4- z) 2 , 


i.e. 


y/z(vu + xv) + y/x( zv + yw) + y/y(xw + zu) < x + y + z. 
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172 Let a,b,c be non-negative real numbers such that a 2 3 + b 2 + c 2 = 1 . Prove the 
inequality 


a b 

b 2 + 1 c 2 + 1 


+ 


c 3 

r > ~(a*fa + b\[b + cy/cj 2 . 

a L + 1 4 


Solution We’ll use the Cauchy— Schwarz inequality , i.e. 

(fl 2 + af + + b\ + fr 2 ) > + t/ 2^2 + aibj,) 2 . (1) 

Let 

a\ = yj a 2 (b 2 + 1 ), 02 = y/ b 2 (c 2 + 1 ), 03 = y/ c 2 (a 2 + 1 ) and 

b '=^rr 

Then using (1) we get 

(a 2 (b 2 + 1) + b 2 (c 2 + 1) + c 2 (a 2 + D)(^ + + ^Tl) 

> (ayfa + bVb + Cyfc) 2 , 
i.e. 

a b c {Oy/a + by/b + Cy/c) 2 

b 2 + 1 c 2 + 1 a 2 + 1 — a 2 (b 2 + 1 ) + b 2 {c 2 + 1) + c 2 (a 2 + 1) 

So it suffices to show that 

a 2 (b 2 + 1) + b 2 (c 2 + 1) + c 2 (a 2 + 1 ) < j. 

From the obvious inequality ( a 2 — b 2 ) 2 + ( b 2 — c 2 ) 2 + ( c 2 — a 2 ) 2 > 0 we deduce 
that 

a 2 b 2 + b 2 c 2 + c 2 a 2 <a 4 + b 4 + c 4 . (2) 


Now we have 


a 2 (b 2 + 1) + b 2 (c 2 + 1) + c 2 (a 2 + 1) 

= a 2 + b 2 + c 2 + a 2 b 2 + b 2 c 2 + c 2 a 2 

t 2 7 3(a 2 b 2 + b 2 c 2 + c 2 a 2 ) 

= ci - b + c + 


( 2 ) 


< a 2 + b 2 + c z + 


2 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) + a 4 + b 4 + c 4 


2 ,2 2 (a 2 + b 2 + c 2 ) 2 1 4 

— a" -\-b~ + c H — 1 + — — — , 

3 3 3 


as required. 

Equality occurs iff a = b = c = 1 /y/3. 
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173 Let fl,lt,cbe positive real numbers. Prove the inequality 

be 9 


> 


(. b + c) 2 (c + a) 2 (a + b ) 2 4 (a + b + c) 

Solution Applying the Cauchy— Schwarz inequality gives us 


(a + b + c) 


+ 


( b + c) 2 (c + a) 2 (a + b)- 


a b c 

1 1 — 

b + c c + a a + b 


Recalling Nesbitt’s inequality we have 


( 1 ) 


a b c 3 
+ + > -■ 


b + c c + a a + b 2 
From (1) and (2) we obtain the required inequality. 


( 2 ) 


174 Let x>y>z>0be real numbers. Prove the inequality 


2 2 2 

.try y z z x 2 t 2 
— + - — + — > x 2 + v - + r . 
z X y 


Solution Applying the Cauchy— Schwarz inequality we obtain 


2 2 ' , \/2 2 2 

x y y z z x\(x A z y x z y\ „ 2 2 

— + : — + — — + - — + — > (x- + r + z 2 ) 2 


We’ll prove that 


y /\ y 


1 1 2 1 1 2 

x~y v z z z x x'z v x z z y 

— + ; — + > + 1 — + — . 

z X y y Z X 


From 


t 2 2 

xv y z z x 
— + — + — 
z X y 


1 2 2 

x z y x z y 
— + 1 — + — 
y z x 


(xy + yz + zx)(x - y)(x - z)( v - z) 
xyz 


> 0 , 


(1) 


( 2 ) 


9 9 2 9 T 2 

x-y y z z x x~z y x z y 
Z x y y z x 


we deduce that 
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Combining (1) and (2) give us 


x~y y z z~x 
— + : — + — 
Z x y 


2 ^\ 2 


> 


x y , y z , z“x\ x~z , yx , n 


H b 

Z X y 


H b 

y z x 


> (x 2 + y 2 + z 2 ) 2 , 


i.e. 


2 2 2 

X y y Z Z X 2 9 2 

— + — + > x 2 + y- + Z . 

z x y 

Equality occurs if and only if x = y = z. 

175 Let a, b, c be positive real numbers such that abc = 1 . Prove the inequality 


1 1 

+ 


1 


2 ~b a 2 + b 2 -b c 

Solution The given inequality can be rewritten as 


< 1. 


1 


2 + n 


+ 1 


2 + b 


+ 1 


2 + c 


> 1, 


which is equivalent with 


b c 

+ T > 1. 


2 + a 2 + Z? 2 + c 


ta = -,^=-,c=-. 
y z' x 

Inequality (1) becomes 


x y z 

+ ——^ + — > 1. 


x + 2 y y + 2z z + 2x 

Applying the Cauchy-Schwarz inequality we have 


X V z 

+ + 


+ 


y 


+ ■ 


x + 2 y ' y + 2z ' z + 2x x 2 + 2xy _y 2 + 2yz z 2 + 2zx 

(x + y + z) 2 

x 2 + y 2 + z 2 + 2xy + 2yz + 2zx 


> 2 


= 1. 


( 1 ) 


(2) 


So we have proved (2) and we are done. 

Equality occurs iff x = y = z, i.e. a — b = c = 1 . 

176 Let a, b, c be positive real numbers such that abc > 1. Prove the inequality 
1 1 1 


+ 


+ ■ 


+ b i + c 2 b 4 + c 3 + a 2 c 4 + a 3 + b 2 


< 1 . 
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Solution By the Cauchy— Schwarz inequality we have 

1 1 + b + c 2 1 + b + c 2 

a 4 + b 3 + c 2 ( a 4 + b 3 + c 2 )( 1 + b + c 2 ) ~ (a 2 + b 2 + c 2 ) 2 


Similarly we get 

1 1 -(" c “h a^ 1 1 -(“ a “h b~ 

b 4 + c 3 + a 2 ~ ( a 2 + b 2 + c 2 ) 2 c 4 + a 3 + b 2 ~ (a 2 + b 2 + c 2 ) 2 

It follows that 

111 a^ -f- b 2 ~\~ c 2 -\-a-\-b-\-c-\-3 

a 4 + b 3 + c 2 + b 4 + c 3 + a 2 + c 4 + a 3 + b 2 ~ (a 2 + b 2 + c 2 ) 2 

So it remains to prove that 

a 2 + b 2 + c 2 + a+b + c+ 3 

(a 2 + b 2 + c 2 ) 2 ~ 


By AM > GM we have ci + b + c > 3 and + c 2 > 3. 

Consider the well-known inequality 3 (a 2 + b 2 + c 2 ) > (a + b + c ) 2 . 
Then we obtain 


a 2 + b 2 + c 2 + a + b + c + 3 ^ a 2 + b 2 + ( ,2 + (ji± b+cl + {ji± b+cl 
(i a 2 + b 2 + c 2 ) 2 ~ (a 2 + b 2 + c 2 ) 2 

<a 2 + b 2 + c 2 + (a 2 + b 2 + c 2 ) + ( a 2 + b 2 + c 2 ) 
( a 2 + b 2 + c 2 ) 2 
3 

a 2 + b 2 + c 2 — 


as required. ■ 

177 Let a,b,c,d be positive real numbers such that abed — 1. Prove the inequality 

1 | 1 { { 1 
n(l +b) + b(l+c) + c(l+d) + d(l + a ) “ ' 

Solution With the substitutions a = | , b = ’-,c — f,d — y, the given inequality 
becomes 

x y z t 

1 1 \ > 2 . 

z + t x + 1 x + y z + y 
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By the Cauchy Schwarz inequality we have 

9999 

x y z t x y z t 

1 1 1 = 1 1 1 

z + t x + t x + y z + y xz + xt yx + yt zx + zy tz + ty 

(x + y + z + 1 ) 2 

— 2 xz + 2 yt + xt + yx + zy + tz 

Hence it suffices to prove that 

(x + y + z + t) 2 ^ 

2xz + 2 yt + xt + yx + zy + tz ~ 

which is equivalent to 

(A- - z) 2 + (v - t) 2 > 0. 

Equality occurs iff x = z, y — t, i.e. a — c— i/b— \ /d. ■ 


178 Let a,b,c be non-negative real numbers such that a + b + c = 1. Prove the 
inequality 

ab be ca 1 

_t_ < — . 

c+ 1 a+ 1 b+ 1 ~ 4 


Solution If one of a,b,c is equal to zero then it is easy to show that the given 
inequality is true. Equality in this case occurs iff one of a, b, c is zero, and the other 
two numbers are equal to 1/2. 

Because of this we can assume that n,i,ce R + . 

From a + b + c = 1 it follows that at least one of the numbers a, b, c is less then 
4/9. In the opposite case, if all of them are greater then 4/9, we will have 

4 4 

a + b + c > 3 • - = - > 1, 

9 3 

a contradiction. 

So we can assume that 



(1) 


(2) 


1 1 1 

7 7 ^ 7 

ft-pl Z? -J- 1 c + 1 


~((a + 1) + (b+ 1) + (c+ 1)) 


1 

a -j- 1 


1 

b+ 1 
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applying the Cauchy-Schwarz inequality we have 

1 1 1 


£7 -}- 1 b 1 C 4“ 1 

= j((a + 1 ) + (fe+ 1 ) + (c+ 1 ))("— — r + 7 , , H ~r 

4 \a+l»+lc+l 

1 , 9 

>- (1 + H- 1)2 =-. 


(3) 


Now using (2) and (3) we obtain 


,1 1 1 

A — abc\ — I 1 — 

, a b c 


a A 1 £> + 1 c 1 


.1 1 1 9 \ 9 abc 

< abcl — \ \ ] = ab + ac + be . 

abc 4/ 4 


(4) 


On the other hand, we have 


a-c) 2 = (a + b) 2 >4ab, 


i.e. 


ab < 


(1-c) 2 


(5) 


and using (4) we get 


1 9 abc 1 9 abc 1 

A < ab + ac + be — ab + c(a + b) 

4 4 4 4 4 

l 9 c\ 1 

= flfo ( 1 “Tj + c(1_c)_ 4 

(i). (5) (1 — c) 2 / 9c\ N 1 

- ~ 4 ( 1 4~)^" cl_ c_ 4 


1 


— c 


= -(-9 + 6 c - c) = — (9c z - 6 c + 1) = 


16 


16 


— c(3c — l ) 2 

16 


< 0 , 


as required. 

Equality occurs iff a = b = c — 1/3. 


179 Let < 7 , b, c be positive real numbers such that abc = 1. Prove the inequality 

1 1 1 


+ 


3 

< -. 


(a+l) 2 (fr + c) (£>+l) 2 (c + fl) (c+l) 2 (a + £0 8 


328 


21 Solutions 


Solution Let a — x 2 , b = y 2 , c = z 2 . The given inequality becomes 

1 1 13 

( x 2 + 1 ) 2 (y 2 + z 2 ) + (y 2 + 1 ) 2 (z 2 + x 2 ) + (z 2 + l) 2 (x 2 + y 2 ) ~ 8 

By the Cauchy— Schwarz inequality we have 


yj (x 2 + l)(y 2 + Z 2 ) >xy + z 


_ 1 

z 


Z 2 + 1 

z 


and 


yj (x 2 + 1 ) (z 2 + y 2 ) >xz + y 


1 

- + y = 
y 


y 2 + 1 

y 


Multiplying these two inequalities we get 


(.v 2 +l)(z 2 + .y 2 )> 


(r + i)(z 2 + 1) 


i.e. 


Hence 


(x 2 + l) 2 (z 2 + y 2 ) > 


(.v 2 + i)(r + i)(z 2 + i) 
yz 


(x 2 + 1 ) 2 (y 2 + z 2 ) (x 2 + l)(v 2 + 1 ) (z 2 + 1) ' 

Similarly we obtain 


1 zx 

(y 2 + l) 2 (z 2 + x 2 ) ~ (x 2 + 1 )(y 2 + l)(z 2 + 1) 

and 

1 xy 

(z 2 + l) 2 (x 2 + y 2 ) ~ (x 2 + l)(v 2 + l)(z 2 + 1) 

We have 

1 1 1 

(x 2 + l) 2 (y 2 + z 2 ) + (y 2 + l) 2 (z 2 + x 2 ) (z 2 + l) 2 (x 2 + y 2 ) 

xy + yz + zx 

~ (x 2 + l)(y 2 + 1 ) (z 2 + 1) ’ 
and it suffices to prove that 


xy + yz + zx 3 

(x 2 + 1 ) (y 2 + l)(z 2 + 1) “ 8 
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i.e. 

g 

(x 2 + l)(y 2 + l)(z 2 + 1) > -(xy + yz + zx). 
By the Cauchy— Schwarz inequality we have 


yj (x 2 + 1)(1 + y 2 ) >x + y, \J ( z 2 + 1)(1 +X 2 ) > z + x and 

yf (y 2 + 1)(1 + z 2 ) >y + z. 

Multiplying these three inequalities gives us 

(x 2 + l)(y 2 + 1 )(z 2 + 1) > (x + y)(y + z)(z + x). (1) 

By the well-known inequality 

8 

(x + y)(y + z)(z +x)> -(x + y + z)(xy + yz + zx), 

and the AM > GM we obtain 

8 8 

(x + y)(y + z)(z + x) > -(x + y + z)(xy + yz + zx) > -{xy + yz + zx). (2) 
By (1) and (2) we obtain 


g 

(x 2 + l)(y 2 + l)(z 2 + 1) > (x + y)(y + z)(z + x) > -(xy + yz + zx), 
as required. 

Equality occurs iff x — y — z = 1 i.e. a = b = c = 1 . ■ 

180 Let x, y, z be positive real numbers. Prove the inequality 

xy(x + y — z) + yz(y + z — x) + zx(z + x — y)> ^3 (x 3 y 3 + y 3 z 3 + z 3 x 3 ). 

Solution Notice that 


xy(x + y - z) + yz(y + z - x) + zx(z + x - y) 

_ x(y 3 + z 3 ) y(z 3 + x 3 ) z(x 3 + y 3 ) 
y + z z + x x + y 


Let a = x 3 , b — y 3 , c = z 3 . 
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Using Corollary 4.5 (Chap. 4) and the previous identity we obtain 

xy(x + y - z) + yz(y + z - x) + zx(z + x - y) 

_ x(y 3 + z 3 ) y(z 3 + v 3 ) z(.r 3 + y 3 ) 

y + z z + x x + y 

— — - — (b + c) H 1 — (c + a) H (a + b) 

y + z z + x x + y 

> \Zl>{ab + bc + ca) — yj 3 (x 3 y 3 + y 3 z 3 + z 3 x 3 ), 

as required. ■ 


181 Let a, b, c be positive real numbers. Prove the inequality 


° M ? ± f 1 + + f > + ca< f + : 3) > 

' c- + fl" 


+ & 2 ft 2 + C“ 


Solution Let 


1 1 1 

X = y=u 2’ and 


2 1,2 


A = 


cr£> 


b 2 ’ 
b 2 c 2 


B = 


C — 


1 2 
a c 


We have 


.r ab(a 2 + b 3 ) y £>c(£> 3 + c 3 ) 

(fi + C) = y , — , — — ( C + A) = 


y + z 


a 2 + b 2 


Z + x 


b 2 + c 2 


and 


z . m + b, = c “ <c3 + “ J) 


x + y 


c 2 + a 2 


Using Corollary 4.5 (Chap. 4) and the previous identities we obtain 


ab(a 2 + b 3 ) bc(b 3 + c 3 ) ca(c 3 + a 3 ) 

a 2 + fo 2 /? 2 + c 2 c 2 + a 2 

= — - — (B + C) + -?—( C + A) + — - — (A + B) 

y +z z+x x+y 

> ^3 {AB + BC + CA) = V3 abc(a 3 + b 3 + c 3 ). ■ 


182 Let a,b,c be positive real numbers. Prove the inequality. 


a+c b + a c + b , 

ab- b be — ; b ca — — - > +3abc(a + b + c). 


b + c 


c + a 


a + b 
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Solution Let x = y = —7— 4- and A — ac, B — ab , C — be. 

hr ’ J nr. ’ an ’ ’ 


We have 

x 


y + z 
z 


( B + C) — ab 
(A + B) = ca 


a + c 
b + c ' 
c + b 


V & + fl 

J (C + A) = be and 


z + x 


C + (7 


x + y ' ' a + b 

Using Corollary 4.5 (Chap. 4) and the previous identities we obtain 


a + c b + a c + b 

ab b be b ca 

b + c c + a a + b 

= ~^(B + C)+ -?—{ C + A) + — - — (A + B ) 

y + z z + x x + y 

> ^3{A~B~-\-~BC~-\~~0~A^ = ^3abc(a ~\~b -\- c). H 


183 Let a, b. c and x, y, z be positive real numbers. Prove the inequality 

a(y + z) + b{z + x) + c(x + y) > 2-/ (xy + yz + zx){ab + be + ca). 

Solution Since the given inequality is homogenous we may assume that x + y + 
Z = L 

Now the given inequality can be written as follows 

2 y/ (xy + yz + zx)(ab + be + ca) + ax + by + cz < a + b + c. 

Applying the Cauch-Schwarz inequality twice we have 
ax + by + cz + 2 yf (xy + yz + zx)(ab + be + ca) 

< V a 2 + b 2 + c 2 ■ yjx 2 + y 2 + z 2 + V 2(xy + yz + zx) • y/2(ab + be + ca) 

< \l a 1 + b 2 + c 2 + 2(ab + be + ca) ■ ^ x 2 + y 2 + z 2 + 2 (xy + yz + zx) 

— a + b + c. ■ 


184 Let a, b, c be positive real numbers such that a be > 1. Prove the inequality 
a 3 + b 3 + c 3 > ab + be + ca. 

Solution By Chebishev ’s inequality it is easy to obtain 

3(fl 3 + b 3 + c 3 ) > (a + b + c)(a 2 + b 2 + c 2 ). (1) 

Now by AM > GM we have 

a + b + c > 3 yfabc > 3 
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and clearly 


So by (1) we obtain 


a 2 + b 2 + c 2 > ab + be + ca. 


3 3 3 (a + b + c)(a 2 + b 2 + c 2 ) 3 (ab + bc + ca) 

a + b + c > > — ab + be + ca. 


185 Let a,b,c > 0 be real numbers such that a 2 ^ 3 + b 2 ^ 3 + c 2 / 3 = 3. Prove the 
inequality 

fl 2 + £2 + c 2> fl 4/3 + fc 4/3 + c 4/3_ 

Solution After setting a 1 / 3 = x, b */ 3 = y, c 1 / 3 = z. the initial condition becomes 


x~ + y 2 + z = 3, 


( 1 ) 


and the given inequality is equivalent to 


x 6 + v 6 + z 6 > x 4 + v 4 + z 4 . 

Assume that x 2 < y 2 < z 2 . Then it is clear that x 4 < y 4 < z 4 ■ 

Applying Chebishev’s inequality we get 

(x 2 + y 2 + z 2 )(x 4 + y 4 + z 4 ) < 3(x 6 + y 6 + z 6 ), 

and using (1) we obtain x 6 + y 6 + z 6 > x 4 + y 4 + z 4 , as required. ■ 

186 Let a, b, c be positive real numbers such that a + b + c = 3. Prove the inequality 

1 1 1 


+ 


+ 


< 1 . 


Solution Observe that 

1 


c 2 + a + b a 2 + b + c b 2 + c + a 

1 1 a(1 — a) 


1 _ 1 1 
a 2 + b + c 3 a 2 — a + 3 3 3(a 2 — a + 3) 


Analogously 

1 


1 


b( 1 - b) 


b 2 + c + a 3 3(b 2 -b + 3) 

Now the given inequality is equivalent to 


and 


1 


1 


c 2 + a + b 


c(l ~c) 
3(c 2 — c + 3) " 


a(fl-l) | b(b- 1) ^ c(c 1) q 


a 2 — a + 3 b 2 — b + 3 c 2 — c + 3 


t.e. 


a — 1 


b — 1 c — 1 

+ 


A - 1 + 3/a b - 1 + 3/b c - 1 + 3/c 
Without loss of generality we may assume that a>b>c. 


> 0 . 
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Then clearly a— \>b— \>c— \ and since a + b + c = 3 it follows that 
ab, be, ca < 3. Now we can easily show that 

1 1 1 

> > . 

a— 1 + 3/fl b—l+3/b c— 1 + 3/c 

Applying Chebishev ’s inequality we obtain 

/ 1 1 1 \ 

(a - 1 +b- 1 + c- 1) + + < 3 A 

\a-l + 3/a b-l + 3/b c-l+3/cJ- 

i.e. 

A > 0. 

Equality occurs iSa = b = c=l. ■ 


187 Let a,b,c e R + . Prove the inequality 

2 a 2 2 b 2 2c 2 

7 1 1 >a + b + c. 

b + c c + a a + b 


Solution Without loss of generality we can assume that a> b >c. 
Then clearly 


1 1 1 

> > 


b + c c + a a + b 
By Chebishev ’s inequality we have 

2 a 2 2 b 2 2c 1 2 , , 7 / 1 1 

+ + r > - (a 2 + br + c 2 ) 7 + 


b + c c + a a + b 3 
Applying QM > AM we deduce 


b + c c + a a + b 


( 1 ) 


I a 2 + b 2 + c 2 a + b + c a 2 + b 2 + c 2 ( a + b + c 

> , i.e. > 


By (1) and the previous inequality it follows that 

2 a 1 2b 2 2c 1 2 , / 1 1 1 \ 

b+c c+a a+b 9 \b+c c+a a+bj 

Applying AM > HM we deduce 

111 9 9 

f- b > — . 

b + c c + a a + b (b + c) + (c + a) + (a + b) 2{a + b + c) 


Finally from the previous inequality and (2), we get required result. 
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188 Let a,b,c be positive real numbers such that a be = 2. Prove the inequality. 
cr’ b -f- c 3 > aVb^Tc -\- b\J c -f- a -\~ cs/ ci 4- b. 


Solution Applying the Cauchy— Schwarz inequality we get 

a~Jb + c + bs/c + a + cV a + b < \/2 (a 2 + b 2 + c 2 )(a + b + c). (1) 

Using Chebishev’s inequality we get 

\/2 (a 2 + b 2 + c 2 )(a + b + c) < V 6 (a 3 + b 3 + c 3 ). (2) 

Also from AM > GM we have 

a 3 + b 3 + c 3 > 3 abc = 6. (3) 

Combining (1), (2) and (3) we have 

a 3 + Z? 3 + c 3 > V 6(a 3 + b 3 + c 3 ) > aVb~+~c + b^/c + a + cV a + b. 
Equality holds iff a — b — c = \/2. ■ 


189 Let a\ , ai, ... ,a n be positive real numbers. Prove the inequality 


1 

_^ + _^ + ... + _L 

\-\-Cl\ 1+^2 1+^n 


X + X + . 

a \ a 2 


■ + wr 


1 

> -. 
n 


Solution We can assume that a\ > «2 > ■ • ■ > a n . 

If we take x, = , y ,• = — -W for i — 1,2, ... ,n then 

111 11 1 

— < — <•■•< — and < <••■< . 

«i <72 a n a\ + 1 «2 + 1 a n + 1 

Also we have that 


1 1 1 

Xiyt = , , 77 = — 7 = Xi - y, 

a, [cii + 1 ) a, a, + 1 

So we can use Chebishev’s inequality, i.e. we have 


* 1*1 * 1 " 1 1 
> — • > < n ■ > =n-y 

fr'fli r-fai + l at (at + 1) “a; a; + 1 

1 = 1 1 = 1 1 = 1 1 = 1 



-E 



= n • 
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Now we easily obtain 


1 


1 


i i i 


1 

> 


1 _L J | | 1 77 

1 +fll "h 1+02 ' ' 1 +a n Oi ' 02 ' ' o„ 

Equality holds iff a \ — <22 = ■ ■ ■ — a n . 

190 Let a,b,c,d e R + such that ab + be + cd + da — 1 . Prove the inequality 


+ 


■ + 


d i 


1 

> 


b -\~ c 4~ d a + c + d b d -\- a b c 4~ a 3 
Solution Let a+b + c + d = s. Then the given inequality is equivalent to 


a 3 /r 3 c 3 
A — + - + 


d 3 1 

> 


s — a s—b s — c s—d 3 
Let us assume a > b > c > d . Then 

a 3 > b 3 > c 3 > d 3 and — ^ ^ ^ — > 


s—a s—b s—c s—d 
Applying Chebishev ’s inequality we get 

(a 3 -\- b 3 -\- c 3 -\- d 3 ) ^ 1111 


s — a s — b s — c s — d 


<4 


b 3 


+ + 


d 3 


s—a s—b s—c s—d 


i.e. 


4A > (a 3 +b 3 +c 3 + d 3 ) 


s—a s — b s — c s — d 


(1) 


(2) 


Since a > b > c > d it follows that a 2 >b 2 > c 2 > d 2 , and one more application of 
Chebishev’ s inequality gives us 

( a 2 + b 2 + c 2 + d 2 )(a + b + c + d) < 4 (a 3 + b 3 + c 3 + d 3 ). 


i.e. 


3 . j 3 i 3 , j3 (a“ + b~ + c 2 + d~)(a + b + c + d) 
a +b+c+d> . (3) 


Furthermore 


a 2 + b 2 + c 2 + d 2 = 


a 2 + b 2 b 2 + c 1 c 2 + d 2 d 2 + a 2 


+ 


+ 


+ 


> ab + be + cd + da — 1 . 
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So in (3) we deduce 


^ t 3 -l a + b + c + d 

_L _L ^ A A 


a + b + c + d > 


(4) 


and clearly we have 


a + b + c + d — 


(s — a) + (s — b) + (s — c) + (s — d) 


(5) 


Now from (4) and (5) we obtain 

3 , ,3 , 3 . ,3 ^ (s- a) + (s-b) + (s-c) + (s-d) 

Using (2), ( 6 ) and AM > HM we have 

— a) + (s — b) + (s — c) + (s — d)\ ( 1 1 1 


(6) 


4 A > 


12 


s — a s — b s — c s — d 


16 _ 4 
“ 12 ~ 3’ 


i.e. it follows that A > as required. ■ 

191 Let a, x, y, z be positive real numbers such that xyz = 1 and a > 1. Prove the 
inequality 

x a y 01 z a 3 
+ — — + > -■ 


y + z z + x x + y 2 

Solution Without loss of generality we may assume that x > y > z. 
Then 

and x 01 - 1 >y a ~ l >z a ~ l . 

y+z z+x x+y 
Applying Chebishev ’s inequality we have 


(x“- 1 +y“- 1 +z“- 1 ) 


xyz 
+ — — + 


<3 

y + z z + x x + y ) \ y + z z + x x + y 


x y z 

+ — — + 


( 1 ) 


Recalling AM > GM we get 

x a ~ l +y a ~ 1 + z 01 - 1 > 3 ^{xyzT- 1 = 3. 
Nesbitt’s inequality gives us 

x y z 3 
■ + — — + > -■ 


( 2 ) 


y+z z+x x+y 2 


( 3 ) 
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Finally using (1), (2) and (3) we obtain 


y 


b 

y + z z+x x+y 


+ 


>(;t“- 1 +;y“- 1 +z“- 1 ) 


+ 


■ + 


y+z z+x x+v 


= 3- 


3 

2 


i.e. 


3 

> 

y + Z ' z+ x ' x + y 2 


X“ V z 

+ — — + 


192 Let xi, X2, ■ ■ ■ , x n be positive real numbers such that 

1 


1 1 

■ + 


1 + Xi 1+X2 


■ + 


1 + x„ 


= 1. 


Prove the inequality 


v^T + V+H 1- > i ^ i_ 

n- 1 " Jx T ^^2 

Solution Let yqjyr- = a,-, for i = 1, 2, . . . , 

Clearly ^" =1 = 1 and the given inequality becomes 




i 


+ 0 - a/) 


> ft 






The last inequality is true according to Chebishev’s inequality applied to the se- 
quences 


(ai, 02 , . . . , a n ) and 


1 


1 


1 


,V«l(l - «l) ' V«2 ( 1 — ai)' ’ V«n(l - ««)/ 

193 Let xi , X 2 , . . . , x n > 0 be real numbers. Prove the inequality 


X j Xy ' • - X^" > (X1X 2 ---X„) 


* 1 “*”^2 “I 


Solution If we take the logarithm of both sides the given inequality becomes: 

xi + X 2 H b x„ 

xi lnxi + xt lnxT H bx„lnx„ > (lnxi+lnx 2 H blnx„). 

n 

( 1 ) 

We may assume that x\ > X 2 > • • • > x„, then lnxi > lnx 2 > • • • > I n x„ . 
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Applying Chebishev 's inequality we get 


(xi+X 2 -\ \-x„)(lnxi+lnx 2 -\ l-ln.r,,) < n(x\ ln^i +X 2 ln.i 2 H \-x n ln.T„), 


i.e. 


x\ ln.^i + xi ln ^2 H f x n lnx„ > 


x i + X 2 + • • • + x n 


(In X| + In *2 H 1 - In 


194 Let a, b, c > 0 be real numbers such that a + b + c — 1 . Prove the inequality 

a 2 + b b 2 + c c 2 + a 

1 1 > 2 . 

b + c c + a a + b 

Solution 1 Applying the Cauchy-Schwarz inequality for the sequences 


c 2 + a 
a + b 

and 

b\ — \j ( a 2 + b)(b + c), bi = y/ ( b 2 + c)(c + a), by, = V (c 2 + a)(a + b) 
we obtain 

a 2 + b b 2 + c c 2 + a (a 2 + b 2 + c 2 + l) 2 

1 1 > . 

b + c c + a a+b (a 2 + b)(b + c) + (b 2 + c)(c + a) + (c 2 + a)(a + b) 

So it suffices to show that 

(a 2 + b 2 + c 2 + l) 2 >2 

(a 2 + b)(b + c) + ( b 2 + c)(c + a) + ( c 2 + a)(a + b) ~ ~ 

We have 

(a 2 + b 2 + c 2 + l) 2 >2 

(a 2 + b){b + c) + (b 2 + c)(c + a) + (c 2 + a)(a + b) ~ 

^ + b~ + c 2 + 1)" > 2((cr + b)(b + c) + (b~ + c)(c + a) 

+ (c 2 + a)(a + b )) 

<S> 1 + ( a 2 + b 2 + c 2 ) 2 > 2 (a 2 (b + c) + b 2 (c + a) + c 2 (a + b)) 

+ 2 (ab + bc+ ca ) 

1 + (a 2 + b 2 + c 2 ) 2 > 2(fl 2 (l - a) + b 2 { 1 - b) + c 2 (l - c)) 


Cl\ = , 


I a 2 + b 
b + c 


Cl2 = i 


I b 2 + c 
c + a 


+ 2(ab + be + ca) 
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<+• 1 + (a 2 + b 2 + c 2 ) 2 > 2(a 2 + b 2 + c 2 - a 3 - b 3 - c 3 ) 

+ 2 (ab + be + ca) 

<+■ (o' 2 + b~ + c~)~ + 2(a 3 -j- b~ + c 3 ) > 2 (a“ + b~ + c 2 + a/? -(- £?c + ca) — 1 

<+ (cr + b 2 + c 2 ) 2 + 2(a 3 + ft 3 + c 3 ) > 2(a(l - c) + b( 1 - a) 

+ c(l-6))- 1 

O (a 2 + ft 2 + c 2 ) 2 + 2(a 3 + b 3 + c 3 ) > 1 — 2 (ab + be + ca) 

■vr* (a“ “|“ b~ + c 2 )“ + 2(a~ + b 3 + c 3 ) > (a + + c)~ — 2 (ob + ^tc 4“ ca) 

= a 2 + b 2 + c 2 . 


So we need to show that 

(a 2 + b 2 + c 2 ) 2 + 2(a 3 + b 3 + c 3 ) > a 2 + b 2 + c 2 . (1) 

By Chebishev ’s inequality we deduce 

(a + b + c)(a 2 + b 2 + c 2 ) < 3(a 3 +i> 3 + c 3 ), i.e. a 3 + b 3 + c 3 > — 
and clearly (a 2 + b 2 + c 2 ) 2 > a2 + b2 + c2 . 

Adding these inequalities gives us inequality (1). ■ 


Solution 2 Take a + b + c = p = 1 , ab + be + ca = q , abc = r and use the method 
from Chap. 14. ■ 

195 Let a,b,c > 1 be positive real numbers such that + ]p~i + = 1- 

Prove the inequality 

1 1 1 

1 1 < 1. 

a + 1 b+l c+1 “ 

Solution Without loss of generality we may assume that a >b > c. Then we have 

a — 2 b — 2 c — 2 a + 2 b + 2 c + 2 

> > and < < . 

a+1 b + 1 c+1 a— 1 b — 1 c — 1 

Now by Chebishev’s inequality we get 

/a 2 — 4 b 2 — 4 c 2 — 4\ /a — 2 b — 2 c — 2\ 

\a 2 — 1 b 2 — 1 c 2 — 1/ — \a+l^”/?+l~^c+l/ 

/a + 2 /? + 2 c + 2\ 

x 1 1 . 


a— 1 b — 1 c — 1 
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a 2 — 4 b 2 — 4 c 2 — 4 

+ + = 3 “ 3 


i 2 — l b 2 — 1 c 2 — 1 


a 4~ 2 b -\- 2 c + 2 

b + >• 0 

a- 1 Z? — 1 c- 1 

we must have 

a — 2 b — 2 c — 2 

b b > 0, 

a + 1 b+ 1 c+ 1 - 

which is equivalent to y^y + y^y + yy-y < 1 , as required. 

Equality holds iff a = b = c = 2. ■ 

196 Let a,b,c,d be positive real numbers such that a 2 + b 2 + c 2 + d 2 = 4. Prove 
the inequality 

1111 

b b + 1 . 

5 — a 5-b 5 — c 5 - d ~ 

Solution The given inequality is equivalent to 

11111111 

b b b — < 0, 

5 — a 4 5-b 4 5-c 4 5-d 4~ 


a — 1 b — 1 c — 1 d — 1 

1 1 1 < 0 . 

5 — a 5-b 5-c 5 -d~ 

Without loss of generality we may assume that a > b > c > d . 
Then we have a 2 — \>b 2 — \ >c 2 — \>d 2 — 


We’ll show that 
We have 


4a— o 2 +5 — 4b— b 2 +5 ' 


4a — a 2 + 5 > 4b — b 2 + 5 <bb a + b < 4, 

which is obviously true since a 2 + b 2 < 4. 

So we have 

1111 
4fl — a 2 + 5 ~ 4b — b 2 + 5 — 4c — c 2 + 5 — 4d — d 2 + 5 


Now by Chebishev ’s inequality we obtain 


a 2 — 1 


b 2 - 1 


a 2 — 1 


a 2 — 1 


4a — a 2 + 5 4b — b 2 + 5 4c — c 2 + 5 4d — d 2 + 5 
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Thus 


a 1 — 1 b 2 * 4 — 1 a 2 — 1 a 2 — 1 

— 4a — a 2 + 5 4d — ft 2 + 5 4c — c 2 + 5 4d — d 2 + 5 

a— 1 b — 1 c — 1 d — 1 
_ 5-a + 5-d + 5-c + 5-d’ 

as required. 

Equality holds iSa = b = c = d= l. ■ 


197 Let a,b,c,d e M such that ^ ^ + 4 T? + 4+d + 4+7 = 1- Prove the 

inequality 


a 

4 + a 2 


bed e 

4 + d 2 4 + c 2 4 + d 2 4 + e 2 ~ 


Solution We have 

1 — a 1 — it 1 — c 1 — d 1 — e 

h + h + 

4 + a 4 + b 4 + c 4 + d 4 + e 

_ 5 — (4 + a) 5- (4 + b) 5- (4 + c) 5 -(4 + d) 5-(4 + e) 

4 + a + 4 + b 4 + c 4 + d 4 + e 

= 5-5 = 0. 


We’ll prove that 


abed 
4 + a 2_ ^4 + £> 2 ^~4 + c 2 ”^4 + d 2 


e 1 

4 + e 2 — 4 + a 


1 

4 + b 



1 1 

b 

4+c 4+d 

( 1 ) 


Inequality (1) is equivalent to 


(4 + o)(4 + a 2 ) + (4 + b)( 4 + b 2 ) + (4 + c)(4 + c 2 ) + (4 + d)(4 + d 2 ) 

1 — e 

+ =- > 0. (2) 

(4 + e)(4 + e 2 )- 

Without loss of generality we may assume that a>b>c>d>e, and then we 
easily deduce that 

1 — a 1 — b 1 — c 1 — d 1— e 

< < < < and 

4 + a 4 + b 4 + c 4 + d 4 + e 

11111 

4 + a 2 - 4 + d 2 — 4 + c 2 — 4 + d 2 — 4 + e 2 
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So by Chebishev’s inequality we get 


sym 


1 — a 

(4 + a)(4 + a 2 ) 


> 


£ 

sym 


l — a 
4 -|- a 


•£ 

sym 


i 

4 + a 2 


= 0 , 


which means that inequality (2) holds, i.e. inequality (1) is true and since + 

4^5 + 4^7 + 4^7 + = 1 we obtain the required result. 

Equality occurs iff a — b — c = d = e — ■ 


198 Let a , b, c be real numbers different from 1 , such that a + b + c = 1 . Prove the 
inequality 

1 +a 2 1 +b 2 l + c 2 15 
1— a 2 — b 2 + l — c 2 ~ 4 


Solution Since a,b,c > 0, a ^ 1 ,by4 I , c yb 1 and a + b + c — I it follows that 
0 < a, b, c < 1. 

The given inequality is symmetric, so without loss of generality we may assume 
that a <b < c. 

Then we have 


l+a 2 <l + b 2 <l+c 2 and 1 - c 2 < 1 - b 2 < 1 - a 2 . 


Hence 


1 1 1 

< < 


1 — a 2 1 — b 2 1 — c 2 
Now by Chebishev’s inequality we have 

l + a 2 1 + b 2 l+c 2 

A=- r + 


1 — a 2 1 — b 2 1 — c 2 
> — (1 + a“ + 1 + £>“ + 1 + c 2 ) 


1 1 1 

+ 4 PT + 


i.e. 


(a 2 + b 2 + c 2 + 3) / 1 


A > 


1 1 


1 — a 2 1 — b 2 1 — c 2 


Also we have the well-known inequality 


2 2 2 (a + b + c) 2 1 

a 1 + b + c > = -. 


( 1 ) 


Therefore by (1) we obtain 
(1/3 + 3)/ 1 1 


A > 


1 \ 10/1 


1 1 

+ 


( 2 ) 
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Since 1 — a 2 , 1 — b 2 , 1 — c~ > 0, by using AM > Z/M we deduce 


1 1 1 

+ T ^ > 


9 


> 


1 —a 2 1 — b 2 1 — c~ 3 — (a 2 + b 2 + c 2 ) 3 — 1/3 

Finally from (2) and (3) we get 


27 

= v ( 3 ) 


A > — 


10 / 1 


+ ■ 


1 


+ 


1 


10 27 _ 15 

9 1 1 — fl 2 ' 1 -b 2 ' 1 -c 1 ) ~ ~9 ' ~8~ ~ ~4’ 


with equality iff a = b = c = 1/3. 

199 Let x,y,z> 0, such that xyz = 1. Prove the inequality 


■ + 


+ 


3 

> 


(1 + y)(l + z) (l+z)(l+x) (l+jc)(l+y) - 4 

Solution Let x > y > z. Then 

1 1 


x 3 > y 3 > z 3 and 


> 


> 


(l + y)d + z) “ (l + z)(l + *) “ (1 + x)(l + y) 

Applying Chebishev ’s inequality we get 


35 = 3 


+ 


y 


■ + 


(1 + y)(l + z) (l + z)(l+x) (l+x)(l + y) 

1 1 


> (x 3 + y 3 + z 3 ) 


■ + 


1 


(l + y)(l + z) (l + z)(l + x) (1 + x)(l + y) 


= (x 3 + y 3 + z 3 )( ( 1+ ^ + (1 + - v) + (1 + ^ ) 
3 1 (1 + x)(l + v)(l + z) j 


i.e. 


= (x 3 + V 3 + z 3 ) 


S > 


X 

/ 3+x+y+z \ 

V(l+^)(1 + v)(l + z)/’ 


t 3 + y 3 + z 3 \ / 3 + x + y + z \ 


7V(l+x)(l+y)(l + z)J’ 


(1) 


Let Lh|±5 = a Then we have 


x 3 + y 3 + z 3 /x + y + z\ 


> 


— I = a i and 3 a > 3^xyz = 3, i.e. a> 1. 


From AM > GM we get 

(1 + x)(l + y)(l + z) < 


3 + x + y + z\ _ 
3 ) ' 


(1+fl) 3 . 


344 


21 Solutions 


So by (1) we obtain 
S> 


x 3 + y 3 + z 3 


Hence it suffices to show that 


3 +x + y + z 
(1 + x)(l + y)(l + z) 


6a 3 3 

> 


> a~ 


(1 4-fl) 3 


(1 + a) 3 - 4’ 


i.e. 


6 1 - 


6 a 3 3 

> 


1 + a ) (1 + fl) 3 4 

Since a > 1, and the function f(x ) = 6(1 — jzjr^) 3 increases on [1, oo] (why?), it 
follows that /(a) > /( 1) = as required. ■ 

200 Let a, b, c, d > 0 be real numbers. Prove the inequality 

abed 


+ ■ 


2 

> 


b 4~ 2c “|~ 3d c 4~ 2d 4~ 3fl d 4~ 2a 4~ 3 b a 4~ 2b 4~ 3c 3 

Solution Let 


A — b 4" 2c + 3d, B — c 4~ 2d 4~ 3 fl, C — d 4* 2a 4~ 3/t, Z? — fl 4~ 2Z? 4“ 3c. 

By the Cauchy— Schwarz inequality we have 

( a b c d \ n 

— 4" — + — 4~ — I {a A 4- bB -\- cC 4~ dD) > (a 4- b 4~ c 4“ t/)“ 

A B C D ) 

abed 

1 1 1 

b + 2c + 3d c + 2d + 3a d + 2a + 3b a + 2b + 3c 

> (a + b + c + d) 2 
a A 4~ bB 4“ cC 4~ dD 

Furthermore 


a A 4- bB + cC + dD — A(ab + ac + ad + be + bd + cd), 


and (1) becomes 

abed 
b 4~ 2c 4~ 3d c 4~ 2d 4~ 3fl d 4~ 2 a 4~ 3b a 4~ 2b 4~ 3c 
(fl 4* b 4“ c 4~ t/ ) 3 

~~ 4(flZ> 4- ac 4- 4- ^c 4- Z>r/ 4- c<Z) 


21 Solutions 


345 


So it suffices to prove that 


(a T b -(- c -(- d)*~ 2 

4 (ab + ac + ad + be + bd + cd) ~ 3 


i.e. 

3(« + b + c + d ) 2 > 8 (ab + ac + ad + be + bd + cd). (2) 

We’ll use Maclaurin’s theorem. 

We have 



ab + ac + ad + be + bd + cd 

6 


i.e. 


ab + ac + ad + be + bd + cd = 6 p 2 


and 


P l 


Ci_ 

4 


a + b + c + d 
4 


i.e. a + b + c + d — 4p\. 


Now inequality (2) is equivalent to 48 p 2 > 48/?2, i-e- pi > pj' 2 , which is true due 
to Maclaurin 's theorem. ■ 


201 Let a, b, c be positive real numbers. Prove the inequality 


a 2 +bc b 2 + ca c 2 + ab 

— 1 1 — >a + b + c. 

b + c c + a a + b 


Solution Assume a >b>c. Then clearly a 2 >b 2 > c 2 and 
According to the rearrangement inequality we have 


■ + 


+ 


■ + 


b + c c + a a + b b + c c + a a + b 


i.e. 


a 2 + be b 2 + ca c 2 + ab b 2 + be c 2 + ca a 

+ + — + + 


- ab 


b + c c + a a + b 
Equality occurs iff a — b — c. 


b + c 


c + a 


a + b 


— a + b + c. 


202 Let a, b > 0, n e N. Prove the inequality 



n 



> 2 " +1 . 


Solution We’ll use the fact that the function f(x ) = x" is concave on (0, oo). 
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So according to Jensen ’s inequality we have 

x n + y n f x + y 


> 


Remark Note that this is a power mean inequality. 
Now we have 


+T 


b\ n \ fl+a/b+l + b/a 


1 + - 
a 


Using j + - > 2 and (1) we deduce 


2 + a/b + b/a\ n 


(1) 


a 

1+ h 


b\ n /2 + 2 
1 + - >T 


= 2 n+1 . 


203 Let a, b, c > Obe real numbers such that a + b + c — 1 . Prove the inequality 


1 

a Jr — 
a 


1 

b+ b 


iy ioo 

c+ c) 


Solution The function f(x) = x 2 is convex on (0, oo). 
So according to Jensen ’s inequality we have 


1 


3 

i.e. 


1 y 


a J 


1 


IY 


— I I a 4 — 1 + U> + - + I c H — ) > - aH h h + — + c H — 


a H — 
a 


b+ l 


c / 


cH — ) >— (fl + h + cH h 7 H — 

3 \ a b c 

1 , 100 

> -(1 + 9) 2 = — — . 


3 3 

204 Let x, y, z > 0 be real numbers. Prove the inequality 

x y z 


■ + 


+ 


3 

< 


2x + y + z x + 2 y + Z x + y + 2z 4 


Solution Let s = x + y + z. 

The given inequality becomes 


x y z 3 
+ + < -■ 


S +x s + y s+z 4 
Consider the function / : (0, +oo) — »■ (0, +oo), defined by f(a) = 
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We can easily show that f" (a ) < 0, for every a e R + , i.e. / is concave on R + . 
By Jensen ’s inequality we have 


fix) + fjy) + fjz) / x + y + z 

3 3 


i.e. 


+ — + — = f(x) + f(y) + f(z) 


5+X 5 + y 5 + z 


<3/ 


x+y + z 


= 3/U = 


s/3 


s + s/3 4' 


as required. 


205 Let a,b,c,d >0 be real numbers such that a < l,a + b<5,a + b + c< 
14, a + b + c + d <30. Prove that 


\J~a 4“ \fb + \J~c 4“ \J~d < 10. 


Solution The function / : (0, 4-oo) (0, 4-oo) defined by f{x) = is concave 

on (0, 4-oo), so by Jensen ’s inequality , for 


n — 4, 


we get 




Ctl — , Q!4 = — 

10 10 


1 y— 2 lb 3 [~c 4 l~d~ [~a b c d~ 

10 10V 4 lOV 9 10V 16 ^ V 10 20 30 40 


r— nr r- ri / 1 2a 4- 6b + 4c 4~ 3d 
*Jct + \/b + yfc + + d < 10 y 

On the other hand, we have 


12a + 6b + 4c + 3d 

— 3 (a + b + c + d) + (a + b + c) + 2{(x + b) + 6 a 
< 3-30+ 14 4-2-54-6-l = 120. 

By (1) and the last inequality we obtain the required result. ■ 


206 Let a, b, c, d be positive real numbers such that a + b + c + d — 4. Prove the 
inequality 

abed 8 

1 1 1 > ■ 

b 2 + b c 2 + c d 2 + d a 2 + a {a + c)(b + d) 
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Solution Denote A — -rf—r + ’ 


b-+b c 2 +c d~+d a 2 +a' 

Consider the function fix) — TjTqrxy- Then / is convex for x > 0. 
According to Jensen ’s inequality, we have 


\ • fib) + \ • fie . ) + C ~ • fid) + d - • fia) > / 


ab + be + cd + da 


i.e. 


A > 


64 


(ab + be + cd + da) 2 + 4 (ab + be + cd + da) 
So it remains to prove that 

64 


> 


(ab + be + cd + da) 2 + 4 (ab + be + cd + da) (a + c)(b + d) ’ 


i.e. 


i.e. 


ab + be + cd + da < 4, 


(a — b + c — df > 0, 

which is obviously true. Equality holds iff a = b = c = d = 1. 


207 Let x\ , X 2 , ■ ■ ■ , x n >0 and n e N, n > 1 , such that x i + X 2 4 1- x„ — 1 

the inequality 


Xt Xn x n 

+ „ = +■■■ + 


s/\ — X\ s/T 


■XI 


vr 


> 


njn — 1 


Solution The function f(x) — -^== is convex on (0, oo). (Why?) 
Hence by Jensen ’.y inequality we have 


1 ( X\ X 2 x„ 


y/l — x\ V 1 — *2 


VT 


> 


Xj+X2-\ h-Vn 


1 - 


xi +-Y2-I h-X'n 


/TTI V n (n - 1) 


It follows that 


Xl X 2 X n 


V 1 — X] \J 1 — X 2 V 1 — x n V n — 1 


. Prove 


(1) 
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By QM > AM we have 


V*r + v^2-i — i- ve 


< 


*1 + -*2 H f x n _ 1 

« VE 


i.e. 


Vd + V*2 H h VE < \fn. 


( 2 ) 


By (1) and (2) we deduce 


X] + X 2 x n > I n ^ VxT + V*2 H h VE 


v 7 ! - XI VI - *2 

as required. 


V 1 — x n V « — 1 


V« — i 


208 Let m e N. n >2. Determine the minimal value of 


■ + 


+ ••• + 


*2 + -*3 H \-X n X\ + X 3 H h X„ X\ + *2 H h X«-l 

where xi , X 2 , . . . , x„ e K + such that x'f + x% + • • • + x„ = 1 . 

Solution Let S = xi + xi H + x n . We may assume that x\ > X2 > • • • > x n . 

y 5 y 5 5 v 5 

LetA= T 2i_ + ^ + -- -+ V^ = E"-, -2-. 

1 S — xo 1 1 S— x„ t—ii — 1 S— Xi 


Since 


Xi > *2 — ' ' ' — x „ and 


> 


> . . . > 


S — X\ S — X 2 S — x n 


we can use Chebishev ’s inequality. 
We have A = V” , xf -V— . 

x—tl = Y l S—Xi 

So 


a =J 2 x ? Xi 

By QM > AM we have 


n n 


>nYxf-Y-2—. 

. . S-Xi ~ f- ' 

J = 1 i = l ? = 1 


T"=i-l 4 , T!Uxf i e 


The function / (x) = is convex. 
So by Jensen ’s inequality we have 


n n . 


i = 1 


i=l 


/ 


xi+x 2 H 1 V ,, x 


1 = 1 


(1) 


( 2 ) 
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i.e. 


1 ys Xj 
n ‘ ^ V — Y- 


X l+X2-\ \-x n 


n S Xi x\ + X 2 + • • • + x„ 


xi+X2-i \-x n 


1 — I /7 — 1 


from which it follows that 


£ 


Xi n 

> 


S — Xi n — 1 
i=l 


(3) 


Finally using (2), (3) and (1) we obtain 

1 n 
A > n • — ■ 


n n — 1 M — l 

Equality occurs if and only if x\ = X 2 = ■ • • = x„ = 1 / ■sfn. ■ 

209 Let P, L, R denote the area, perimeter and circumradius of A ABC, respec- 
tively. Determine the maximum value of the expression yy . 

Solution We have 

LP (a + b + c)abc 2/?(sina + sin/3 + siny)8/? 3 sina sin/3 sin y 


R 3 


i.e. 


R 3 4R 


LP 


4 R 4 


— — = 4(sina + sin ft + siny) sina sin /I siny. 
R 5 


(i) 


By AM > GM we have 

sin a sin /I sin y < 

So by (1) we get 


sina + sin/3 + siny 


LP 4(sina + sin/3 + sin y) 4 
H 3 ~ 27 


( 2 ) 


The function f(x) = — sinx is convex on [0, 7r], so by Jensen ’s inequality we have 

sin a + sin /I + sin y , /a + /3 + y\ V3 
< sml 


Finally from (2) we obtain 


LP 4 


R 3 ~ 27 V 2 / 


/3V3V 


27 


Equality occurs iff a — b — c. 
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210 Let a,b,c e R + such that a + b + c = abc. Prove the inequality 

1 1 13 

Vl + a 2 Vi + b 2 V 1 + c 2 2 


Solution 1 After taking a — tana, b — tan/3, c = tany where a, p, y e (0, jt/2), the 
given inequality becomes 


1 



sin 2 a 
cos 2 a 


+ 


1 



+ 


1 



sin 2 y 
cos 2 y 



i.e. 


Also 


cos a + cos p + cos y < 


3 

2 ' 


tan a + tan p + tan y — tan a tan j3 tan y 

tan(a + /3 + y) = 

1 — tan a tan ft — tan / 3 tan y — tan y tan a 

a + b + c — abc 
1 — ab — be — ca 


which means a + /3 + y = tt . 

The function f(x) = — cos x is convex on [0, tt/ 2]. 
So by Jensen ’s inequality we have 


cos a + cos p + cos y 
3 


a + ft + y 
< cos 


1 

2 ’ 


i.e. we get 


as required. 


cos a + cos p + cos y < 


3 

2 ’ 


Solution 2 Let a = = v ,c = ^ • 

The constraint a + b + c — abc becomes xy + yz + zx = 1, and the given in- 
equality becomes equivalent to 

x y z 3 

V x 2 + 1 y/y 2 + 1 Vz 2 + 1 2 


i.e. 


+ 


+ 


-y/x 2 + xy + yz + zx y/y 2 + xy + yz + zx y/z 2 + xy + yz + zx 
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i.e. 


+ ■ 


y 


.+ 


3 

< 


VO + vX-x + i) VCy + zXy + *) V(z + *Xz + .v) 2 

By AM > GM we have 

x xy/{x + y){x + z ) x((x + y) + (x + z)) 


*J(x + y)(x + z) (x + y)(x + z) 


< 


2(x + y)(x + z) 


1 


X X 

+ 


2\x + y x + z 


Analogously we get 


1 

< - 


V(y + z)(y + jc) 2\y + z y + x 


y + y 


and 


1 

< - 


z z 

+ 


V(z + *Xz + y) 2\z + x z + y 

Adding these three inequalities we get inequality (1). 


( 1 ) 


211 Let a,6,cel such that a be + a + c = b. Prove the inequality 

2 2 3 10 

a 2 + 1 £> 2 +1~^c 2 +1 — 3 

Solution The given condition is equivalent to b — ■ 

This suggest the substitutions: 

a = tana, b = tan/3, c — tany, 

where tan /l = tan(a + y) and a, fi,y e ( — tt/2, jt/2), so we have 

2 2 3 2 2 3 

^ — | — | 

a 2 + 1 b 2 + 1 c 2 + 1 tan 2 a + 1 tan 2 (a + y) + 1 tan 2 y + 1 

= 2 cos 2 a — 2 cos 2 (a + y) + 3 cos 2 y 

= (2cos 2 a — 1) — (2cos 2 (a + y) — 1) + 3cos 2 y 

= cos 2a — cos(2a: + 2y) + 3 cos 2 y 

= 2 sin(2a + y ) sin y +3 cos 2 y. 

Let x = | sin y \ . Then we have 


A < 2x + 3(1 — x 2 ) = —3x 2 + 2x + 3 = 



+ 


10 10 

— < — 
3 _ 3 


2 
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Equality holds if and only if sin (2a + y) = 1 and sin y = 2, from which we deduce 
(a, b, c) = (V2/2, s/2, s/2/4). ■ 

212 Let x, y, z > 1 be real numbers such that \ + i + * = 2. Prove the inequality 

x y z 

s/x - 1 + s/y - 1 + Vz — 1 < s/x + y + z. 

Solution 1 Let x: = a 4- I . y = h + 1 , z = c + 1, and clearly a, b and c are positive 
real numbers. 

The initial condition | | \ = 2 becomes ^j-j- + ^j- + ^j-j- = 2, i.e. 

ab + be + ca + 2abc = 1. (1) 

We need to show that 

s/cl T" s/b 4~ £ Vfl^j-^-Fc+3. (2) 

After squaring inequality (2) we get 

rt -I - 4“ c 4“ 2s/ ab 4~ 2s/ be 4“ 2s/ ca <a-\-b-\-c-\-2) 


or 


i.e. 


2 s/ab + 2 s/bc 4- 2 s/ca < 3, 


Vafo 4- Vftc 4- s/ca < 

~ 2 


Identity (1) is equivalent to 

(s/ab) 2 + (s/bc) 2 + (s/ca) 2 + 2 (sfab ■ s/bc ■ s/ca) — 1 , 
so due to Case 7 (Chap. 8) we may take 


. Y 
ca — sin — , 
2 


( 3 ) 


s/ab = sin — , s/bc = sin — , 

2 2 

where a, p,y e (0, it) and a 4- P + y = n. 

Now inequality (3) is equivalent to 

a p y 3 

sin — f- sin — h sin — < - , 

2 2 2 _ 2 

where a, ft, y e (0, n), a 4- P + y — n , which is true by Nj (Chap. 8). 
Solution 2 Applying the Cauchy-Schwarz inequality we have 

I (x 4- y 4- z) > (s/x - 1 4- s/y - 1 4- s/ z - l) 2 . 


1 y — 1 z — 1 
— 4- 4- 


y 
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Also 


So 



x + y + z > (y/x - 1 + v v - 1 + Vz — l) 2 , 


V^' + v + z > V* - i + v y - 1 + Vz - i. 

Equality occurs iff = Vr = Vr" and y + | + z = 2, i.e. x — y = z — 3/2. 


213 Let ci , b , c be positive real numbers such that a + b + c — 1 . Prove the inequality 



Solution Let a = xy, b — y z, c = zx. Then xy + yz + zx — 1 and due to Case 3 
(Chap. 8) we may take 

a P y 

x — tan — , v = tan — , z = tan — , 

2 2 2 

where a, y e (0, 7t) and a + /3 + y = n. 

We have 



* P ■ P' 

tan j sm ^ 


Similarly we obtain 



Now the given inequality becomes 

111 

- 77 T 77 T ■ y~ 

sm | sm | sin £ 
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By AM > HM we have 

111 9 

sin | sin | sin \ sin " + sin ^ + sin ^ 

So we need to prove that sin % + sin 4 + sin | which is true according to Nj 
(Chap. 8 ). 

Equality occurs if and only if a = p — y = n/3, i.e. a — b = c = j. ■ 

214 Let a, b, c be positive real numbers such that a + b + c + 1= 4a he. Prove the 
inequalities 

111 1 1 1 

— E y H — >3> — H — -j= H — -j=. 
a b c y/ab yfbc y/ca 


Solution We have 


a + b + c + l — 4 abc 

1 1 1 1 _ 

be ca ab abc 

111 2 

1 1 1 

(2yfab) 2 (2 yfbc) 2 (2yfca) 2 (2y/fb)(2y/bc)(2y/ca) 


Due to Case 7 (Chap. 8 ) we can make the substitutions 

1 a 1 P 1 y 

— — = sin — , — — = sin — , — ■== = sin — , 

2 yfbc 2 2 yfca 2 2 yfab 2 

where a, p ,ye (0, j r) and a + P + y = tt. 

From (1) we easily obtain 

1 2 sin 4 sin t 1 2 sin t sin % 1 2sin? sin 4 

- = 7 = and - = 

a sin 2 b s i n £ c sin ^ 

Now the given inequality becomes 

a 6 y 

2 sin — h 2 sin — h 2 sin — <3, 

2 2 2 ~ 


( 1 ) 


( 2 ) 


a fl y 3 
s.n- + s in- + s m-<-, 

where a, p,y e (0, n) and a + P + y — it, which clearly holds due to A/ 3 . 
We need to show the left inequality which, due to (2) is equivalent to 

2 sin 4 sin 4 2 sin 4 sin % 2 sin % sin 4 

± ± I ± ± L ± £_ > ^ 

. tv r ' • y ^ * 

sm 7 sin § sin £ 


( 3 ) 
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Let a,b,c be the lengths of the sides of the triangle with angles a, ji and y , let .y be 
its semi-perimeter, and let x=s— a, y = s — b,z — s— c. 

Then due to Case 9 (Chap. 8 ) inequality (3) is equivalent to 

x y z 3 

1 1 — ;r> 

y + z z + x x + y 2 

i.e. we obtain the famous Nesbitt’s inequality , which clearly holds. And we are done. 


215 Let a , b, c be non-negative real numbers such that ab + be + ca — 1. Prove the 
inequality 

a b c 3a/3 

l + fl 2 ~^l-|-£> 2 ^~l+c 2— 4 

Solution Since ab + be + ca — 1 (Case 3, Chap. 8 ) we take: 

a y 

a — tan — , b = tan — , c = tan — , 

2 2 2 

where a, /3, y e (0, n) and a + ft + y = n . 

So we have 

+ "j + 7 -%- = ^(sina + sin/3 + siny), 

1 + a~ 1 + 1 + c- 2 

and the given inequality becomes 


1 

-(sina + sin/3 + siny) < 


3V3 


i.e. 


sin a -f- sin f3 sin y < 


3V3 

~2~ 


which is true according to N\ (Chap. 8 ). 

Equality occurs if and only if a — h — c = I /yf%. 


Remark This is the same problem as Problem 92. 

216 Let a , b , c be positive real numbers such that a + b + c = 1. Prove the inequality 

/ ab / be I ca 3 
1 c + ab+y a + be + \b + ca~ 2 

Solution We have 

(c + a)(c + b) = c 2 + ca + cb + ab = c 2 + c(a + b) + ab = c 2 + c(l — c) + ab 


= c + ab. 
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Analogously we get 

(a + b)(a + c) — a + be and (b + c)(b + a) — b + ca. 

Now the given inequality becomes 

ab be I ca 3 

V (c + fl)(c + Z?) y (a + b)(a + c) y (b + c)(b + a) ~ 2 

According to Case 9 (Chap. 8) it suffices to show that 

a y 3 

sin — f- sin — h sin — < 

2 2 2 ~ 2 

where a, /3,y e (0, n) and a + fi + y = n , which is true due to Nj, (Chap. 8). ■ 

217 Let a,b,c > 0 be real numbers such that (a + b)(b + c)(c + a) = 1. Prove the 
inequality 

3 

ab + be + ca < - . 

4 


Solution We homogenize as follows 

27 

(ab + bc + ca) 3 < — (a + b) 2 (b + c) 2 (c + a) 2 . (1) 

64 

Since inequality (1) is homogenous, we may assume that ab + be + ca = 1. 

Now, by Case 3 (Chap. 8) we can use the substitutions 


a , ft y 

a = tan — , b — tan — , c — tan — , 
2 2 2 


where a, /3,y e (0, n) and a + P + y = it. 
Then 


a 8 sin % cos i + cos % sin i sin cos Xr 

a + b = tan - + tan - = -f = w = — w . 

2 2 cos | cos j cos “ cos | cos | cos ^ 


Similarly 


b c == 


i.e. we obtain 


and c + a = 


cosf 


oi 6 y 

COS j COS j COS j 


(a + b)(b + c)(c + a) = 
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Therefore inequality (1) becomes 


1 64 

cos 2 | cos 2 f cos 2 j 27 


a p y 3V3 

i.e. cos — cos — cos — < , 

2 2 2 “ 8 


which is true due to N% (Chap. 8). So we are done. 


218 Let a, b, c > 0 he real numbers such that a 2 
inequality 


b 2 + c~ + abc — 4. Prove the 


0 < ab + be + ca — abc < 2. 

Solution Observe that if a, b, c > 1 then a 2 + b 2 + c 2 + abc > 4. 

Therefore at least one number from a, b and c must be less than or equal to 1 . 
Without loss of generality assume that a < 1 . 

Then we have 

ab + be + ca — abc > be — abc = bc( 1 — a) > 0. 

So we have proved the left inequality. 

Let a = 2x, b — 2 y, c = 2 z. 

Then the condition a 2 + b 2 + c 2 + abc — 4 becomes 

x 2 + y 2 + z 1 + 2xyz = 1 (1) 

and the given inequality becomes 

2 xy + 2 yz + 2 zx — 4 xyz < 1 . (2) 

By (1) and Case 8 (Chap. 8) we can take 


x = cosa, y = cos/6, z = cosy, 

where a, fi,y e [0, jt/2] and a + P + y — it ■ 

Therefore inequality (2) becomes 


2 cos a cos p + 2 cos ft cos y + 2 cos y cos a — 4 cos a cos ft cos y < 1, 


i.e. 


cos a cos p + cos p cos y + cos y cos a — 2 cos a cos P cos y < 


1 

2 ' 


( 3 ) 


Clearly at least one of the angles a, P and y is less than or equal to tt/3. 

Without loss of generality, we may assume a > tt/3 and it follows that cos a < 5 . 
We have 


cos a cos P + cos P cos y + cos y cos a — 2 cos a cos P cos y 
= cosa(cos p + cos y) + cos p cos y(l — 2cosa). 


( 4 ) 
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By N 5 (Chap. 8) we have that 

3 3 

cos a + cos/3 + cos y < i.e. cos p + cos y < - — cos a. (5) 

Also 

2 cos p cosy = cos(P — y) + cos(/6 + y) < 1 + cos(/J + y) = 1 — cos a. (6) 
By (4), (5) and (6) we obtain 

cos a cos p + cos ft cos y + cos y cos a — 2 cos a cos /I cos y 

= cos a (cos p + cos y) + cos p cos y (1 — 2 cos a) 

( 3 \ 1 — cos a 

cos a 1 H (1 — 2 cos a) = 2, 

2 J 2 

as required. ■ 

219 Let a, b. c be positive real numbers. Prove the inequality 

a 2 b~ 4" c~ 4" 2 cibc 4~ 3 > (1 4~ n)(l 4~ b)( 1 4~ c). 


Solution The given inequality is equivalent to 

a~ 4~ b 2 4- c 2 4- tthc 4~2>n4“b4 - c4'' ab T he 4" ttc. 

Recall the Turkevicius inequality. 

For any positive real numbers x,y,z,t we have 

x 4 + y 4 + z 4 + t 4 + Ixyzt > x 2 y 2 + y 2 z 2 + z 2 t 2 + t 2 x 2 4- x 2 z 2 4- y 2 t 2 . 

If we set a = x 2 , b = y 2 , c = z 2 , t = 1 we deduce 

a~ 4“ b 4- c 4- 2 \f~abc 4~ 1 > n 4- b 4~ c 4~ tib 4~ be 4~ cic. (1) 

Since AM > GM we get 

2 yfabc < abc + 1. (2) 

From ( 1 ) and (2) we obtain 

a~ 4~ b“ 4" c 2 4- nbc 4~ 2 > 4~ b~ 4~ c 2 ~\~ 2 \Tabc T 1 ^ tt 4~ ^ 4 r 4 nb 4" be 4~ nc. 


220 Let a, b,c be real numbers. Prove the inequality 

\J a 2 4- (1 — b) 2 4- \/ b 2 + (1 — c) 2 4- \/c 2 4- (1 — a ) 2 \ 


3V2 
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Solution By Minkowski’s inequality we have 

yj a 2 + (1 — b ) 2 + y/b 2 + (1 — c) 2 + \/c 2 + (1 — fl) 2 


3 \ 2 q 3 ^ 2 

> V(a + + c) 2 + (3 - a - b - c) 2 = J2[ a + b + c - - j + - > — . 


221 Let a\,a. 2 , ■ ■ ■ ,a n e K + such that ]L/=i af = 3 and = 5. Prove the 

inequality 


E 

i = 1 


ai > 


Solution We’ll use Holder's inequality : 

If a\, a 2 , • • • , fl«; b\, b 2 , ■ ■ ■ , b n e M + and p,q e (0, 1), 1/p + l/g = 1 then we 
have 


E^- (E«f) E*/ 


1 , . I 

p / n \ 1 

fl \ 


i= 1 


W=1 / \i=l 


We have 


i.e. 


n n 


/ n \ 3/5 / n \ 2/5 

E«EE a '«< 2 ^ ( E °? /3 ) ( E (a < 2 ) 5/2 ) - 

i'=l i=l \i = l / \i = l / 


3/5 


3/5 


3-(E"f 3 ) ^ i-e. ^<(E«? 


5/3 


W=1 


W=1 


We’ll show that 


E a . ?/3 ^(E fl -- 


5/3 


i=l 


W=1 


( 1 ) 


Let .S' = J2'i= i a i ■ 

Since 0 < y < 1 and | > 1 we have that (j- ) 5 / 3 < y = 1 from which we deduce 

n / \ 5/3 ft 


i=t 


i=l 


So 


J >, 5/3 < S 5 / 3 = 

i=i 



5/3 


since 2 5 > 5 2 , 2 > 5 2//s and by (1) we obtain the required inequality. 


21 Solutions 


361 


222 Let a , b, c be positive real numbers such that ab + be + ca — 3. Prove the 
inequality 

(1 + fl 2 )(l + b 2 )(\ + c 2 ) > 8. 

Solution By Holder’s inequality we have 

(a 2 b 2 + a 2 + b 2 + 1 )(b 2 + c 2 + b 2 c 2 + 1 )(a 2 + a 2 c 2 + c 2 + 1) > (1 + ab + bc + ca) 3 
i.e. 

(1 + fl 2 ) 2 (l + b 2 ) 2 (\ + c 2 ) 2 > 2 6 , 

as required. ■ 

223 Let a, b, c be positive real numbers such that ab + be + ca — 1. Prove the 
inequality 

(a 2 + ab + b 2 )(b 2 + be + c 2 )(c 2 + ca + a 2 ) > 1. 

Solution We’ll show stronger inequality, i.e. 

( a 2 + ab + b 2 )(b 2 + be + c 2 )(c 2 + ca + a 2 ) > (ab + be + ca) 3 . 

By Holder’s inequality we have 

(a -f- ab -(- b~ )(b 3- be -f - c )(c~ 4" ca a ) 

= (ab + a 2 + b 2 )(b 2 + c 2 + bc)(a 2 + ca + c 2 ) > (ab + be + ca) 3 , 

as required. ■ 

224 Let a, b, c be positive real numbers such that abc = 1. Prove the inequality 

a ^ b ^ c > ^ 

V7 + b- + c 2 V7 + c 2 + a 2 y/l + a 2 + b 2 

Solution Denote 

A a -A- b C 

V7 + b 2 + c 2 y/l + c 2 + a 2 s/7 + a 2 + b 2 

and 

B = a(l + b 2 + c 2 ) + b(l + c 2 + a 2 ) + c(l + a 2 + b 2 ). 

By Holder's inequality we have 

A 2 B > (a + b + c) 3 . 


( 1 ) 
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Furthermore 


B — l(a + b + c) + (a + b + c)(ab + be + ca) — 3 

(fl b c) 3 t 

< l(a + b + c) H 3 < (a + £> + c) 3 


( 2 ) 


and by (1) and (2) we obtain 

7 (a + b + c) 3 

A 2 > > 1, i.e. A > 1, 

B ~ ~ 

as required. 

225 Let ai,a 2 , ... ,a n be positive real numbers such that a\ + ci 2 
Prove the inequality 


ci n — 1 . 


fl 1 a, 

= + , = +■■■ + 


\/l — fl] \/T — fl2 

Solution Let us denote 


•y/"l fl fl V U 1 


A = 


ai 


«2 




VI — fl] VI — a 2 VI — 

B — a 1 ( 1 — fli) + «2(1 - fl2) H bfl„(l - fl«)- 

By Holder’s inequality we have 

A“B > (t7i + 02 + ■ ■ ■ + = L (1) 

Applying QM > AM we deduce 

9 9 9 (oi + ao + ■ ■ ■ + a,,) 2 n— 1 

B=l-(fl 2 + fl 2 + ---+fl 2 )<l- LJ rZ = . (2) 


By (1) and (2) we obtain 
n — 1 


• A 2 > A 2 B > 1, i.e. A > 


n — 1 


Equality holds iff a; = 2 , for every i = 1,2 ,...,«. 

226 Let a, £>, c be positive real numbers. Prove the inequality 
o b c 


s/2b 2 + 2 c 2 — o 2 V2c 2 + 2 o 2 — £> 2 V2o 2 + 2 b 2 — c 2 

Solution Denote 

a b c 

A = 


V3. 


V2£> 2 + 2c 2 — o 2 V2c 2 + 2 o 2 — ft 2 V2o 2 + 2£> 2 — c 2 
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and 

B = a(2b 2 + 2 c 2 - a 2 ) + b(2c 2 + 2 a 2 - b 2 ) + c(2a 2 + 2 b 2 - c 2 ) 

= 2ab(a + b) + 2 bc(b + c) + 2 ca(c + a) — a 3 — b 3 — c 3 . 

By Holder's inequality we have 

A 2 B>(a + b + c) 3 . (1) 

We’ll show that 

(a + b + c) 3 > 3B, (2) 

and then by (1 ) we’ll obtain the required inequality. 

Inequality (2) is equivalent to 

4 (a 3 + b 3 + c 3 ) + 6abc > 4 (ab(a + b) + bc{b + c) + ca(c + a)). (3) 

The following inequalities are true: 

3((a 3 + b 3 + c 3 ) + 3 abc) > 4(ab(a + b) + bc(b + c) + ca(c + a)) (Schur), 
a 3 + b 3 + c 3 > 3 abc (AM > GM). 

Adding the last two inequalities we obtain inequality (3). 

Equality occurs iff a — b — c. ■ 

227 Let a, b, c be positive real numbers such that ab + be + ca > 3. Prove the 
inequality 

a b c 3 

— / 3 , H , > — p • 

\a4~b \/ b T c \/ c a \2 

Solution By Holder’s inequality we have 

/ a b c \ 2 / 3 

( 7 + 7 + 7 ) (fl(fl + 6) + /?(fe + c) + c(c + fl)) 1;/3 > a + b + c, 

Wa + i V^ + c Vc + «/ 

i.e. 

/ <7 £> c \ 2 > (a + b + c) 3 

V Vfl + ^ ~/b~+c s/c + a J ~ a 2 + b 2 + c 2 + ab + be + ca 

It is enough to show that 

(a + b + c) 3 9 

a 2 + b 2 + c 2 + ab + be + ca ~ 2 ’ 
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i.e. 


2 (a + b + c) 3 > 9 (a 2 + b 2 + c 2 + ab + be + ca). 


( 1 ) 


Let p — a + b + c and q — ab + be + ca. 

Using the initial condition we have q > 3, and then inequality ( 1 ) is equivalent to 

2p 3 > 9(p 2 — 2q + q) or 2p 3 + 9q > 9p 2 . 

Applying AM > GM we obtain 

2 p 3 + 9 q> 2 p 3 + 27 = p 3 + p 3 + 27 > 3 ^ 27 p 5 6 = 9 p 2 , 
as required. ■ 

228 Let a,b,c> 1 be real numbers such that a + b + c = 2 abc. Prove the inequality 
\/ (a + b + c) 2 > \l ab — 1 + \Jbc — 1 + \l ca — 1. 

Solution By the initial condition we have 

1 1 1 ab — l be — [ ca — 1 

a A b 4~ c — 2 a be or \ 1 = 2 4=^ 1 \ = 1 . 

ab be ca ab be ca 


By Holder’s inequality for triples 

(a, b, c), (b, c, a), 

we obtain 

(a + b + c) 1//3 (b + c + a ) 1 ^ 3 


ab — 1 be — 1 ca — 1 


ab 


be 


( ab — 1 be — 1 ca — 1 

I I I 


\ ab be 

> (ab - 1) 1/3 + (be - 1) 1/3 + (ca - 1) 1/3 . 


+ 


ca 


1/3 


Since 


we get 


ab — 1 
ab 


be — 1 
be 


ca — 1 

H = 1 

ca 


y 7 ( a + b + c) 2 > ab — 1 + s/bc — 1 + s/ ca — 1 . 


229 Let t a ,tb , t c be the lengths of the medians, and a.b. c be the lengths of the sides 
of a given triangle. Prove the inequality 

5 

t a tb + tbtc + t c tn < -(ab + be + ca). 

4 
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Solution We can easily show the inequalities 

b + c a + c b + a 

t a < — . < — . * c < — ■ 

After adding these we get 

ta + tb + t c < a + b + c. (1) 

By squaring (1) we deduce 

+ 2 (t a tb + t\,t c + t c f fl ) < a 2 + fo“ + c 2 + 2(afo + foe + ca). (2) 
On the other hand, we have 

2 2(fo 2 + c 2 ) — a 2 2 2 (a 2 + c 2 )-b 2 2 2(b 2 + a 2 ) - c 2 

f a = 4 . t 2 = , t 2 = 

SO 

tl + t b+ t2 =\ (« 2 + b 2 + C 2 ). 

Now using the previous result and (2) we get 

tatb + tbt c + t c t a < —(a 2 + fo“ + c 2 ) + (flfo + be + ca). (3) 

8 

Also we have a 2 + b 2 + c 2 < 2 (ab + be + ca), since 

a 2 + b 2 + c 2 — 2{ab + be + ca) = a(a — fo — c) + fo(fo — a — c) + c(c — a — b) < 0 . 
Finally by (3) and the previous inequality we obtain 

5 

t a tb + tbtc + t c ta < -(ab + bc + ca). g 

230 Let a,b,c and t a , t /, , t c be the lengths of the sides and lengths of the medians 
of an arbitrary triangle, respectively. Prove the inequality 

V3 

at a + btb + ct c < -^-(fl 2 + b 2 + c 2 )- 

Solution By the Cauchy-Schwarz inequality we have 

(a~ + fo" + c~)(t~ + tf y + t 2 ) > (nf a + btb + et c )~. (1) 

Also 

= ~^( a ~ + b~ + C-). 


(2) 
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From (1) and (2) we get 

3 y/3 

{at a 4- btfj 4- ctc)~ £ — ia~ 4~ b~ 4" c 2 )“ i.e. cit a 4“ bt/j 4~ etc — ^ (rt“ -4 b ~ 4~ c - ). 

as required. ■ 

231 Let a,b,c be the lengths of the sides of a triangle. Prove the inequality 

y/a 4- b — c + y/c 4- a — b + y/b + c — a < y/a 4- Vb + y/c. 


Solution We’ll use Ravi’s substitutions, i.e. let a = x 4 - y, b = y 4 - Z, c = z 4 - x, 
where x, y, z € R + . 

Now the given inequality is equivalent to 

y/ 2x + yf 2y + y[2z < y/x + y 4 " y/y 4" Z 4" y/ Z 4~ x . 

By QM > AM we have , /LtZ > 'fi+x/y , f rom which we deduce that 


y/x + y > 


fx + yfy 


Analogously we get 


, T Jy + y/z , , y/z + yfx 

y/y + z > — — and y/z + x > — — . 

y/2 y/2 

After adding these three inequalities we obtain 

y/x + y + yjy 4- z + y/z + x > 2^= + 4- 2^1, 

yfl yfl yfl 


i.e. 

y/x 4- y 4- V.v + <: + Vz + * > \/2x 4- y/ly + Viz, 
as required. ■ 

232 Let P be the area of the triangle with side lengths a, b and c, and T be the area 
of the triangle with side lengths a + b, b + c and c + a . Prove that T >4P. 


Solution We have 

P 2 = s(s — a)(s — b)(s — c), 


where s = 


a + b + c 
2 


i.e. 

16P“ — (a + b + c)(a 4 -b — c)(a 4- c — b){b 4 - c — a). 

Let ,V| be the semi-perimeter of the triangle with side lengths a + b, a + c, b + c. 
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Then 

G~\-b-\~Q-\-c~\-b~\-c 

si = — a + b + c = 2s. 

So we get 

T 2 = si (si - (a + b))(si - (a + c))(si - (b + c)) 

= 2s(2s — (a + b))(2s — (a + c))(2s — (b + c)) = abc{a +b + c). 

It suffices to show that T 2 > 16 P 2 i.e. 

abc(a + b + c)>(a + b + c)(a + b — c)(a + c — b)(b + c — a). 

We have 

a 2 >a 2 — (b — c) 2 — (a — b + c)(a + b — c) = (a + c — b){a + b — c). 
Analogously 

b 2 > (a + b — c)(b + c — a) and c 2 > (b + c — a)(a + c — b). 

If we multiply the last three inequalities (Can we do this?) we obtain 
crb 2 c 2 >(a+b — c) 2 (a + c — b) 2 (b + c — a) 2 , 
i.e. 

abc > (a + b — c)(a + c — b)(b + c — a), 

as required. 

Equality occurs iff a — b — c. ■ 


233 Let a , b, c be the lengths of the sides of a triangle, such that a + b + c — 3. 
Prove the inequality 


a 2 + b 2 + c 2 + 


Aabc 

3 



Solution Let a— x + y,b — y + z and c — z + x. 

So we have x + y + z = \ and since AM > GM we get xyz, < ( ~ T+ ^’ +:: ) 3 = j. 
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Now we obtain 


4 abc 


ci H - b - c + 


(a 2 + b 2 + c 2 )(a + b + c) + 4 abc 


2((x + y) 2 + (y + zr + (z + x) 2 )(x + y + z) + 4(x + y)(y + z)(.z + x) 


4//3V 1\ 13 


= 5 «X + V + Z ) -^)>3 U2 


Equality occurs iff x — y = z, i.e. a — b — c — 1. 

234 Let a,b,c be the lengths of the sides of a triangle. Prove that 


3/ fl 3 + b^ + c 3 + 3 abc 


> max{fl, b, c}. 


Solution Without loss of generality we may assume that a >b >c. 
We need to show that 


3 a 3 + £> 3 + c 3 + 3 abc 


> a, 


- a 3 + It 3 + c 3 + 3aZtc > 0. 


Since 


-ci -(- b 4“ c 3 3 cibc — ( — o) b “He — 3( — ci)bc 


— — (— a + b + c)((a + b) + (a + c)~ + (b — c) 2 ). 


and since b + c > a we obtain 


- a 3 + b 3 + c 3 + 3 abc > 0, 


as required. 

235 Let a, b, c be the lengths of the sides of a triangle. Prove the inequality 


abc < a 2 (s — a) + b 2 (s — a) + c 2 (s — a) < - abc. 
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Solution Since 

2 (a 1 2 (s — a) +b 2 (s — a) + c 2 (s — a )) = a 2 b + a 2 c + b 2 a + b 2 c + c 2 a + c 2 b 

- ( a 3 + b 3 + c 3 ) 


(b + c — a)(c + a — b)(a + b — c) 

— a 2 b + a 2 c + b 2 a + b 2 c + c 2 a + c 2 b — (a 3 + b 3 + c 3 ) — 2 abc 

we have 

2 (a 2 (s — a) + b 2 (s — a) + c 2 (l? — a)) = (b + c — a)(c + a — b){a + b — c) + 2 abc. 
Hence 

2 , , , 2 , . . 2 / s (& + c-a)(c + a-fc)(a + &-c) 

a (j — o) + 0 (s — a) + c (s — a) — b abc 

> abc. 


Recalling the well-known inequality 


(b + c — a)(c + a — b)(a + b — c) < abc, 


we have 


2 , , , 2 , x 2 / , (Z? + c-a)(c + fl-^)(a + fo-c) 

a (j — a) + b~(s — a) + c (s — a) — b abc 

3 , 

< -abc. 

~ 2 

Equality holds if and only if the triangle is equilateral. ■ 

236 Let a, b, c be the lengths of the sides of a triangle. Prove that 

111 3 i\/a + s/b + \/c) 

1 1 > — — . 

«Jci+Vb — *Jc Vb + ^/c — *Ja «Jc + \[a — Vb a + b + c 

Solution Firstly it is easy to show that if there exists a triangle with lengths sides 
a,b,c then there also exists a triangle with length sides *Ja, ~Jb, A fc . 

Furthermore 

isfci **b *Jb ~b \fc}~ — a -b b -b c -b 2(\/ ab -b \J~bc -b \J ca ) < 3{a -b b -b c) 


1 J~a + Vb + Jc 

> — - . 

«Jci + \fb + y/c 3(a + b + c) 


( 1 ) 
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Applying AM > HM we deduce 

3 


l 


1 + 1 


< 


y]a + yfb + \fc 


•Ja + y/b— y/c y/b+yfc—yfa yfc+yfa—sfb 


i.e. 


1 


: + 


1 


: + 


1 


> 


9 


yfa + \fb — yfc *fb + y/c — y/a y/c + y/a — \[b ^/a + ~J~b + *Jc 

By (1) and (2) we get the required inequality. 

237 Let a,b,c be the lengths of the sides of a triangle with area P . Prove that 


■ ( 2 ) 


■b 2 + c 2 >4V3P. 


Solution After setting a=x + y,b = y + z, c = z + x where x, y, z > 0, the given 
inequality becomes 

((x + y) 2 + (y + z) 2 + (z + x) 2 ) 2 > 48xyz(x + y + z). 

From AM > GM we have 

((x + y) 2 + (y + z) 2 + (z + x) 2 ) 2 > (4xy + 4yz + 4zx) 2 = 16(xy + yz + zx) 2 . (1) 
Since for every p, q, r e R we have (p + q + r) 2 >3 (pq + qr + rp), by (1) we get 

(O + y) 2 + (y + z) 2 + (z + x) 2 ) 2 

> 16(xy + yz + zx) 2 

> 16 • 3((xy)(yz) + (yz)(zx) + (zx)(xy)) = 48xyz(x + y + z), 

as required. 

Equality holds iff x = y = z, i.e. iff a = b — c. ■ 

238 ( Hadwinger-Finsler ) Let ci.b, <: be the lengths of the sides of a triangle. Prove 
the inequality 

a 2 + b 2 + c 2 > 4V3 P + (a — b) 2 + (b — c) 2 + (c — a) 2 . 

Solution 1 The given inequality is equivalent to 

2 (ab + bc + ca) — ( a 2 + b 2 + c 2 ) > 4\/3 P. 

We’ll use Ravi’s substitutions, i.e. a — x + y,b = y + z,c = z + x, where x, y, z > 0. 
Then the previous inequality becomes 

xy + yz + zx > y/3xyz(x + y + z), 
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which is true due to 


(xy + yz + zx ) 2 - 3 xyz(x + y + z) — 


(xy - yz) 2 + (yz - zx) 2 + (zx - xy) 2 


Clearly equality holds iff x =y = z, i.e. iff a = b = c. 


Solution 2 The given inequality can be rewritten as 

2 (ab + bc + ca) > 4-V3 P + a 2 + b 2 + c 2 . 


( 1 ) 


Using = b -^ = Pit follows that 


ab — 


2 P 
siny ’ 


ac ■ 


2 P 


sin / 


be — 


2 P 


sin a 


From 


we get 


cota = 


cos a 


b 2 +c 2 -a 2 

2 be 


^ abc 


R 


= - R -(b 2 + C 2 - a 2 ) 


cot a + cot p + cot y = ( a 2 + b 2 + c 2 ) , 

abc 


i.e. 


a 2 + b 2 + c 2 = 4F(cota + cot /l + cot y), 


and inequality (1) becomes 


4 P 


1 


1 


sin a siny sin / 


t~ — | > 4V3P + 4F(cota + cot/3 + coty), 


— cot a 


sin 


— cot/ 


siny 


sin a 

1 — cos a 1 — cos B 1 — cos y /- 

: + + : > V3. 


— cot y ) > V3 


sin a 


sin p 


siny 


(2) 


But 1 — cos a = 2 sin 2 | and sin a = 2 sin “ cos so we have 


1 — cos a 


2 sin 2 f a 

2 = tan — . 


2 sin | cos f 


Now inequality (2) is equivalent to 


a p y r- 

tan — h tan — b tan — > V 3 , 
2 2 2 ~ 


which is true, since tanx is convex on (0, n/2) (Jensen ’s inequality). 
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239 Let a,b,c be the lengths of the sides of a triangle. Prove that 

1 1 11 
8 abc + (a + b — c) 3 8 abc + (b + c — a) 3 8 abc + (c + a — b) 3 — 3 abc 

Solution The given inequality is equivalent to 

11111 

— T T — T T 

8 abc 8abc + (a + b — c) i 8abc 8abc + (b + c — ay 8abc 

1 

Sabc + (c + a — h) 3 

3 1 

> , 

8 abc 3abc 

i.e. 

(fl + h — c) 3 (b + c — a) 3 (c + a — b) 3 1 

8 abc + (a + b — c) 3 8 abc + (b + c — a ) 3 8abc + (c + a — b) 3 ~ 3 g 


Lemma 21.3 Let a, b, c, x,y,z e R + . Then 

a 3 b 3 c 3 (a + b + c) 3 

h h — ^ . 

x y Z 3(v + y + z) 

Proof We’ll use the generalized Holder inequality, i.e. 

If (a,), ( bj ), ( Ci),i = 1,2, n, are positive real numbers and p,q,r are such 

that p + q + r = 1 , then 



For n — 3, p — q — r — 1/3 and 
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i.e. 


... _ _ . , a 3 b 3 c 3 (a + b + c) 3 

3(.x + y + z)( 1 b — )>(a + b + c) 3 <& 1 b — > — — ■ — • 

x y z 3(x + y + z) 


'a 3 b 3 c 3 ' 

x y z 

According to (1) and Lemma 21.3, we have 

(a+b — c) 3 ( b + c — a ) 3 


■ + 


(c + a — b) 3 


8abc + (a + b — c ) 3 8 abc + (b + c — a) 3 8abc + (c + a — b) 3 

(a+b — c + b + c — a + c + a — b) 3 1 

— 3(24ahc + (a + b — c ) 3 + (b + c — a) 3 + (c + a — b ) 3 ) 3 


□ 


2 2 

240 In the triangle ABC, AC is the arithmetic mean of BC and AB . Prove that 

cot 2 p > cot or ■ coty. 

Solution Let BC — a, AC — b, AB — c. Then we have 2 b 2 = a 2 + c 2 . By the law 
of sines and cosines we have 


rntP (<•- +<?-*)* 
' sin /I ‘ abc 


(b 2 + c 2 — a~)R (b 2 + a 2 — c 2 )R 

cot a = and coty=- 


abc 


abc 


So we need to prove that 


(b 2 + c 2 — a 2 )R (b 2 + a 2 — c 2 )R ^ ( a 2 + c 2 — b 2 ) 2 R 2 


abc 


abc 


(i abc )- 


(b 2 + c 2 - a 2 ) ■ ( b 2 + a 2 - c 2 ) < ( a 2 + c 2 - b 2 ) 2 . 


Applying AM > GM we have 


( b 2 + c 2 - a 2 ) • ( b 2 + a 2 - c 2 ) < 


b 2 + c 2 - a 2 + b 2 + a 2 


„ 2 \ 2 


i.e. 


0 b 2 + c 2 - a 2 ) ■ (b 2 + cr- c 2 ) < (b 2 ) 2 = (2b 2 - b 2 ) 2 = (a 2 + c 2 - b 2 ) 2 . 


as required. 

Equality occurs iff a — b — c. 


241 Let d\,dj and c /3 be the distances from an arbitrary point to the sides 
BC, CA, AB, respectively, of the triangle ABC . Prove the inequality 


374 


2 


21 


Solutions 


9 

4 


(c/ 2 + 6?2 4" ^3 ) — 


Solution We have P = adl +^ 2+crf3 ; i. e . 

P 2 = -(ar/j + bdi + cdj) 2 . ( 1 ) 

4 

By the Cauchy-Schwarz inequality we have 

(ad\ 4- bd 2 + ft/ 3 ) 2 < (rt 2 4- Z ? 2 4~ c 2 ) (r/f 4“ t / 2 4- d ^ ) . (2) 

Also 

a 2 4-Z> 2 4-c 2 <9P 2 . (3) 

Finally by (1), (2) and (3) we obtain the required inequality. 

Equality holds iff the triangle is equilateral and the given point is the center of 
the triangle. ■ 


242 Let a, b, c be the side lengths, and h a , lib,h c be the lengths of the altitudes 
(respectively) of a given triangle. Prove the inequality 

h a + hb + h c ^ \/3 
a + b + c ~ 2 


Solution We have 

t 3 abc 

(a + b + c) 2 > 3(ab + bc + ca ) — -^-(h a + hb + he) — 6 R ■ (h a + hb + h c ). (1) 

Recall the well-known inequality a 2 + b 2 + c 2 < 9 R 2 . 

Then we have 


{a + b + c) 2 < 3(a 2 + b 2 + c 2 ) < 21 R 2 , i.e. a + b + c<3^3R. (2) 

Now by (1) and (2) we get 

, 1 7 1 \2 ^ -r ( a + h + c) . hg + hb + hc V3 

( a + b + c ) >6 — (h a +hb + h c ), i.e. — — < — . 

3V3 a+b+c 2 

Equality occurs iff a — b — c. ■ 


243 Let O be an arbitrary point in the interior of A ABC. Let x, y and z be the dis- 
tances from O to the sides BC, CA, AB , respectively, and let R be the circumradius 
of the triangle A ABC. Prove the inequality 

Vx + ~Jy + *Jz < 
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Solution Let BC — a, C A = b, AB = c. 

By the Cauchy— Schwarz inequality we have 


(Vx + Jy + Vz ) 2 < {ax + by + «)(- + -+ - 

\a b c ) 


Since ax + by + cz = 2P and P = ^ we have 


(Vx + yy + v~z ) 2 < 2 P 


ab + be + ca 
abc 


ab + be + ca 
2R 


Also we have 

ab + be + ca < a 2 + b 2 + c 2 < 9 R 2 . 
By (1) and (2) it follows that 


( 1 ) 

( 2 ) 


(Vx+vy+Vz ) 2 


9 

< -R, 

~ 2 


i.e. 


\/x + ~Jy + < 



Equality holds iff the triangle is equilateral. 


244 Let D, E and F be the feet of the altitudes of the triangle ABC dropped from 
the vertices A, B and C, respectively. Prove the inequality 



Solution Clearly EF = acosa, FD = b cos /l, DE = ccosy, and the given in- 
equality becomes 

3 

cos 2 a + cos 2 B + cos 2 y > -, 

4 

which is true according to Nu (Chap. 8). ■ 


245 Let a, b, c be the side-lengths and h a , hb, h c be the lengths of the respective 
altitudes, and s be the semi-perimeter of a given triangle. Prove the inequality 

h / 7 h b hr s 
a b c 2r 

Solution From s/{s — b)(s — c ) < s ~ b + s ~ c = " (equality holds iff b = c), we have 

1 1 

— < — 

a 2 V ( s — b)(s — c) 


h a _ 2P P 

a a 2 ~ 2(s — b){s — c) 


Hence 
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Analogously we get 


hb P h c P 

— < and — < . 

b 2(s — c)(s — a) c 2 (s — a)(s — b) 


Hence 

h a hh h c P ( 1 1 1 

— + — + — 1 1 

a b c 2 \(s — b)(s — c) (s — c)(s — a) ( s — a)(s — b ) 

sP s 1 2 P s 2 s 2 s 

2 (s — a)(s — b)(s — c) 2 P 2 2 P 2s r 2 r 

Equality occurs iff the triangle is equilateral. 


246 Let a , b, c be the side lengths, and h a , hb, h c be the altitudes, respectively, of a 
triangle. Prove the inequality 

a 2 b 2 c 2 > 

h b + + h l + h c + h 2 + h 2 ~ 


Solution We have 


a 2 b 2 c 2 


crb 2 c 2 


crb 2 c 2 


h 2 b + h 2 h 2 +h 2 h 2 +hl 4 P 2 (b 2 + c 2 ) 4 P 2 (a 2 + c 2 ) 4 P 2 (a 2 + b 2 ) 

_ a 2 b 2 c 2 / 1 1 1 \ 

4P 2 \b 2 + c 2 + a 2 + c 2 a 2 + b 2 ) 


a 2 b 2 c 2 = 16P 2 R 2 


111 9 

t + t + -s > z— s 77 (since AM >HM). 

b 2 + c 2 a 2 + c 2 a 2 + b 2 2 (a 2 + b 2 + c 2 ) 

Therefore 

a 2 b 2 c 2 16 P 2 R 2 9 _ 18 R 2 ^ 

hl + h 2 + h 2 + h 2 + h 2 + h 2 ~ 4 P 2 2 (a 2 + b 2 + c 2 ) a 2 + b 2 +c 2 ~~' 

where the last inequality is true since a 2 + b 2 + c 2 <9R 2 . 

Equality holds iff the triangle is equilateral. ■ 

247 Let a, b, c be the side lengths, h a , hb, h c be the altitudes, respectively and r be 
the inradius of a triangle. Prove the inequality 


1 1 13 

h h > — . 

h a —2 r hb — 2 r h c — 2r r 
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Solution By^- + ^ + ^- = ^we obtain 

h a — 2 r hb — 2 r h c — 2r 


hn 


hb 


hr 


= 1. 


Applying AM > //M we get 


h a - 2r /j 6 -2r + h c -2r\( h a 


hb 


hb 


h a — 2r hb — 2 r h c — 2 r 


>9, 


i.e. 


Therefore 


h a 


hh h r 

+ - —>9. 


h a —2 r hb — 2 r h c — 2 r 


2 r 2 r 

+ 


2 r 


h a — 2 r hb — 2 r h c — 2 r 

h a ~ ( h a - 2 r) ^ h b - (h b - 2 r) + h c - (h c - 2 r) 


h a ~ 2 r 
ha ^ hb 


hb — 2 r 

h r 


h a — 2 r hb — 2 r h c — 2 r 


h c — 2 r 

■3 >9- 3 = 6, 


i.e. 


1 1 13 

+ 7 X- + > -• 


h a —2 r hb — 2 r h c — 2 r r 


248 Let a,b,c;l a ,lp,l Y be the lengths of the sides and the bisectors of the respec- 
tive angles. Let s be the semi-perimeter and r denote the inradius of a given triangle. 
Prove the inequality 

l a lb ly S 

o + I + 7^27- 

Solution The following identities hold: 

2^/ca /— — , 2 yfab 

= y/s(s — b) and l y = 

c + a a + b 

From the obvious inequality ~ t v ^~ < 1 and the previous identities we obtain that 

l a Ip < s(s — b) and l Y < y/s(s — c ). (1) 

Also 


y/s(s — C). 


la = y/s(s -a), 

b + c 


Ip 


ha L /(y, 


hb < Ip and h c < l Y 


( 2 ) 
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So we have 

la , 1 P ,^Y laha Iphb lyhc P) ^ ly 

~a + ~b + ~ Yp + ^2P~ + ^2P~ ~ 2P 

(i) s(s — a) + s(s — b) + s(s — c ) 

- 2P 

3 s 2 —s(a + b + c) 3s 2 — 2s 2 s 2 s 

2 rs 2 rs 2 rs 2r 

Equality occurs iff the triangle is equilateral. ■ 

249 Let a,b,c\l a ,lp, I y be the lengths of the sides and of the bisectors of respec- 
tive angles. Let R and r be the circumradius and inradius, respectively, of a given 
triangle. Prove the inequality 

18r 2 V3 < al a + blp + cl Y < 9 R 2 . 


Solution We have 

a 2 > a 2 — (b — c) 2 = (a + b — c){a + c — b) — 4(s — c)(s — b ). 


Hence 

a > 2yJ (s — c)(s — b), 

with equality if and only if b — c. 

Since l a = 2 Vbc^^p- and by the previous inequality we get 


4 \fbc / 4 \fbc 

al a > s/s(s — a)(s — c)(s — b) = P. 

b+c b+c 


Analogously we obtain 


4 Sac 4+ab 

blp > P and cl y > P. 

a + c a + b 


Therefore 

ol a + blp + cly 
By AM > GM we have 


( 4*Jbc 4 Jac 4 \[ab\ 
— 4P I l l T ) • 

\b + c a + c a + b J 


abc 


4\fbc 4J~ac 4\fab J 

1 1 >37 . 

b + c a + c a + b V (a + b)(b + c)(c + a) 


Also we have 


( 1 ) 


( 2 ) 


4s = (a + b) + (b + c) + (c + a) > 3 j/ (a + b)(b + c)(c + a). 
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Hence 


1 


(a + b)(b + c)(c + a) 4. s 


(3) 


By (1), (2) and (3) we obtain 


g p g sr 

al a + bin + cl Y > — \fabc = a/ 4 PR — 9 ry/ 4srR. (4) 

s s 


According to Exercise 13.2 (Chap. 3) we have that s > 3rV3, and clearly R > 2 r. 
Now by (4) we get 


al a + blp + cl Y > 9r\/4srR > 9 r\j 24r 3 V3 = 18r 2 V3. 


Equality occurs iff a = b = c. 

We need to show the right-hand side inequality. 
We have 


y/s(s — a) 


s + s ■ 


b + c 
2 


Note that we have a strict inequality since s ^ s — a. 
Now we have 


b + c 2 


i.e. 


al a < ci 


b + c 
2 


Analogously we obtain 


blp < b- 


and cl v <c- 


So 


al a + blp + cl y < ab + be + ca. (5) 

If we consider the well-known inequalities 

ab + be + ca < a 2 + b 2 + c 2 and a 2 + b 2 + c 2 < 9R 2 , 

from (5) we obtain the required inequality. ■ 

250 Let a, b, c be the lengths of the sides of triangle, with circumradius r = 1/2. 
Prove the inequality 


+ 


b + c — a a + c — b 


+ 


■ b — c 


> 


9V3. 
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Solution Let .s be the semi-perimeter of the given triangle. The given inequality 
becomes 


A = 


b 4 c 4 

+ 


2(5 — a ) 2(5 — b ) 2 (s — c ) 

By the Cciuchy-Schwarz inequality we obtain 


> 


9V3. 


A ■ (2(s - a) + 2(5 - it) + 2(5 - c)) > (a 2 + b 2 + c 2 ) 2 
25 • A > (a 2 + Zr + c 2 ) 2 , 


i.e. 


A > 


(a 2 + fc 2 + c 2 ) 2 
a + b + c 


Applying QM > AM we deduce 


( 1 ) 


fl 2 + /? 2 + c 2 /fl + /? + C 
> 


1 . 2 ,2 (a + ft + c) 2 

, i.e. + b~ + c L > . 


Then by ( 1 ) we get 


(a 2 + b 2 + c 2 ) 2 ( a + b + c ) 4 (o + fr + c ) 3 

A > > 


<7 + b + c 9 (a + b + c) 


9 


( 2 ) 


Let’s introduce Ravi’s substitutions , i.e. let us take a=x + y,b = y + z,c = z + x. 
Then clearly 5 = a+ ^ +c = x + y + z. 

By Heron ’s formula we obtain 


p- = 5(5 — a)(s — b)(s — c) = xyz(x + y + z). 


(3) 


Also 


„2 2 2 Cv + y + z ) 2 

P A = S r = . 


(4) 


By (3) and (4) we get 

x + y + Z = Ax yz. 

Since AM > GM and using (5) we obtain 

3 


x + y + z 


: xyz ■ 


x + y + z 


( 5 ) 


i.e. 


3V3 


x+y+z> 


2 
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Thus 

a + b + c = 2(x + y + z) > 3^3. 
Finally according to (2) and (6) it follows that 


(6) 


A > 


(a + b + c) 3 (3V3) 3 


> 


9V3. 


9 9 

Equality occurs if and only if the triangle is equilateral with side equal to V3. 


251 Let a, b, c be the side-lengths of a triangle. Prove the inequality 


a 

3 a — b + c 


b c 

3 b — c + a + 3c — a + b 


> 1 . 


Solution We have 

4 a 4b 4c 

3a — b + c 3b — c + a 3c — a + b 

a+b—c b+c—a c+a—b 

= 3H 1 1 . 

3a — b + c 3b — c + a 3c — a + b 


So it remains to show that 


a + b — c 
3 a — b + c 


b+c—a c+a—b 

T ^ 1 . 

3b — c + a 3c — a + b 


By the Cauchy-Schwarz inequality (Corollary 4.3) we have 


a+b—c b+c—a c+a—b 

3a — b + c 3b — c + a 3c — a + b 

(a + b — c) 2 (b + c — a) 2 

(3a — b + c)(a + b — c) (3b — c + a)(b + c — a) 

(c + a — b) 2 


(3c — a + b)(c + a — b) 

(a + b + c) 2 

> 

(3a — b + c)(a + b — c) + (3b — c + a)(b + c — a) + (3c — a + b)(c + a — b) 

= 1 , 


as required. 

Equality holds iff a — b — c— 1 . 


252 Let h a , hi, and h c be the lengths of the altitudes, and R and r be the circumra- 
dius and inradius, respectively, of a given triangle. Prove the inequality 

ha + hb + h c <2 R + 5 r. 
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Solution 

Lemma 21.4 In an arbitrary triangle we have 

ab + be + ca — r 2 + s 2 + 4 rR and a 2 + b 2 + c 2 — 2 (s 2 — 4 Rr — r 2 ). 
Proof We have 


r 2 + s 2 + 4rR = — + s A + = 


9 abc P (s — a)(s — b)(s — c) 2 a ^ c 


+ s + 


s 2 — as 2 — bs 2 — cs 2 + abs + bes + cas — abc + s 2 + abc 


= 2s~ — s(a + b + c) + ab + be + ca 
= 2 s 2 — 2 s 2 + ab + be + ca — ab + be + ca. 


Hence 


Now by (1) we have 


ab + be + ca = r 2 + s 2 + 4 rR. 


ab + be + ca = r 2 + s 2 + 4 rR = - 1 2 r A + 8 rR 

,2 , U 2 , P2 


( a + b + cf 


= -\2r z + 8rR- 


a +b +c~\ ab + bc + ca 
+ , 


from which it follows that 


fj 2 i ]fl i PI 

ab + be + ca = 2 r 2 + 8 rR-\ . 


(1) 


( 2 ) 


Now (1) and (2) yields 


a 1 + b 2 + c 2 = 2 (s 2 - 4 Rr - r l ). 


( 3 ) 

□ 


Without proof we will give the following lemma (the proof can be found in [6]). 
Lemma 21.5 In an arbitrary triangle we have 

s 2 <4R 2 + 4Rr + 3r 2 . (4) 

Lemma 21.6 In an arbitrary triangle we have a 2 + b 2 + c 2 < 8 R? + 4 r 2 . 

Proof From (3) and (4) we have 

a 2 + b 2 + c 2 = 2 (s 2 - 4 Rr - r 2 ) < 2(4 R 2 + 4 Rr + 3 r 2 - 4 Rr - r 2 ) = 8 R 2 + 4r 2 . 
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Hence 

a 2 + b 2 + c 2 < SR 2 + 4r 2 . 


(5) 

□ 


Now let us consider our problem. 
We have 


'2 P 2 P 2 P\ ab + be + ca 

2R(h a +h b + h c ) = 2R[ — + — + — = 4 PR 

a b c abc 


= ab + be + ca 


® 2 S + SrR+ a +b +C ~ 


(4) ^ i i 

<2r~ + 8rR + 4R 2 + 2r 2 


& R{h a + h b + h c ) < 2 R 2 + 4 Rr + 2 r 1 < 2 R l + 4 Rr + Rr < R(2R + 5 r). 


Hence 


h a h b -\- h c < 2R -\~ 5r. 


Equality occurs iff a — b = c. 


253 Let a,b,c be the side-lengths, and a, ji and y be the angles of a given triangle, 
respectively. Prove the inequality 


a 



+ 







b 

1 


Solution If a > b then a> j J > and analogously if a <b then we have a < p. 
So we have (a — b){a — ft) > 0, i.e. we have 


aa + bp > a/3 + ba 


i.e. 


Analogously we have 


and 


a b a b 
P + a ~ a P 


a c a c 

— I — > — I 

y a a y 




b 

y’ 


Adding (1), (2) and (3) we obtain the required inequality. 

Equality occurs iff a — b = c, i.e. if the triangle is equilateral. 


( 1 ) 

( 2 ) 

( 3 ) 
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254 Let a,b,c be the lengths of the sides of a given triangle, and a, P, y be the 
respective angles (in radians). Prove the inequalities 


1 ° 

2 ° 

3° 



b+c—a 

a 


b+c—a _j_ 
aa ' 


I> 9 

y - jt 
c+a—b 


c+a—b 

bp 


+ 

+ 


a+b—c 

y 

a+b—c 

cy 


> — , where s — a+, ’ +c . 

— 71 L 

>9. 


Solution 1° Since AM > HM we have 

111 9 9 

b 77 H L — — • 

a p y a + p + y n 

2° Let x — b + c — a, y = c + a — b and z = a + b — c. 

Without loss the generality we may assume that a < b < c. Then clearly 
(x < P < y . 

Also x > y > z and £ > j > 

Chebishev’s inequality gives us 


1 1 


1 


(x + y + z) - + - + - <3 - 
P Y 




l.e. 


x y z 

- + — H 

a p y 


1 


> x(x + y + z) - + - + - 


1 1 


1 9(x + y + z)_6s 
~ 3 a + P + y it ' 

3° Let x = ,2± jr L ,y = and z = q± y= £ - 

Without loss the generality we may assume a <b <c. Then a < p < y. 
Also x > y > z and ^ > j > y . 

Chebishev’s inequality gives us 


y 


1 


- + - + - >-(x + y + z) - + - + - 


1 1 


1 


1 / b + c ■ 


c + a 


b 


Jt 


9 

jt 


= — I — H 1 1 1 h - — 3)>— (2 + 2 + 2 


jt 


■3) = -. 

tt_ 


255 Let X be an arbitrary interior point of a given regular ;?-gon with side-length a. 
Let h i , I 12 , . . . , h„ be the distances from X to the sides of the n-gon. Prove that 

11 1 2ir 

\- 1 h — > — • 

hi h 2 h n a 
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Solution Let S be the area of the given n-gon, and let r be the inradius of its in- 
scribed circle. 

Then S — 

On the other hand, we have 

1 

S — —a(h[ + /? 2 + ■ ■ ■ + h, ,). 


Applying AM > HM we have 


X 

hi 


n 



— < 

l - 


h\ + /t2 + • • • + h n 


2 S _ 
na 


1 1 I n 

hi h 2 hn - r 


( 1 ) 


The perimeter of the n-gon is larger than the perimeter of its inscribed circle, so we 
have 


n 2tc 

na > 2 nr, i.e. — > — . 

r a 

Now by ( 1 ) we obtain 


1 

hi 


1 In 

1 1 > - > 

/?2 h n r 


2tt 

a 


256 Prove that among the lengths of the sides of an arbitrary n-gon (n > 3 ), there 
always exist two of them (let’s denote them by b and c), such that 1 — c < 2- 


Solution Let a\,a2, ■ ■ ■ ,a n be the lengths of the sides of the given n-gon. 

Without loss of generality we may assume that a \ > «2 > • • ■ > a n . 

Suppose that such a side does not exist, i.e. let us suppose that for any two sides 
b and c we have | > 2 (b > c), i.e. let us suppose that for every i e { 1 , 2, . . . , n — 1} 
we have > 2. 

a i + 1 — 

So it follows that 



a? a i 

<23 < — < — 

2 _ 4 


If we add these inequalities we obtain 



< 


«i 

2"-' ' 


n i 

<22 + • • • + a n < a\ I — + ^ 



1 

2 ”“' 


< < 21 , 


which is impossible (why?). 
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257 Let ai, « 2 - < 23 , uq be the lengths of the sides, and 5 be the semi-perimeter of an 
arbitrary quadrilateral. Prove that 


L_ <- y - 

+ s + a ‘ 9 i<7Tl<4 y/(s-ai)(s-aj) 


Solution From AM > GM we have 

2 ^ 1 

1 <i<j<4 


- -2 V 

Q 


9. ^ - a i)(s - cij) 9 1<; ^ <4 0 - a i) + 0 ~ a j) 

- E 1 

Q 


9 ' ai+ai 

\<i<j<A J 


Let ai = ^ , <22 = b, a?, = c, <24 = J. 
We’ll show that 


( 1 ) 


1 


1 1 

■ + 


1 


1 


1 


9 \a + b a + c a+d b + c b + d c + d 

1 1 1 


1 


3 ci + b + c + d a + 3b -{- c -(- d a + b + 3c -Ad a + b + c + 3d 
From AM > HM we deduce 

111 . 

((a + b) + (a + c) + (a + 1 /)) > 9, 


a + b a + c a+d 


i.e. 


U l 


1 


1 


1 


9\a + b a + c a + d ) 3 a + b + c + d 

Similarly we obtain 


1/ 1 


1 


1 


9' 

\a + b 

+ 

b + c 

+ 

b + d 

I, 

( 1 

1 

1 

i 

1 

9 

\fl + c 


b + c 


c + d 

1 / 

' 1 

_1_ 

1 

_L 

1 

9 1 

y a + d 

l 

b + d 

l 

c + d 


> 


1 
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Adding these inequalities we get 

2/1 1 1 1 1 


9 \a + b a -\- c a + d b + c b + d c + d 


> 


1 


1 1 

■ + 


1 


3a b -f- c 4- d t7 4~ 3b 4~ c 4~ t/ a b 3c d rr 4~ b 4~ c 4~ 3d 


1 / 1 


1 1 1 

■ + 


2 \s + a s + b 5 + c s + d)' 


i.e. 


i E 


E 


( 2 ) 


, .. . at + a j “ s + a/ 
l<i<y<4 J i = 1 

From (1) and (2) we obtain the given inequality. 

Equality holds iff a — b = c — d . I 

258 Let n e N, and a, /l, y be the angles of a given triangle. Prove the inequality 

cot" - + cot" - + cot" - > 3^ . 

2 2 2 ~ 


Solution We use the identity 


a y a y 

cot — h cot — f- cot — = cot — ■ cot — • cot — . 
2 2 2 2 2 2 


Since j , ^ , j e (0, tc/2) it follows that cot cot j, cot j > 0. 
Applying AM > GM we have 


a P y 3 a p y 

cot — f- cot h cot — > 3,/ cot — • cot — • cot — 

2 2 2 “ V 2 2 2 


a P y 3 a P y 

cot — • cot — • cot — > 3 J cot — • cot — • cot — , 

2 2 2 ~ y 2 2 2 


a P y -, n 

cot — • cot — ■ cot — > 3 i/z . 
2 2 2 ~ 

Furthermore, using the power mean inequality we get 


(1) 


„ a p .. y / a p y 

cot — h cot — h cot — > 3 ( cot — • cot — • cot — 
2 2 2 — \ 2 2 2 


n / 3 
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Now from the previous inequality and (1) we obtain 

cot" ^ + cot" ^ + cot" ^ > 3^ . 

Equality occurs iff a — p = y = it /3. 

259 Let a, /3, y be the angles of an arbitrary acute triangle. Prove that 

2(sina + sin/6 + sin/) > 3 (cos a + cos p + cos /). 

Solution Clearly a + p > j . 

Since sin x is an increasing function on [0, 7t/2] we have 


sin a > sin 


(|-/A=cos/l. 


Analogously 


sin p > sin 



cos a. 


Now (1) and (2) give us 

1 — cos p > 1 — sina and 1 — cosa > 1 — sin p. 
If we multiply these inequalities we get 

(1 — cos P)( 1 — cosa) > (1 — sina)(l — sin P) 


( 1 ) 


( 2 ) 


or 

1 — cos/6 — cosa + cosa cos p > 1 — sin P — sina + sina sin/3 
or 

sina + sin P > cosa + cos p — cosa cos p + sina sin p 

— cosa + cos p — cos(a + P) — cosa + cos p + cos/. 

Analogously we obtain 

sin/6 + sin / > cosa + cos /l + cos / and sin/ + sina > cosa + cos p + cos /. 
After adding these inequalities we get 

2(sina + sin/J + sin /) > 3(cosa + cos p + cos /), 


as required. 
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260 Let a, /}, y be the angles of a triangle. Prove the inequality 
since + sin/1 + siny > sin 2a + sin2/l + sin 2y. 


Solution Applying the sine law we obtain 


sin a + sin/1 + siny : 


a + b + c P 
2R ~~ Vr' 


sin 2 a + sin2/l + sin2y = 2(sinacosa + sin /S cos /l + siny cosy) 


= — (a cos a + b cos ft + c cos y ) . 

R 


a cos a + £> cos /? + c cos y = — 
r R 


we have 


Therefore 


sin 2a + sin 2/1 + sin2y = — y. 


sin a + sin B + sin y R 

= — > L 

sin 2a + sin 2/1 + sin 2y 2 r 


Equality holds if and only if the triangle is equilateral. 

261 Let a, /l, y be the angles of a triangle. Prove the inequality 
cos a + V2(cos /l + cosy) < 2. 

Solution Since a + /l + y= 7r,we have 

cosa + \/2(cos/l + cosy) = cosa + 2\/2cos — — cos — — — 

= cos a + 2 V2 sin — cos 


r~ a /a \ 

< cos a + 2V 2 sin — = 2 — 2 ( sin I <2. 


2 2 


Equality holds if and only if a = 7 t/ 2, /I = y. 


262 Let a, /3, y be the angles of a triangle and let t be a real number. Prove the 
inequality 


cosa + r(cos p + cos y) < 1 + — . 
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Solution For any three real numbers /3, y, t, the following inequality holds: 
(cos p + cosy — f) 2 + (sin/6 — siny) 2 > 0, 


i.e. 


— cos(/6 + y) + t (cos/I + cosy) < 1 + 


Since a + /3 + y — tt we have 


cosa + r( cos/6 + cosy) < 1 + — . 

2 

Equality occurs iff 0 < f <2, cos a = 1 — , cos /6 = cos y . ■ 

263 Let 0 < a, /6, y < 90° such that sin a + sin /6 + sin y = 1 . Prove the inequality 

3 

tan 2 a + tan 2 ft + tan 2 y > - . 

8 


Solution We have 


tan x = 


sin 2 .x 1 — cos" x 1 


1 . 


The given inequality becomes 

1 1 


cos 2 a cos 2 /6 cos 2 y 
Applying AM > HM we get 


1 1 21 
> - + 3=— . 


l 


3 cos 2 a + cos 2 /6 + cos 2 y sin~ a + sin" /J + sin" y 


l 


cos 2 a cos 2 fi cos 2 y 

and since sinx > 0 for x e [0, it] we have 


I sin 2 a + sin 2 /6 + sin 2 y sin a + sin /6 + sin y 1 


( 1 ) 


So in (1) we obtain 
3 


-U + — 4- 

,o2 yy r*nc2 / 


sin 2 a + sin 2 B + sin 2 y > - . 

3 


sin 2 a + sin 2 B + sin 2 y 1 8 

= 1 <1 = 


cos z oi cos z p cos z y 


9 9 


3 
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i.e. 

1 1 1 27 

1 1 > — , 

cos 2 a cos 2 p cos 2 y 8 

as required. ■ 

264 Let a , b , c be positive real numbers such that a + b + c — 3 . Prove the inequality 

(1 -\~ Q 4- tL ) ( 1 -p 4- b 2 ') (1 -(- c 4" c 2 ) ^ 9 {ab 4" be 4” ca ) . 

Solution Let us denote x — a + b + c — 3, y = ab + be + ca, z = abc. 

Now the given inequality can be rewritten as 

Z 2 - 2z - 2 xz + z(x + y ) +x 2 + x + y 2 — y + 3 xy + 1 > 9 y, 

i.e. 

(z — l) 2 — (z — \ )(x — y) + (x — y) 2 > 0, 
which is obviously true. Equality holds iff<7 = Z? = c= l. ■ 

265 Let a, b, c > 0 such that a + b + c — 1 . Prove the inequality 

6(o 3 + b 2 + c 3 ) + 1 > 5(a 2 +b 2 + c 2 ). 

Solution Let a + b + c = p — 1 , ab + be + ca = q, abc = r. 

By I\ and h (Chap. 14) we have 

a 3 + b 3 + c 3 = p{p 2 - 3q) + 3r = 1 - 3q + 3r 

and 

a 2 + b 2 + c 2 — p 2 — 2q = 1 — 2 q. 

Now the given inequality becomes 

1 8r + 1 — 2q — 6q + 1 > 0, 
i.e. 

9r + 1 > 4q 

which is true due to N i (Chap. 14). ■ 

266 Let x, y, z e K + such that x + y + z = 1. Prove the inequality 

(1 - * 2 ) 2 + (1 - z 2 ) 2 + (1 - z 2 ) 2 < (1 + x)(l + y)(l + z). 
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Solution Let p = x + y + z = 1 , q — xy + yz + zx , r = xyz. 

The given inequality is equivalent to 

3 - 2(x 2 + y 2 + z 2 ) + x 4 + y 4 + z 4 < (1 + x)(l + y)(l + z). 

By 1 1 , 14 and Ig (Chap. 14) we have 

x 2 + y 2 + z 2 = p 2 - 2 q = 1 - 2 q, 

x 4 + y 4 + z 4 = {p 2 - 2 q ) 2 - 2 (q 2 - 2 pr) = (1 - 2 q ) 2 - 2 (q 2 - 2 r), 
(1 +x)(l + v) ( 1 +z)=l + p + q+ r = 2 + q + r. 

So we need to show that 

3 - 2(1 - 2 q) + (1 - 2 q ) 2 - 2 (q 2 -2r)<2 + q+r, 


i.e. 


3 - 2 + Aq + 1 - Aq + \q 2 - 2q 2 + 4r < 2 + q + r 


O 2 q~ — q + 3r < 0. 
By N 1 and M3 (Chap. 14) we have 


and 


By (2) we have 


3q<p~ = l, i.e. q<^’ 


pq > 9 r, i.e. q > 9 r, i.e. r < 


(1) 


( 2 ) 


2q 2 - q + 3r <2q 2 - q + 3^ =2q(q - ^ <0. 

The last inequality is true due to (1) and the fact that q > 0, so we are done. 


267 Let x,y,z be non-negative real numbers such that x 2 + y 2 + z 2 = 1. Prove the 
inequality 

(1 -*y)(i - yz)(l ~zx) > 


Solution Let p = x + y + z, q — xy + yz + zx, r = xyz- Clearly p,q, r > 0. 
Then x 2 + y 2 + z 2 = p 2 — 2q, and the constraint becomes 


P 2 ~2q= 1. 


( 1 ) 
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We can easily show that 

(1 — xy)( 1 - yz)( 1 — zx) —\ — q + pr — r 2 . 
Now the given inequality becomes 


1 — q + pr — r 



( 2 ) 


By N] : p 3 — 4pq + 9r > 0 and (1), we have 

p{p 2 — 4 q) + 9r > 0 

44 p{l-2q) + 9r >0 

44 9r > /t(2q r — 1). (3) 

By A ^4 : p 2 > 3 q and p 2 — 2q = 1 we obtain 

2q + 1 > 3q, i.e. q< 1. (4) 


From (4) and Nj: pq — 9r > 0 we obtain 


P>pq>9r 44 9p — 9r >8p 44 p-r>-p, 


from which we deduce 

, * 8 (3)8 p(2q — 1) 8p 2 (2q — 1) ( i) 8(2g + l)(2g — 1) 

r(p — r) > — pr > -p- 


9 — 9 9 


81 


81 


Now we have 


. . 2 , ^ , W1 mq + \){2q-\) 

1 — q + pr — r =1— q + r(p — r) > 1 — q -\ 


81 


By (2) and (6), we have that it suffices to show that 

8(29+1X20—1) 8 

1 — q H > — , 

1 81 “27 

which is equivalent to 

(1 — q)(49 — 32q) > 0, 
which clearly holds, due to (4). 


( 5 ) 

( 6 ) 


268 Let a,b,c e R + such that q_ _L_ _|_ _J_ — 2 . Prove the inequalities: 

1 ° 1 1 1 1 ! > 1 

1 8« 2 + l + 8/4 + 1 + 8c 2 + 1 - 1 

9 ° 1 I ! I ! > 3 

^ 4ab+l ^ 4bc+l ^ 4ca+\ - 2 
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Solution Let p = a + b + c,q = ab + be + ca,r = a be. 

From ^ T + ^ T +^ T =2we deduce 

{a + 1 )(b + 1 ) + (b+ 1 )(c + 1 ) + (c + l)(a + 1 ) = 2 (a + 1 ){b + 1 )(c + 1 ). ( 1 ) 
According to lc> and I io (Chap. 14), (1) is equivalent to 
3 + 2p + q = 2(1 + p + q + r) 


i.e. 


q + 2r = 1. 


( 2 ) 


1° We easily get that 

(8a 2 + l)(8h 2 + 1) + (8 b 2 + l)(8c 2 + 1) + (8c 2 + l)(8a 2 + 1) 
= 64 (g 2 - 2 pr) + 16 (p 2 -2q) + 3 


and 

(8a 2 + 1)(8 b 2 + l)(8c 2 + 1) = 512r 2 + 64(q 2 - 2 pr) + 8 (p 2 - 2 q) + 1. 


So inequality 1 0 becomes 

64 (q 2 - 2pr) + 16(p 2 - 2q) + 3 > 512r 2 + M(q 2 - 2 pr) + 8 (p 2 - 2 q) + 1, 


i.e. 


8(p 2 — 2q) + 2 > 512r 2 . 

Using that q 2 > 27 r 2 and q — 1 — 2r we get 

(1 — 2r) 3 > 27r 2 44 8r 3 + 15r 2 + 6r - 1 < 0 

44 (8r — l)(r 2 + 2r + 1) < 0, 


from where we deduce that 


1 

8r - 1 < 0, i.e. r < -. 

- 8 


Since AM > HM we have 


({a + 1) + (b + 1) + (c + 1))(— J— + i-j-T + -*-) > 9 

\a+l o+l c + 1/ 


or 


( 3 ) 


(4) 


2(a + b + c + 3) > 9, 
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i.e. 


p — a + b + c>~. 


From N\ : p z > 3 q (Chap. 14) it follows that 


By (5) and (6) we have 


,2 


8 


89 


34 


(5) 


( 6 ) 


8(p — 2q) + 2 > 81 p-2^— + 2 = -p z + 2> - -+2 = 8. (7) 


From (3) and (7) we have that it suffices to show that 

8 > 512r 2 
or 

1 

r < - , 

~ 8 

which is true according to (4). And we are done. 

2° We have 

(4 ab + 1)(4 be + 1) + (4 be + l)(4cfl + 1) + (4 ca + 1)(4 ab + 1) = 64 pr + 8^ + 3 
and 

(Aab + l)(4hc + l)(4ca + 1) = 64r 2 + 16 pr + Aq + 1. 

We need to show that 

3 9 

64/9r + 8q + 3 > -(64r 2 + 16 pr + Aq + 1) 
or 

32 pr + 16</ + 6 > 192r 2 + 48/9r + 12q + 3, 


192r 2 + 16/9r — Aq — 3 < 0. 

2 

By N-j : q 2 >3 pr (Chap. 14), it follows that pr < 

Now since q = 1 — 2r we get 


( 8 ) 


192r 2 + 16 pr -Aq-3< 192 r 2 + 16y - Aq - 3 

7 (1 — 2r) 2 

= 192r 2 + 16 4(1 -2r)- 3 


3 


396 


21 Solutions 


= — (128r“ — 8r — 1) 


= --128(r--)(r+-|. 


1 


( 9 ) 


From (9) and r it follows that 192 r 2 + 16 pr — 4q — 3 < 0, which means that 
inequality (8), i.e. inequality 2°, holds. ■ 

269 Let a , b, c > 0 be real numbers such that ab + bc + ca = 1 . Prove the inequality 

> 2 . 


1 


1 


1 


1 


b + c c + a a + b + c 


1 


Solution Let p — a + b + c,q — ab + bc + ca= 1 , r — abc. 

The given inequality is equivalent to 

(a + b){b + c) + (b + c)(c + a) + (c + a)(a + b ) 

(a + b)(b + c)(c + a) a + b + c 

By ^5. /ft (Chap. 14) and ( 1) we have that it is enough to prove that 

I Q 1 

> 2 , 

pq-r p 

i.e. 

p 2 + 1 1 

£_ > 9 

p — r p ~ 

which is equivalent as follows 

p 3 + p — p + r > 2 p 2 — 2 pr 
<£> p 3 -2p 2 + 2pr + r >0 
p 3 -2p 2 + r(2p+ 1) >0. 


> 2 . 


( 1 ) 


Let 


f{p) = p 3 -2p 2 + r(2 p+\). 


( 2 ) 


( 3 ) 


From N 4 : p 2 > 3q — 3 (Chap. 14) it follows that p > V3- 
If p > 2 then clearly > 0. 

Let V3 < p <2. 

By N\ : p 3 — 4 pq + 9r > 0 we have 


, 4 p — p i 

p i — 4p + 9r > 0, i.e. r > 


9 


( 4 ) 
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By (3) and (4) we obtain 

f(p) = P 3 -2p 2 + r(2p + \)>p 3 -2 p 2 + { ^ P 9 P ^(2p+ D 

= -2p(p-2)(p- 1) 2 >0. 

The last inequality holds, since p < 2. So we have proved (2), and we are done. ■ 

270 Let a, b,c> 0 be real numbers. Prove the inequality 

ab + 4 be + ca be + 4 ca + ab ca + 4 ab + be 

7 i I Pi I 9 i — 6- 

a- + be b- + ca c z + ab 

Solution Let p — a + b + c, q = ab + be + ca , r — abc. 

Since the given inequality is homogenous we may assume that p — 1. 

After elementary algebraic operations we can easily rewrite the given inequality 
in the form 

Ipq - \2r 2 >4q 3 - q 2 . (1) 

By N\ : p 3 — 4pq + 9r > 0 (Chap. 14) we have 9r > 4q — 1 and clearly 0<q< 3. 
So 

9 rq 2 > q 2 (4q - 1) ^ > q 2 (4q - 1) 3 rq > q 2 (4q - 1). (2) 

From A3 : pq — 9r > 0 (Chap. 14) it follows that q > 9r, i.e. we have 

4 rq > 3 6r 2 > 12r 2 . (3) 


By (2) and (3) we obtain 

7 pq — 12 r 2 — 3rq + 4 rq — 12/- 2 > 3rg > q 2 (4q — 1), 

i.e. inequality (1) holds, as required. ■ 

271 Let a, b, c be positive real numbers such that a + b + c + 1 =4 abc. Prove the 
inequality 


1 


1 


+ 


1 


< 


a 4 + b + c b 4 + c + a c 4 + a + b a + b + c 
Solution By the Cauchy -Schwarz inequality we have 


1 


1 + b 3 + c 3 


< 


1 + b 3 


a 4 + b + c (a 4 + b + c)(l + b 3 + c 3 ) (a 2 + b 2 + c 2 ) 2 
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Similarly we get 

1 1 + c 3 + b 3 1 1 + a 3 + b 3 

b 4 + c + a ~ (a 2 + b 2 + c 2 ) 2 c 4 + a + b ~ (a 2 + b 2 + c 2 ) 2 ' 

After adding the last three inequalities we obtain 

1 1 1 3 + 2 (a 3 +b 3 + c 3 ) 

1 1 < 

a 4 + b + c b 4 + c + a c 4 + a + b (a 2 + b 2 + c 2 ) 2 

so it suffices to prove that 

3 + 2 {a 3 + b 3 + c 3 ) 3 

(a 2 + b 2 + c 2 ) 2 ~ a + b + c’ 

i.e. 

3 (a 2 + b 2 + c 2 ) 2 >(a + b + c)( 3 + 2 (a 3 + b 3 + c 3 )). 

Let a + b + c — p, ab + be + ca — q and abc — r. 

Then since t7 + fi + c+ l= 4a be, by AM > GM it follows that 

4 r — a + b + c+ 1 > 4 Zfr , i.e. r > 1 . 

Now we have 

A = 3(a 2 + b 2 + c 2 ) 2 - ( a + b + c)(3 + 2 (a 3 + b 3 + c 3 )) 

= 3 (p 2 - 2 q) 2 - p ( 3 + 2 p{p 2 - 3 q) + 6 r) 

— 3 {p 2 — 2 q) 2 — 3 p — 2 p 2 (p 2 — 3 q) — 6 pr 

— 3 p 4 — 12 p 2 q + \2q 2 — 3 p — 2 p 4 + 6 p 2 q — 6 pr 
= p 4 — 6 p 2 q + 12 q 2 — 3 p — 6pr 

= (P 2 - 3 q) 2 + q 2 - 3 p + 2 (q 2 - 3 pr). 

Since r > 1 we have q 2 — 3p > q 2 — 3pr and it follows that 

A = (p 2 - 3 q) 2 + q 2 - 3 p + 2{q 2 - 3pr ) > (p 2 - 3 q) 2 + 3 (q 2 - 3 pr). 
According to Nj : q 2 — 3pr > 0 we deduce that 

A > {p 2 — 3 q) 2 + 3 (q 2 -3 pr) > 0, 

as required. ■ 

272 Let x,y,z > 0 be real numbers such that x + y + z = L Prove the inequality 

(X 2 + y 2 )(y 2 + z 2 )(z 2 + X 2 ) < 
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Solution Let p = x + y + z= 1, q = xy + yz + zx, r = xyz. 
Then we have 


x 2 + y 1 — (x + v) 2 - 2 xy = (1 - z) 2 - 2 xy = 1 - 2z + z 2 - 2 xy 

= 1 — z — z(l — z) — 2 xy = 1 — z — z(x + y) — 2 xy = 1 — z — q — xy. 


Analogously we deduce 

y 2 + z =1 —x—q — yz and z 2 + x 2 = 1 — y — q — zx. 


So the given inequality becomes 

1 

(1 - Z-q-xy)( 1 - x-q- yz)(l - y - q - zx) < —. (1) 

After algebraic transformations we find that inequality ( 1 ) is equivalent to 

q 2 -2q 3 -r(2 + r-4q)< 1 (2) 

Assume that q < 

Using Ni : p 3 — 4/?<7 + 9r > 0 (Chap. 14), it follows that 

4(7 — 1 

9r> 4(7-1, i.e. r > — ^ , 

and clearly q 
It follows that 


2 + r - 4q > 2 - 


4 q - 1 


-4 q = 


17 - 32 q 
9 


17 - f 


> 0 . 


So we have 


t/ 2 — 2q 3 — r(2 + r — 4(/) < q 2 — 2q 3 = t/ 2 (l — 2q) 


= | -2(7(1 — 2g) <| 


2 g + (l-2 g ) \ 2 _( 7 < 1 
2 j 8 _ 32’ 


i.e. inequality (2) holds for q <\. 

We need just to consider the case when q > \ . 

Let 

f(r) = q 2 -2q 3 -r(2 + r-4q). (3) 

Clearly r > . 

Using Nj : pq — 9 r > 0 (Chap. 14) it follows that 9 r <q, i.e. r < |. 

We have 

. 4 

/'(r) = 4^ - 2 - 2r < - - 2 - 2r < 0. 
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This means that / is a strictly decreasing function on ( 4,1 {) 1 , |), from which it 
follows that 


/('-) < / 


4 q - 1 


9 =q *-2 q >-—W q -\)(Yl-32q), 


i.e. 


Let 


f(r) 


81 Or - 2q ) - (4ry - 1 ) ( 17 - 32q) 
81 ' 


(4) 


g(q) = 81 (? 2 - 2q 3 ) - (4 q - 1)(17 - 32 q). 


(5) 


Then 


g'(q) — — 486g 2 + 41 8^7 — 100. 


Since i < q < A, we get 


-486 418 

g'(q) = -486 q 2 + 418 q - 100 < — — + — - 100 < 0. 

16 3 

So g decreases on (1/4, 1/3), i.e. we have 


, 1 \ 81 

S( “ )<g <4 j = 32- 


(6) 


Finally by (3), (4), (5) and ( 6 ) we obtain 


q 2 -2q 3 -r(2 + r-4q) = f(r)<f l4q 1 


81 Or - 2 qi) - (4 q - 1)(17 - 32 q) 
81 

g(q) < = § = J_ 

81 81 81 32’ 


as required. 


273 Let x, y, z e M + such that x + y + z = 1. Prove the inequalities: 


, x y z 9 

1 < -|- < — . 

1 — yz 1 — zx 1 — xy 8 


Solution Let p = x + y + z= 1 , q = xy + yz + zx , r = xyz ■ 
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We have 

x(l - zx)( 1 - xy ) + y(l - yz)(l - xy ) + z(l - zx)( 1 - yz) 

= x(l — xy — zx + x 2 yz ) + y( 1 — xy — yz + y 2 xz ) + z(l — zx — zy + z 2 xy) 
= x + y + z — x 2 {y + z) — y 2 (z + x) - z 2 (x + y) + x 3 yz + y 3 zx + z 3 xy 
= p - x 2 (p - x) - y 2 {p - y) - z 2 (p - z) + xyz(x 2 + y 2 + z 2 ) 

= p - (p - xyz)(x 2 + y 2 + z 2 ) + x 3 + y 3 + z 3 

= p-(p- r )(p 2 ~ 2 q) + p(p 2 - 3g) + 3 '' 

= l-(l-r)(l-2 9 ) + l-3 9 + 3r; (1) 

also we have 

(1 — xy)(l — yz)(l — zx) = (1 — xy — yz + y 2 xz)(l - zx) 


9 9 9 9 9 9 

= 1 — zx — xy — yz + x yz + y zx + z xy — x yz 

= l- g + /;>r-r 2 =l -(7 + r- r 2 . ( 2 ) 


By (1) and (2) we have that the left inequality is equivalent to 
l-q+r-r 2 <l-(l-r)(\-2q) + l-3q + 3r r - 2q + 3 > 0. (3) 


Using IV 5 : p 3 > 27r (Chap. 14), it follows that /- < X, . 


Also by N 1 : p i — 4pq + 9r > 0 (Chap. 14), we ha veq < 

Now we deduce 

9r + 1 4r — 18r — 2+12 10 - 14r 5-7 r 

r -2q + 3> r - 2 h 3 = = = 

'i 1 — 4 4 4 2 

5-Z 

> - — — > 0 , 


i.e. inequality (3) holds. 

We need to show the right side inequality from (1), which, using identities (1) 
and ( 2 ) is 


9r~ + 23r + q- 16 qr < 1. 

Let us denote f(r) — 9 r 2 + r( 23 — 16^) + q. 

By Nt : q 2 > 3 pr — 3 r (Chap. 14), it follows that 

2 2 

r < — , i.e. 0 <r < — . 
“ 3 _ _ 3 

We have 


(4) 


/'(»-) = 18r + 23-16g. (5) 

Using N 4 : p 2 > 3 q (Chap. 14), it follows that q 
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By (5) we have 


f'(r) = 18r + 23 - 16 q > 18r + 23 - y > 0, 


a 2 i 

i.e. / increases on (0, -j), where q < j. 

So we obtain f(r) < f{\)- 

„2 

It suffices to show that / ( ^)<1. 

We have /(^) = t/ 4 - fq 3 + fq 2 + q. 
Now we get 


/—<! 

\3 J ~ 

q 4 -—q 3 +—q- + q-l<0 

O (3q-l)(q 3 -5q 2 + 6q + 3)<0 
O (3q-l)(q(q-2)(q-3) + 3)<0, 


which clearly holds since 0<<?< j. This complete the proof. 

such that xyz = 1 . Prove the inequality 

1 1 2 

+ 


274 Let x, y, z e 

1 


> 1 . 


(1 4- x) 2 (l+y) 2 (1+z) 2 (1 +x)(l + y)(l +z) 

Solution Let x + y + z = p,xy + yz + ZX = q and xyz = r = 1. 

The given inequality becomes 

(1 + *) 2 (1 + y) 2 + (1 + y) 2 (l + z) 2 + (1 + z) 2 (l + x) 2 + 2(1 + x)(l + y)(l + z) 


>(l+x) 2 (l+y) 2 (l + z) 2 . 


( 1 ) 


By 7g and I\\ (Chap. 14), we have 

(1 +x)(l + y)(l + z) = 1 + p + q + r = 2+ p + q 


(1 + *) 2 (1 + y) 2 + (1 + y) 2 (l + z) 2 + (1 + z) 2 (1 + x) 2 
= (3 + 2 p + q) 2 - 2(3 + p){ 1 + p + q + r) 

= (3 + 2 p + q) 2 — 2(3 + p)( 2 + p + q). 
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So inequality (1) becomes 

(3 + 2 p + q ) 2 — 2(3 + p)( 2 + p + q) + 2(2 + p + q) > (2 + /? + q) 2 
p 2 >2q + 3. 

According to N(, : q 3 > 21r 2 = 27 (Chap. 14), it follows that 

q > 3. (2) 

By A4 : p 2 > 3g (Chap. 14), we obtain 

, (2) 
p~ > 3q — 2q + q > 2q + 3, 


as required. ■ 

275 Let a.b. c > 0 such that a + b + c = 1. Prove the inequalities: 

1° + foe + ca < a 3 + b 3 + c 3 + 6abc 

2° a 3 + b 3 + c 3 + 6 abc <a 2 + b 2 + c 2 
3° a 2 + b 2 + c 2 < 2 (a 3 + b 3 + c 3 ) + 3 abc. 

Solution Let p = a + b + c= \ ,q = ab + bc + ca,r = abc. 

1° Using h : a 3 + b 3 + c 3 = p(p 2 — 3 q) + 3r = 1 — 3q + 3r we have that 
inequality 1° is equivalent to 

q< 1 -3q + 3r + 6r 9r+l>4g, 

which is true since N\ (Chap. 14). 

2° Using /[ : a 2 + b 2 + c 2 — p 2 — 2q — 1 — 2 q we get the equivalent form 

l-3q+9r <l-2q <£> 9 r <q 

which is true since Nj (Chap. 14). 

3° The given inequality is equivalent to 

1 - 2q < 2(1 - 3q + 3r) + 3r & Aq < 1 + 9 r, 

which is true since N 1 (Chap. 14). ■ 

276 Let x, y, z > 0 be real numbers such that xy + yz + zx + xyz — 4. Prove the 
inequality 

3(x 2 + y 2 + z 2 ) + xyz > 10. 

Solution Let p = x + y + z= 1 , q = xy + yz + zx , r = xyz. 

The given inequality becomes 

3 (p 2 — 2 q) + r > 10, with constraint q + r — 4. 
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So it is enough to show that 

3p 2 — 6q + 4 — q > 10, i.e. 3p 2 -lq-6>0. (1) 

Applying N i : p 2 — 4pq + 9r > 0 (Chap. 14), and since q + r — 4 we deuce 

q P 3 + 36 

P - 4pq + 9(4 - q) > 0, i.e. q<——. 

4p + 9 

So 


3p 2 -lq -6>3p 2 -1 P 


36 


4p + 9 


6 = 


(/? — 3)(5p 2 + 42p + 102) 
4p + 9 


(2) 


Applying AM > GM we obtain 


4 = 



1 > xyz. 


( 3 ) 


Also (x + y + z) 2 > 3 (xy + yz + zx), so we deduce 

p = x + y + z> \/3(4 - xyz) > \/3(4— 1) = 3. 

Finally by using (2) we obtain that 3p 2 — lq — 6 > 0, i.e. inequality (1) holds. ■ 


277 Let a, b, c e R + . Prove the inequality 

x 4 (y + z) + y 4 (z + x) + z 4 (x + y) < j^(x + y + z) 5 . 

Solution Let p — a + b + c, q = ab + be + ca, r = abc. 

Since the given inequality is homogenous, without loss of generality we may 
assume that p — 1. 

We have 

x 4 (y + z) + y 4 {z + x) + z 4 (x + y) —x 3 (xy + xz) + y 3 (yz + yx) + z 3 (zx + zy ) 

= x 3 (q - yz) + y 3 {q- zx) + z 3 (q - xy) 

= q(x 3 + v 3 + z 3 )- xyz(x 2 + y 2 + z 2 ) 

= <1(P(P 2 - 3#) + 3r) - r{p 2 - 2 q) 

= q{\ -3q-\- 3r) — r (1 — 2q) 

= q( 1 -3q) + r(5q - 1). 


21 Solutions 


405 


Now the given inequality becomes 

<7(1 - 3q) + r(5q - 1) < 
From 3 q < p 2 it follows that 


1 

12 ' 



If q < j then r(5q — 1) < 0, so we have 


(1) 


( 2 ) 


q(l — 3q) + r(5q — 1) < q(l—3q) = ^(1 — 3t?) -3g < ^ 


(1 - 3g) + 3g 
2 


2 


1 

12 ’ 


i.e. inequality (1) holds. 

Let 

*4 ( 3 ) 

i.e. let q e (1/5, 1/3] and denote 

/(<?) = <?(1 — 3q) + 5rq — r. 


Then 


f\q)=\-6q + 5r. 
Using N? : pq > 9 r (Chap. 14), we get 


q > 9 r. 


(4) 

(5) 


Now according to (3), (4) and (5) we deduce 

, 5 49 49 1 

/ {q) = 1 - 6q + 5r < 1 - 6q + -q = 1 - —q < 1 - — ■ - < 0, 

i.e. / is strictly decreasing on q e (1/5, 1/3], so it follows that f(q) < f{\), i.e. 
we deduce that 

,(l-3,) + r(5,-l)<l(l-l)+r(5l-l) = L<i 
as required. ■ 

278 Let a,b,c e R + such that a + b + c — 1. Prove the inequality 
1 1 1 

— T — h — T 48(rifZt T be T co) > 25. 
a b c 
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Solution Setting ab + be + ca = 1 ^ > 0, q > 0, it follows that q e [0, 1], 
We have 

111 ab + be + ca 

— h-H h 48 (ab + be + ca) — 1- 48 (ab + be + ca) 

a b c abc 

'- ,2 16 ( 1 -, 2 ). 


So it suffices to show that 


3 r 


1 — q~ 2 

— l -+\6{\-q 2 )>25. 
3r 


Due to Theorem 15.1 (Chap. 15) we have 

1 — q 2 2 1 — q 2 

1 + 16(1 — q 2 ) > 27; 1 


3 r 


3(1 -q) 2 (l + 2q) 


+ 16(1 — q z ) 


= 9- l+q . . + 16(1 - q 2 ) 


{\-q)(\+2q) 

2q 2 (4q — l) 2 
(l-q)(l + 2q) 


25 > 25. 


Equality occurs if and only if ( a,b,c ) — (1/3, 1/3, 1/3) or ( a,b,c ) = (1/2, 1/4, 
1/4) (up to permutation). ■ 

279 Let a,b.c be non-negative real numbers such that a + b + c = 2. Prove the 
inequality 

a 4 + b 4 + c 4 + abc > a 3 + b 3 + c 3 . 


Solution Applying Schur’s inequality (fourth degree) we have that 

a 4 + b 4 + c 4 + abc(a + b + c)> a 2 (b + c) + b 3 (c + a) + c 3 (a + b). 


i.e. 

2 (a 4 + b 4 + c 4 ) + abc{a + b + c) > (a 3 + b 3 + c 3 )(a + b + c) 

from which, using the initial condition, we obtain the result as required. 

Equality holds iff a — b — c — 2/3 or a = b — l,c = 0 (over all permutations). 


280 Let a, b, c be non-negative real numbers. Prove the inequality 
2 (a~ T b ^ T c 2 ) T abc -t - 8 ^ 5{a T b c). 



2 1 Solutions 


407 


Solution We’ll use Schur’s inequality, i.e. 

x 3 + _y 3 + z 3 + 3 xyz > xy(x + y) + yz(y + z) + zx(z + x), for all x,y,z> 0. 

By AM > GM and QM > AM we have 

6(2(u“ ~\~ b~ ~\~ c 2 ) a be -|- 8 — 5(^7 — (— Z? — t - c*)) 

= 12(fl 2 + b 2 + c 2 ) + 6 abc + 48 — 30(fl + b + c) 

= 12 (a 2 + b 2 + c 2 ) + 3(2 abc + 1) + 45 - 30(fl + b + c) 

> 12(fl 2 + b 2 + c 2 ) + 9^ (abc) 2 + 45 - 5 ((a + b + c) 2 + 9) 

= + 3(a 2 + b 2 + c 2 ) — 6(ab + be + ca) 

wabc 

+ 2((a - b) 2 + (b- c ) 2 + (c - a) 2 ) 

^ , -J- 3(a 2 “I - b 2 c 2 ) — 6 (tth + + c$) 

~Jabc 

Tlabc 9 

> h 3(a + ft + c)" — 12(flZ? + be + ca) 

a + b + c 

3 , 

= ( 9abc + (a + b + cy — 4 (ab + be + ca)(a + b + c)) 

a + b + c 

3 

= ( a 3 + b 3 + c 3 + 3 abc — ab(a + b) + bc(b + c) + ca(c + a)) > 0. 

a + b + c 

And we are done. Equality holds iff a — b = c = 1 . ■ 

281 Let a, b, c be non-negative real numbers. Prove the inequality 

a 3 + b 3 + c 3 + 4 (a + b + c) + 9 abc > 8 (ab + be + ca). 


Solution We’ll use Schur’s inequality, i.e. for all a,b,c> 0 we have 

a 3 + b 3 + c 3 + abc(a + b + c) > ab(a 2 + b 2 ) + bc(b 2 + c 2 ) + ca(c 2 + a 2 ). 
By AM > GM we have 


4 (a + b + c) + 


4 (ab + be + ca) 2 
(a + b + c) 


> 8 (ab + be + ca). 


So it suffices to prove that 

a 3 + b 3 + c 3 + 9 abc > 


4 (ab + be + ca) 2 


( a + b + c) 
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The previous inequality is equivalent to 

a 4 + b 4 + c 4 + abc{a + b + c) + ab(a 2 + b 2 ) + bcib 2 + c 2 ) + ca(c 2 + a 2 ) 

> 4 {a 2 b 2 + b 2 c 2 + c 2 a 2 ). 

Applying Schur’s inequality and AM > GM we obtain 

a 4 + b 4 + c 4 + abc(a + b + c) + abla 2 + b 2 ) + bcib 2 + c 2 ) + ca(c 2 + a 2 ) 

> 2{ab(a 2 + b 2 ) + bc(b 2 + c 2 ) + ca(c 2 + a 2 )) 

> 2{ab(2ab ) + bc(2bc) + ca{2ca )) = 4 (a 2 b 2 + b 2 c 2 + c 2 a 2 ), 
as required. 

Equality holds iff a — b = c — 1 or a = b — 2, c = 0 (up to permutation). ■ 


282 Let a, b,c be non-negative real numbers. Prove the inequality 


+ 


b 2 


+ 


b~ — be + c - c 2 — ca + a 2 a 2 — ab + b 2 


> a + b + c. 


Solution Applying the Cauchy-Schwarz inequality (Corollary 4.3) we deduce 


+ 


b 3 


+ 


b 2 — be + c 2 c 2 — ca + a 2 a 2 — ab + b 2 

" 4 b 4 


■ + 


■ + 


> 


a(b 2 — be + c 2 ) b(c 2 — ca + a 2 ) c(a 2 — ab + b 2 ) 

{a 2 + b 2 + c 1 ) 2 

a(b 2 — be + c 2 ) + b(c 2 — ca + a 2 ) + c(a 2 — ab + b 2 ) 

So it suffices to prove that 

(a 2 + b 2 + c 2 ) 2 > ( a{b 2 — bc + c 2 ) + b(c 2 — ca+ a 2 ) + c(a 2 —ab + b 2 ))(a +b + c). 
The previous inequality is equivalent to 

a 4 + b 4 + c 4 + 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) 

>(a + b + c)(a 2 (b + c) + b 2 (c + a) + c 2 {a + b)) — 3 abc{a + b + c) 


or 

a 4 + b 4 + c 4 + abc(a + b + c) > a 3 {b + c) + b 3 (c + a) + c 3 (a + b ), 

and it is Schur’s inequality (fourth degree). 

Equality holds iff a — b = c or a = b. c = 0 (up to permutation). ■ 


283 Let a, b,c be non-negative real numbers such that a + b + c = 2. Prove the 
inequality 


a 3 + b 3 + c 3 + 


15 abc 


> 2 . 


4 
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Solution Applying Schur’s inequality we have that the following inequality holds 

, , ^ 15 abc (a + b + c) 2 

a~ + b~ + c 2 H > , 

4 4 

from which we obtain the required inequality. Equality holds iff a — b = c — 2/3 or 
a — b= 1, c = 0 (over all permutations). ■ 

284 Let a, b, c be positive real numbers such that abc — 1. Prove the inequality 

a 2 + be b 2 + ca c 2 + ab 


+ 


+ 


a 2 (b + c) b 2 (c + a ) c 2 (a + b) 

Solution We’ll show that 


> ab + be + ca. 


We have 


a 2 + be b 2 + ca c 2 + ab 1 1 1 

1 — 1 — > — | 1 — . 

a 2 {b + c) b 2 (c + a) c 2 {a+b ) abc 


a~ + be 1 (a — b)(a — c) 


(1) 


a 2 (b + c ) a 

Analogously we deduce 

b 2 + ca 1 (b — c)(b — a) 
b 2 (c + a ) b b 2 (c + a) 


and 


a 2 (b + c ) 


c~ + ab 1 (c — a)(c — b) 


c 2 (a + b ) c c 2 (a + b) 


Applying the previous identities and Corollary 12.1 from Schur’s inequality we ob- 
tain (1). From (1) and abc = 1 we obtain the required inequality. 

Equality holds iff a = b — c = I . ■ 

285 Let a, b, c be positive real numbers such that a 2 + b 2 + c 2 = 3. Prove the 
inequality 

a 2 + abc b 2 + abc c 2 + abc 3 
( b + c ) 2 ( c + a) 2 + (a + b) 2 ~ 2 

Solution We’ll show that 


a 2 + abc b 2 + abc c 2 + abc a 2 

+ - — - — H ~ > 


b 1 c l 
+ + 


(b + c) 2 (c + a) 2 (a + b) 2 b + c c + a a + b 


We have 


a 2 + abc a 2 


( b + c ) 2 b + c (b + c ) 2 

analogously we get the other two identities. 


(a — b)(a — c); 


(1) 
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Now (1) is equivalent to 


(a — b)(a — c)4 -^{b — c){b — a)+- — y(c — a)(c — b) > 0. (2) 


(b + c) 2 


(c + a) 2 


> 


Assume that a>b>c. 

Then we easily deduce that ^ ^ 

will follow from Corollary 12.1 of Schur’s inequality. 
Furthermore, we’ll show that 


a 2 b 2 c 2 J3{a 2 + b 2 + c 2 ) 

+ + 


(. a + b ) 2 

, and the correctness of (2) 


b + c c + a a + b 
Assume that a > b> c. Then 


(3) 


a 2 > b 2 > c 2 and 


1 1 1 

> > 


b + c c + a a + b 
Applying Chebishev ’s inequality and AM > HM we get 


+ 


b + c c + a a + b 3 


> \{a 2 + b 2 + c 2 ) 


1 1 

■ + 


1 


>-(a 2 + b 2 + c 2 ) 


b + c c + a a + b 
9 


2 (a + b + c) 

3 (a 2 + b 2 + c 2 ) ^/3(a 2 + b 2 + c 2 ) 


2yj3 (a 2 + b 2 + c 2 ) 2 

So inequality (3) is proved. 

By (1), (3) and the initial condition we obtain 

a 3 + abc b 2 + abc c 2 + abc a 2 b 2 c 2 J3 (a 2 + b 2 + c 2 ) 

1 1 > 1 1 > 

( b + c) 2 (c + a) 2 ( a + b ) 2 b + c c + a a + b 2 

_ 3 

“ 2 ' 

Equality holds iffa = £> = c= l. ■ 

286 Let a , /;. c be positive real numbers such that « 4 + /; 4 + c 4 = 3. Prove the 
inequality 


1 


1 1 

+ - < 1 . 


4 — ab 4 — be 4 — ca 


Solution 1 After clearing denominators the given inequality becomes 
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i.e. 

16 + 3 abc(a + b + c) > a 2 b 2 c 2 + 8 (ab + be + ca). (1) 

Applying Schur’s inequality we have that 

(a 3 + b 2 + c 3 + 3 abc)(a + b + c ) > ( abia + b) + bc(b + c) + ca(c + a))(a + b + c ), 
and since a 4 + b 4 + c 4 = 3 we deduce 

3 + 3 abc(a + b + c) > ( ab + ac) 2 + ( ac + be) 2 + (be + ab) 2 . (2) 

Using AM > GM we get 

(ab + ac) 2 + (ac + be) 2 + (be + ab) 2 + 12 > 8 (ab + be + ca). (3) 
Now from (2) and (3) we deduce 

15 + 3abc(a + b + c) > 8(ab + be + ca). (4) 

Once more we apply AM > GM, and we get 

3 = a 4 + b 4 + c 4 > 3yf (abc) 4 , i.e. 1 > cibc 


or 


i > 2/2 2 

1 > a b c . 


( 5 ) 


Finally using (4) and (5) we get inequality (1). 

Equality holds iff a = b — c = 1 . 

Solution 2 Let x = ab, y — be and z = ac. The given inequality is equivalent to 

\-x 1 - y 1 - z 

1 -4 >0 

4 — x 4 — y 4 — z 


or 


Notice that 


1-x 2 1 — y 2 1-z 2 

+ t — o + - — t > 0. 


4 + 3x — x 2 4 + 3 y — y 2 4 + 3z + z 


2 - 


x 2 + y 2 + z 2 = (ab) 2 + (be) 2 + (ca) 2 < a 4 + b 4 + c 4 = 3. 


Assume that x > y > z. Then clearly 


1 - x 2 < 1 - y 2 < 1 - z 2 and < ^ < 


4 + 3x — x 2 4 + 3y — y 2 4+3 z + z 2 
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Therefore by Chebishev’s inequality we obtain 

1 — x 2 1 — y 2 1 — z 2 

1 : 1 

4 + 3x — x 2 4 + 3 y — y 2 4 + 3z + Z 2 


>(1— x 2 + l— r+i — z 2 ) 


> 0 , 


1 


+ 


+ 


4 + 3x — x 2 4 + 3 y — y 2 4 + 3z + z 2 


as required. 

Equality occurs iff a — b = c = 1 . 


287 Let a, b, c be positive real numbers such that ab + be + ca = 3. Prove the 
inequality 

(a 3 - a + 5 )(b 5 - b 3 + 5)(c 7 - c 5 + 5) > 125. 

Solution For any real number x, the numbers x — 1, x 2 — 1, x 3 — 1 and x 3 — 1 are 
of the same sign. 

Therefore 

(x — l)(x 2 — 1) > 0, (x 2 — l)(x 3 — 1) > 0 and (x 2 - l)(x 5 - 1) > 0, 

i.e. 

a — a — a ~t~ 1 > 0. 
b 5 - b 3 - b 2 + 1 > 0, 
c 1 - c 5 - c 2 + 1 > 0. 

So it follows that 

a 3 — a + 5 > a 2 + 4, b 5 — b 3 + 5 > b 2 + 4 and c 1 — c 5 + 5 > c 2 + 4. 

Multiplying these inequalities gives us 

( a 3 - a + 5 )(b 5 -b 3 + 5 )(c 7 - c 5 + 5) > ( a 2 + 4 )(b 2 + 4)(c 2 + 4). (1) 

We’ll prove that 


(« 2 + 4) ( b 2 + 4) (c 2 + 4) > 25 (ab + be + ca + 2) . (2) 


(a 2 + 4)(Zr + 4)(c 2 + 4) 

= a 2 b 2 c 2 + 4 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) + 16 (a 2 + b 2 + c 2 ) + 64 


We have 
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= a 2 b 2 c 2 + ( a 2 + b 2 + c 2 ) + 2 + 4(a 2 b 2 + b 2 c 2 + c 2 a 2 + 3) 

+ 15(a 2 + b 2 + c 2 ) + 50. (3) 

By the obvious inequalities 

(a — b ) 2 + (b — c) 2 + (c — a) 2 > 0 and ( ab — l) 2 + (be — l) 2 + (ca — l) 2 > 0 
we obtain 

a 2 + b 2 + c 2 >ab + be + ca, (4) 

a 2 b 2 + b 2 c 2 + c 2 a 2 + 3 > 2 (ab + bc+ ca). (5) 

We’ll prove that 

a 2 b 2 c 2 + (a 2 + b 2 + c 2 ) + 2 > 2 (ab + bc + ca). (6) 

Lemma 21.7 Let x,y,z > 0. Then 

3 xyz + a- 3 + y 3 + z 3 > 2((xy) 3 / 2 + (yz?' 2 + (zx) 3/2 ). 

Proof By Schur’s inequality and AM > GM we have 

a 3 + y 3 + z 3 + 3avz > (x 2 y + y 2 x) + (z 2 y + y 2 z) + (a 2 z + z 2 a) 

>2((Ay) 3 / 2 + (yz) 3/2 + (zA) 3 / 2 ). □ 

By Lemma 21.7 for x = a 2 ' 3 , y = b 2 ^ , z = c 2 / 3 we deduce 

3 (abc) 2 ^ 2 + a 2 + b 2 + c 2 > 2 (ab + be + ca). 

Therefore it suffices to prove that 

a 2 b 2 c 2 + 2 > 3 (abc) 2 ^ 2 , 

which follows immediately by AM > GM. 

Thus we have proved inequality (6). 

Now by (3), (4), (5) and (6) we obtain inequality (2). 

Finally by (1), (2) and since ab + be + ca — 3 we obtain the required inequality. 
Equality occurs if and only if a = b — c = I . ■ 

288 Let a, y, z be positive real numbers. Prove the inequality 

1119 

a 2 + Ay + y 2 y 2 + yz + z 2 z 2 + za + a 2 - (a + y + z) 2 
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Solutions 


Solution It is true that x 2 + xy + y 2 = (x + y + z) 2 — (xy + yz + zx) — (x + v + z)z. 
Now we have 


i.e. 


where a = 


( x + y + z) 2 
x 2 + xy + y 2 


(x + y + z) 2 


1 


xy+yz+zx __ z ' 
(. x+y+z ) 2 x+y+z 


x 2 + xy + y 2 1 — ( ab + be + ca) — c 


,b = 


,, - r : 

x+y+z ’ x+y+z ’ x+y+z ' 

The given inequality can be written in the form 


1 


+ 


1 


+ 


1 


>9 


( 1 ) 


I — d — c \ — d — b 1 —d — a 
where a, b,c are positive real numbers such that 

a + b + c= 1 and d = ab + bc + ca. 

After clearing the denominators, inequality (1) becomes 

9d 3 - 6d 2 — 3d + 1 + 9abc > 0 or d(3d - l) 2 + (1 - Ad + 9abc) > 0, 

which is true since 1—4 d + 9 abc > 0 (the last inequality is a direct consequences 
of Schur’s inequality). ■ 

289 Let x,y,z be positive real numbers such that xyz = x + y + z + 2. Prove the 
inequalities 

1° xy + yz + zx > 2(x + y + z) 


2° ~/x + yy + Vz : 


3y.Y yz 


2 ■ 


Solution 1° The identity xyz = x + y + z + 2 can be rewritten as 

1 1 1 

= 1 . 


1 + x 1 + y 1 + z 


Let’s denote yq-^r = a, yy— = -J— = c . 


Then 


and x = 


b + c 


y 


< ■ i : 


a + b 


a + b + c = 1 


a 


b 


z = 


c 
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Now we have 

xy + yz + zx > 2(x + y + z) 

b + c c + a c + a a+b a+b b+c 


+ 


b + c c + a a + b 
> 2 | + ^— + 




O a 3 + b 3 + c 3 + 3 abc > ab(a + b) + bc(b + c) + ca(c + a), 

which clearly holds ( Schur’s inequality). 

2° The given inequality is equivalent to 

1113 
+ ^ + < - 


■s/yz ^/zx ^/xy 2 




b+c c+a vc+a a+b 
Using AM > GM we have 


c a 3 

. < 

a+b b+c 2 



b 

b + c 

c + a 

1 b 

c 

c + a 

a + b 

1 c 

a 

a + b 

b + c 


1 

< - 


a 


b 

a + c 


c + b 

b 


c 

a + b 


c + a 

c 

+ 

a 


and 


Adding the last three inequalities we obtain inequality (1), as required. 
290 Let x, y, z be positive real numbers. Prove the inequality 


(1) 


80 3 + y 3 + z 3 ) > (x + y) 3 + (y + z) 3 + (z + x) 3 . 


Solution 1 The given inequality is equivalent to 

2(x 3 + y 3 + z 3 ) > x 2 y + x 2 z + y 2 x + y 2 z + z 2 x + z 2 y 

T[3, 0, 0] > T[2, 1,0], (1) 

which obviously holds according to Muirhead’s inequality. ■ 

Solution 2 Let p = x + y + z, q = xy + yz + zx, r = xyz. 

Since the given inequality is homogenous we may assume that p = 1. 

Using h we get 

x 3 + y 3 + z 3 = pip 2 - 3q) + 3r = 1 - 3q + 3r 
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and 

x 2 y + x 2 z + y 2 x + y 2 z + z 2 x + z 2 y = xy(x + y) + yz(y + z) + zx(z + x) 

= xy( 1 - z) + yz( 1 - x) + zx( 1 - y) 
= xy + yz + zx — 3 xyz = q — 3r. 


Now inequality (1) becomes 

2(1 — 3q + 3r) > q - 3r & 2 + 9r>7q, 

which is true according to (Vs, and we are done. ■ 

Solution 3 We can easily deduce that 

4(x 3 + y 3 ) — (x + y) 3 = 3(x + y)(x — y) 2 > 0, i.e. 4(x 3 + y 3 ) > (x + v) 3 . 
Analogously we get 

4(y 3 + z 3 ) > (y + z) 3 and 4(z 3 +x 3 ) > (z + x) 3 . 

Adding these three inequalities we obtain the result. ■ 

Solution 4 According to Jensen 's inequality for the convex function fix) — x 3 , we 
obtain 


1 

2 


f(x)+\f(y)>f 



or 


x 3 + y 3 
2 



3 


4(x 3 + y 3 ) > (x + y) 3 . 

Now the solution follows as in the previous solution. ■ 

291 Let a,b,cbe non-negative real numbers. Prove the inequality 

a b -(- c abc ^ — (a 4- b 4- c) . 


Solution We have 

(a + b + c) 3 — a 3 + b 3 + c 3 4- 3 (a 2 (b + c) 4- b 2 (c + a) + c 2 (a 4- b)) + 6 abc 
T[ 3,0,0] 

= — — — — + 3T[2, 1,0] 4- T[ 1, 1, 1] 


and 


7 , , T[3, 0, 0] r(l,l,l] 

a 3 + b 3 + c 3 + abc = + . 


2 


6 


21 Solutions 
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So we need to prove that 


r[3,0,0] r[l,l,l] 


T[3, 0, 0] 


■3T[2, 1,0] + 7[1, 1. 1], 


i.e. 


3L[3,0, 0] 


r[i, l, i] 

6 


>3T[2 , 1,0], 


which is true according to L[3,0, 0] > T[ 2, 1,0] and T[ 1, 1, 1] > 0 ( Muirhead’s 
theorem ). ■ 


292 Let a, b,c be positive real numbers such that a + b + c = 1 . Prove the inequality 

a 2 + b 2 + c 2 + 3 abc > - . 

Solution We will normalize as follows 

9{a + b + c)(a 2 + b 2 + c 2 ) + 21abc > 4 (a + b + c) 3 
which is equivalent to 

5 (a 3 + b 3 + c 3 ) + 3 abc > 3 (ab(a + b) + bcib + c) + ca(c + a)). (1) 

According to Schur’s inequality we have that 

a 3 + b 3 + c 3 + 3 abc > ab(a + b) + bc(b + c) + ca(c + a) (2) 

and by Muirhead’s theorem we have that 

2T[3, 0, 0] > 2T[2, 1, 0], 
i.e. 

4(a 3 + b 3 + c 3 ) > 2 (ab(a + b) + bc(b + c) + ca(c + a)). (3) 

Adding these two inequalities gives us inequality (1). ■ 

293 Let a i , aj, . . ■ , a n be positive real numbers. Prove the inequality 

(1 + aO(l + a 2 ) ■ • ■ (1 + a«) < f 1+ — )fl + — V • ■ f 1 + — Y 

\ 02 /V 03/ V at/ 

Solution Let x; = In a,-, then given inequality becomes 

(1 + e Xl )(l + e* 2 ) ■■■(! + e x ") < (1 + e 2xi ~ X2 )(l + e 2x2 ~ X} ) ■■•(! + e 2x "~ Xl ). 
After taking logarithm on the both sides we obtain 

ln(l + e xi ) + ■ ■ ■ + ln(l + e x ") < ln(l + e 2xi ~ xi ) + • • • + ln(l + e 2x "~ xi ). 

Let consider the sequences a : 2xi — x 2 , 2x 2 — X3 , .... 2x„ — xi and b : x 1 , x 2 , . . . , x„. 
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21 Solutions 


Since fix ) = ln(l + e x ) is convex function on R. by Karamata’s inequality it 
suffices to prove that a (ordered in some way) majorizes the sequences b (ordered 
in some way), which can be done exactly as in Exercise 12.13, and therefore is left 
to the reader. ■ 


294 Let a,b,c,d be positive real numbers such that abed — 1. Prove the inequality 

1 i i | 1 | i 

(1+fl) 2 + (1 +b) 2 + (1 + c) 2 + (1 +d) 1 2 ~ 

Solution 1 First we’ll show that for all real numbers x and y the following inequality 
holds 

1 1 1 

(1 + x) 2 + (1 + y) 2 _ 1 + xy ' 

We have 

1 1 1 

(1+*) 2 + (1 + y) 2 1 + xy 

xy(x 2 + y 2 ) — x 2 y 2 — 2xy + 1 xy{x — y) 2 + {xy — l) 2 
(1 + x) 2 (l + v) 2 (l +xy) (l+x) 2 (l + y) 2 (l + xy) ~ 

Now we obtain 


1111 

(1 + a) 2 + (1 + b) 2 + (1 + c) 2 + (1 + d) 2 

1111 

~> \- — \- 

1 +ab 1 + cd 1 +ab 1 + 1 /ab 

1 ab 

— b = 1 . 

1 + ab 1 + ab 

Equality holds iff a — b = c — d — 1. ■ 


Solution 2 Let 


f (a, b , c, d) 


1 

(1 + a ) 2 


1 

(1 + b) 2 


1 ; 1 

(1+c) 2 + (1 +d) 2 


and 


g(a, b, c, d) — abed — 1. 


Define 


L = f-Xg = 


1 


1 


+ 


1 


+ 


1 


(1 + a) 2 (1 +b) 2 (1+c) 2 (1 +d) 


X(abcd — 1). 



21 Solutions 


419 


For the first partial derivatives we have 


dL 

-4 

X 

= 0 , 

i.e. 

X = 

—4a 

da 

(1 + a) 2 

a 


(1 + a) 2 

8L 

-4 

X 

= 0 , 

i.e. 

X = 

-4b 

~db ~ 

(l+b) 2 

b 


(l+b) 2 ' 

dL 

-4 

X 

= 0 , 

i.e. 

i — 

—4c 

~dc ~ 

(1 + c) 2 

c 

A — 

(1 + C) 2 ’ 

dL 

-4 

X 

= 0 , 

i.e. 

1 — 

-4 d 

dd ~ 

(1 +d) 2 

~ d 

A — 

(1 + d) 2 


So we have i = nw = (T^ = uW = from which we get the follow ' 

ing system of equations: 

(i a — b)( 1 — ab) = 0, (a — c)(l — ac) = 0, (a — d)( 1 — ad) — 0, 

(b-c)(l-bc) = 0, (b-d)(\-bd) = 0, (c - r/)(l - cd) = 0. 


Solving this system we get that we must have a = b — c — d, and using abed — 1 it 
follows that a — b — c = d = 1 and then we have 


/( 1,1, 1,D = 




Since /( 1, 1, 1/2, 2)=^+^ + ^ + g = j + ^>l,by Lagrange's theorem we 
conclude that f(a, b, c, d) > 1, as required. ■ 


295 Let a,b ,c,d > 0 be real numbers such that a + b + c + d — 4. Prove the 
inequality 

abc + bed + eda + dab + ( abc ) 2 + {bed) 2 + ( eda ) 2 + (dab) 2 < 8. 


Solution Let us denote 

f(a, b , c, d) = abc + bed + eda + dab + (abc) 2 + (bed) 2 + (eda) 2 + (dab) 2 . 

Because of symmetry we may assume that a > b > c > d . 

We have 


/ 


a + c a + c 

— — ,b, ) - / (a,b, c, d) 


(b + d) 


a + c 


+ ac ) (b 2 + d 2 ) — 2b 2 d 2 


(Aabcd — 2b 2 d 2 ) > 0 (abcd>b 2 d 2 ). 
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21 Solutions 


So 


/ 


a + c 
2 


, b , 


a + c 
2 



> f(a, b , c, t/). 


According to the SMV theorem it suffices to show that 


fit, t, t, d) < 8 

where 3 1 + d — 4 and clearly 0 < t < | . 

We have 

fit,t,t,d)< 8 t 3 + 3r(3 — 3t) + 3f 4 (4 — 3t) 2 + r 6 < 8 

(t - l) 2 (28r 4 - 16r 3 - 12t 2 — 8) < 0. 

So it is enough to show that 28 f 4 — 1 6f 3 — 12r 2 — 8 < 0, which is easy to prove for 
0<r < 

Equality holds iffa = b = c = d= l. ■ 


296 Let a, b,c,d> 0 such that ci + b + c + d— 1. Prove the inequality 

A A A A 148 1 

a 4 + b 4 + c 4 + d A H abed > — . 

27 “ 27 

Solution Denote f (a, b, c, d) = a 4 + b 4 + c 4 + d 4 + ip fabed — 

Since the given inequality is symmetric we may assume that a > b > c > d. 
We have 


/fl + c a + c\/7 9 37 \ 9 

f(a,b,c,d ) - ft — — — , b, — - — ,d \ = ( - (a - c) 2 + 3ac - —bd)(a - b) 2 . 


Since ac > bd it follows that 

f(a,b,c,d ) - / 


a + c a + c 
, b, , d ) > 0, 

2 2 ' ~ 


t.e. 


/ (a, b, c, d) > / 


a + c a + c 

,b, ,d). 

2 2 ' 


According to the SMV theorem it suffices to show that 


f(t, t, t , d) > 0, where t — 


1 -d 


We have 

(1 -d) 4 a 148d(l-d) 3 1 2d(4d — \) 2 (\9d + 20) 

t, t, d) = +d 4 + ' = — — > 0 . 

J 27 729 27 729 


27 


729 


729 



21 Solutions 
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Equality occurs if and only if a=b = c = d— 1/4 or a = b = c = l/3,d = 0 (up 
to permutation). ■ 

297 Let a, b,c be positive real numbers such that a 2 + b 2 + c 2 = 3. Prove the 
inequality 


a 2 b 2 + b 2 c 2 + c 2 a 2 <a + b + c. 


Solution Without loss of generality we may assume that a < b < c. Then clearly 
a < 1 and b 2 + c 2 > 2, from which it follows that b + c>V2. 

Let f(a, b,c) — a+b + c — a 2 b 2 — b 2 c 2 — c 2 a 2 . Then we have 


f(a,b,c ) - f[ a. 


1 b 2 + c 2 

1 b 2 + c 2 \ 

1 2 ’ V 

2 ) 


= (b-c )- 


i((b + c) 


1 W 2 - 

4 b + c + -y/ 2 (b 2 + c 2 ) ) \4 2 + V2 


(b - c) > 0. 


Thus 


f(a,b,c ) > / \a 


I b 2 + c 2 


I b 2 + c 2 


By the SMV theorem it suffices to prove that f{a, t, t) > 0, when a 2 + 2 1 2 — 3. 
We have 


f(q, t,t)> 0 


a + v/2(3 - a 2 ) > a 2 ( 3 - a 2 ) + -(3 - a 2 ) 2 


(a-l) 2 (^(fl+l) 2 - 


3 - o + 2(3 - a 2 ) 


> 0 . 


( 1 ) 


Since a < 1 it follows that 


3 - a + ^2(3 - a 2 ) 4 4 


3 3 9 

< t < -(fl+ I)'. 


Therefore inequality (1) is true, and we are done. 
Equality occurs iff a = b = c — 1 . 


298 Let a, b, c, d > 0 be real numbers such that a + b + c + d — 4. Prove the 
inequality 

(1 + fl 2 )(l + b 2 )( 1 + c 2 )(l + d 2 ) > (1 + o)(l + b)( 1 + c)(l + d). 


422 


21 Solutions 


Solution Let 


f(a, b, c, d) = (1 + a 2 )( 1 + b 2 )( 1 + c 2 )( 1 + t/ 2 ) - (1 + a)( 1 + b)(l + c)(l + d), 

and assume that a <b < c < d (symmetry). 

We’ll show that 


f(q,b,c,d) > f 


a + c a + c 

, b, , d 

2 2 


Clearly 


so it follows that 

f(a,b,c,d) - f 


a + c < 2, 


a + c a + c 
, h, , d 


( 1 ) 


= (1 + Zr)(l + d~)[ (l + fl 2 )(l+c 2 )- 1 + 


a + c 


+ (l+6)(l+d) 1 + 


a + c 


— (1 + u)(l + c) 


2 \ 2 


Since 


(1 + a 2 )(l + c 2 ) — I 1 + 


a + c 


2 \ 2 


2 n (a + c) 2 + 4ac 
— — 


>0 


(this inequality follows by (1)) and by AM > GM it follows that 

cl d - c ^ 


(l+a)(l+c)< 1 + 


So 


a + c a + c 
, b, , d ) > 0, i.e. 


a+c a +c 

b, — - — , d I. 


f(a,b,c,d ) - / 
f(a,b,c,d)> f , 2 2 

According to the SMV theorem it suffices to show that 

f{t, t, t,d)> 0 


where 3t + d — 4 i.e. d — 4 — 3t . 


21 Solutions 
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We have 

fit, t, t, d) = (1 + r 2 ) 3 ( 1 + (4 - 3 1 ) 2 ) - (1 + /) 3 (5 - 3 1 ) 

= 9/ 8 - 24/ 7 + 44/ 6 - 72/ 5 + 81/ 4 - 68/ 3 - 54/ 2 - 36/ + 12 
= (/ - 1) 2 (9/ 6 - 6/ 5 + 23/ 4 - 20/ 3 + 18/ 2 - 12/ + 12) 

= (/ - l) 2 (/ 4 (3/ - l) 2 + 2/ 4 + 5/ 2 (2/ - l) 2 + 10 r + 3 (/ - 2) 2 ) > 0. 
Equality holds if and only if a — b = c = d=\. ■ 

299 Let a, b, c be positive real numbers such that a be = 1. Prove the inequality 

111 6 

— h 7 H I > 5. 

a b c a + b + c 

Solution Without loss of generality we may assume that a >b > c. 

Let f(a,b,c) = \+\ + \ + 1 ^- c . 

We’ll prove that 

fia, b , c) > f(a, Vbc, Vbc). 

We have 

f(a, b, c) > f(a, Vbc, Vbc ) 

116 2 6 

44 1 — H 1 > . — H -i= 

b c a + b + c ~fbc a + 2y/bc 

<£> c(a + b + c)(a + 2\fbc) + b(a + b + c){a + 2 Vbc) + 6bc(a + 2 Vbc) 

> 2 \fbc(a + b + c)(a + 2 Vbc) + 6bc(a + b + c) 

(Vb-Vc) 2 ((a + b + c)(a + 2Vbc)-6bc)>0. (1) 

Since a > b > c we have a > > \fbc. 

Thus 

{a + b + c)(a + 2 Vbc) > (Vbc + 2Vbc) {Vbc + 2 Vbc) = 9 be > 6 be. 

So due to (1) and the last inequality we have 

/(a, b , c) > f(a, Vbc, Vbc). 

According to the SMV theorem we need to prove that f (a. t, /) > 5, with at 2 = 1. 
We have 


424 


21 Solutions 


which is equivalent to 


(t - 1) 2 (2 1 4 + 4t 3 - 4r - t + 2) > 0, 


which is true since 2f 4 + 4r 3 — 4f 2 — t + 2 > 0 for t > 0. 


300 Let a,b, c be positive real numbers such that a + b + c= 3 . Prove the inequality 


1 1 1 

a b c 


121 - + f + - I > 4(a 3 + b 3 + c 3 ) + 21. 


Solution Without loss of generality we may assume that a < b <c. 
Let 

f(ci, b, c ) = 12( — + 7 + - ) - 4(a 3 + b 3 + c 3 ). 
\ a b c 


Then we have 


/(a, b, c) - f 


a + b a + b 

2 ’ ~2 


c 


1 1 1 

a b c 


= 121 - + - + - ) - 4(a 3 + b 3 + c 3 ) - 12 


1 


,11 4 

= 1 2 ( - + 


a b a + b 


= 3 (a -by 


ab(a + b ) 


a + b c 

+ (a + by - 4(a 4 + b 3 ) 

- (a + b) 


+ - 1 + (a + b) 3 + 4c 3 


( 1 ) 


Since a <b <c we must have a + b <2, and clearly c > 1. 
By the AM > GM we have 

, ( a + b) 4 A 

ab{ci + by < < 4, i.e. 


ab{a + b ) 


(a + b) > 0. 


Hence by (1) we deduce that 
'a + b a + b 

f(a,b,c) — f 


c ) > 0, i.e. f(a,b,c)>f 


a + b a + b 


So according to the SMV theorem it suffices to prove that f(t,t,c ) > 21, when 
2t + c = 3, c > t. 

We have 


f(t,t,c)> 21 

O 12 (j + ^ ) + (2t)"-4c J >21 


21 Solutions 
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12 


12 


c 5 


(c 


4 1 

2 1 + c 

r— b -^ + (3 — c) 3 — 4c 3 > 21 

3 — c c ) 

18c 3 + 48c 2 - 36c + 12 >0 


which is true since c > 1 . 

Equality occurs iff (a, b, c) = (2, 1/2, 1/2). 


301 Let ci,b,c,d be non-negative real numbers such that a + b + c + d + e = 5. 
Prove the inequality 

4(a 2 + b 2 + c 2 + d 2 + e 2 ) + 5 abed > 25. 


Solution Without loss of generality we may assume that a>b>c>d>e. 
Let us denote 

f(a, b, c, d, e) = 4 (a 2 + b 2 + c 2 + d 2 + e 2 ) + 5abcd. 

Then we easily deduce that 


f(a,b,c,d,e)-f 


q 4“ d 
2 


, b, c, 



(. a — d) 2 
4 


(8-5 bee). 


(1) 


Since a>b>c>d>e, we have 


3 l/bce < b + c + e < 


3 (ct + b + c + d + e) 


— 3. 


Thus it follows that bee < 1 . 

Now, by (1) and the last inequality we get 


/(a, b, c, d, e) — f 


ci 4~ d ci 4~ d 
, b, c, , e 


( a — d) 2 

4 

( a — d) 2 


(8 - 5 bee) 
(8 - 5) > 0, 


i.e. 


f(a, b, c, d, e) > f 


a + d 
2 


, b, c, 



According to the SMV theorem it remains to prove that f(t,t,t,t,e)> 25, under 
the condition 4f + e — 5. 

Clearly 4? < 5. 
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21 Solutions 


We have 

f(t, t, t, r, e ) > 25 

4(r 2 + e 2 ) + 5 t 4 e > 25 

4t 2 + 4(5 — 4t) 2 + 5f 4 (5 — 4t) — 25 > 0 

(5 — 4t)(t — 1) 2 (/ 2 + 2t + 3) > 0, 

which is true. 

Equality occurs if and only if a = b = c = d = e= \ or a — b — c = d — 
5/4, e — 0 (up to permutation). ■ 




21 Solutions 
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We have 

,, , 3 

f(a,t,t) < - 

2 1^3 

^ 2 + a 2 + t 2 + 2 + 2t 2 ~ 4 

8 2 ^ 3 

^ 8 + 4 a 2 + (2 t) 2 + 4 + (2r) 2 5 4 

8 2 ^ 3 

^ 8 + 4a 2 + (3 — a) 2 + 4+ (3 -a) 2 “ 4’ 

which can be easily transformed to (a — 1) 2 (15 a 2 — 78a + 111) > 0, and clearly 
holds. 

Equality holds iff a = Z? = c = 1 . ■ 


303 Let a. b,c be positive real numbers such that a 2 + b 2 + c 2 = 3. Prove the 
inequality 

ab + be + ca < abc + 2. 


Solution Without loss of generality we may assume that a>b>c. 
Let f(a, b, c) — ab + be + ca — abc. 

We have 


f(a,b,c) - f 


j 2 + b 2 a 2 + b 2 


c 


a 2 + b 2 

= ab + be + ca — abc 2c, 


a 2 +b 2 cr+b 2 

t be 


= U - + c((„ + b) - 75+T+) -cLb- 


-(a — b ) 2 


c(a — b ) 2 


(a + b) + sjl{a 2 + b 2 ) 


+ 


c(a — b)~ 


, , c 1 

= (a-b) [ - -- 


2 2 (a + b) + ^2(a 2 + b 2 ) 7 

Notice that since a >b>c we must have c 2 < 1, i.e. c < 1 and a 2 + b 2 > 2. 
By AM < QM we have 


( 1 ) 


c 1 


< c 1 


2 2 (<3 + Z?) H- yjl (a 2 + b 2 ) 2 2 2^2 • (a 2 + b 2 ) 


< c 1 


2 2 2-^/ 2 • (a 2 + b 2 + c 2 ) 
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21 Solutions 


Hence by (1) we get that 


c 1 c 1 1 

2 2 2^6 “2 2 


< — 



c 

2V6 


f(a,b,c ) - / 




< 0 , 


i.e. 


/ (a, b, c) < f 



a 2 + b 2 \ 

— ’ C J- 


According to the SMV theorem we need to prove that f(t, t, c ) < 2, when 2 1 2 + 
c 2 — 3. 

We have 

f(t,t,c)< 2 t 2 + 2c? — t 2 c < 2 

<$■ 2 1 2 + Act < 2 t 2 c + 4 & Act < 2 t 2 c + 3 - 2t 2 + 1 

Act <2t 2 c+ c 2 + 1, 
which is true due to AM > GM, i.e. 

2 t 2 c + c 2 + 1 = t 2 c + c 2 + 1 + t 2 c > A\J t 2 c ■ c 2 ■ t 2 c = Act. m 


304 Let a, b, c be positive real numbers. Prove the inequality 

a b c a + b b + c a + c 

7 H 1 — > 1 1 -■ 

b c a b + c c + a a + b 

Solution Without loss of generality we may assume that c = minja. h. c}. 
Notice that for x, y, z > 0 we have 

x y z 1 o 1 

- + -H 3 = — (x - y) 2 H (x - z)(y - z). 

y z x xy xz 


Now we obtain 


a b c c + a b + c a + c 

-H 1 3 > 1 1 3 

b c a c + b b + a a + b 


1 


1 


O — ( a — b ) H (a — c)(b — c) 

ab ac 


> 


1 


(a + c)(b + c) 


(a - b )- 


1 


(a + c) (a + b) 


(b — c)(a — c) 


21 Solutions 
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1 1 

^ \ab ( a + c)(b + c ) 

x (a — c)(b — c) > 0. 

The last inequality is true, since: 


( a - b) A + I — — 


1 


ac ( a + c)(a+b ) 


1 

c = minffl, b, c}, 


1 


ac ( a + c)(a + b ) 


1 

> 0 and 


1 


ab (<7 + c)(b + c) 


> 0 . 


305 Let a, b, c be positive real numbers. Prove the inequality 


b 2 + c 2 


+ 


c 2 + a 2 


+ 


> 


b 


i 2 + b 2 b + c c + a a + b 


Solution We have 


a 2 

a 

ab(a — b) + ac(a — c) 

b 2 + c 2 

b + c 

( b 2 + c 2 )(b + c) 

b 2 

b 

bc(b — c) + ab(b — a) 

c 2 + a 2 

c + a 

(c 2 + a 2 )(c + a) 

c 2 

c 

ac(c — a) + bc(c — b) 

a 2 + b 2 

a + b 

( b 2 + a 2 )(b + a) 


Now we obtain 
a 2 b 2 


b 2 + c 2 


c z + a 2 


■ + 


'■ + b 2 


b 


b+c c+a a+b 


ab(a — b) + ac(a — c) bc(b — c) + ab{b — a) ac(c — a) + bc(c — b) 


(b 2 + c 2 )(b + c) 

— ( a 2 + b 2 + c 2 + ab + be + ca ) • ^ 


(c 2 + a 2 )(c + a) (b 2 + a 2 )(b + a) 

ab(a — b ) 2 


( b + c)(c + a)(b 2 + c 2 )(c 2 + a 2 ) 


> 0 . 


306 Let a,b,c be positive real numbers such that a >b > c. Prove the inequality 
a 2 b(a — b) + b 2 c(b — c) + c 2 a(c — a) >0. 


Solution We have 

a 2 b{a — b) + b 2 c(b — c) + c 2 a(c — a) 

— a 2 b(a — b) + b 2 c(b — c) + c 2 a(c — a) — ab 2 (a — b) — ab 2 (b — c ) 
— ab 2 (c — a ) 
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= ( a 2 b(a — b) — ab 2 (a — b)) + ( b 2 c(b — c) — ab 2 (b — c)) 

+ (c 2 a(c — a) — ab 2 (c — a )) 

= ab(a — b) 2 + ( ab + ac — b 2 ){a — c)(b — c). 

So we need to show that 

ab(a — b) 2 + (ab + ac — b 2 )(a — c)(b — c) > 0, 
which clearly holds since a >b>c. 

307 Let a, b, c be the lengths of the sides of a triangle. Prove the inequality 

(b + c) 2 (c + a) 2 (a + b) 2 

1 h ^ — > 6. 

a 2 + be b 2 + ca c 2 + ab 

Solution We have 


(b + c)~ 
a 2 + be 


( c + a)~ 


(a + b)~ 


— 2 > 0 


a 2 + be 


i 2 + be b 2 + ( 


11 2 2 
c — a~ a — c 

a 2 + be c 2 + ab 


b 2 -c 2 


■ + ca c 2 + 1 


( b — a)-(a + b)(a + b — c) (c — a)~(c + a)(c + a — b) 
(a 2 + bc)(b 2 + ca) (a 2 + bc)(c 2 + ab) 

(b — c) 2 (b + c)(b + c — a) 

(b 2 + ca)(c 2 + ab) 

which is clearly true. 

308 Let a, b, c be positive real numbers. Prove the inequality 

a + b b + c c + a ab + be + ca 

1 1 r ^ -j- > 4. 

b + c c + a a + b (a + b + c) z 

Solution Without loss of generality we may assume that c = min {a. h. c}. 
Now we have 

<7 + /? b + c c + a 1 ^ o 

1 1 3 = (a — b)~ 

b + c c + a a + b (a + c)(b + c) 


(a + b)(b + c) 


(i a — c)(b — c) 
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and 


ab + be + ca 1 

3 - 1 = - b) 

(a + b + c ) 2 (a + b + c ) 2 


1 

(a + b + c) 2 


(i a — c){b — c) . 


The given inequality becomes 

M(a — b) 2 + N(a — c)(b — c) > 0, (1) 


where M = {a+c ] {h+c) - ^ and N = {a+b ] [h+c) - ■ 

We can easily prove that M,N > 0, and since c = m i n j a , b, c} we get inequal- 
ity (1). ^ ■ 


309 Let o, fo, c be real numbers. Prove the inequality 

3 (a 2 — ab + b 2 )(b 2 — be + c 2 )(c 2 — ca + a 2 ) > a 3 b 3 + b 3 c 3 + c 3 a 3 . 


Solution It is enough to consider the case when a,b,c> 0. 

We have 

(. a 2 — ab + b 2 )(b 2 — be + c 2 )(c 2 — ca + a 2 ) — a 4 b 2 — a 3 b 3 — a 4 be 

sym eye eye 

+ a 2 b 2 c 2 . 

The given inequality is equivalent to 



sym eye eye 


which is equivalent to 

^(2c 4 + 3 a 2 b 2 - abc(a + b + c))(a - b) 2 > 0. (1) 

eye 

Assume a >b>c and denote 

S a = 2 a 4 + 3 b 2 c 2 — abc(a + b + c), 

Sb — 2 b 4 + 3a 2 c 2 — abc(a + b + c) 

and 

S c = 2c 4 + 3 erb 2 — abcia + b + c). 

We have 

S a = 2 a 4 + 3 b 2 c 2 — abc(a + b + c) >a 4 + 2 a 2 bc — abc(a + b + c) > 0, 

S c = 2c 4 + 3 a 2 b 2 — abc(a + b + c)> 3 a 2 b 2 — abc{a + b + c) > 0, 
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S a + 2 S b = 2 a 4 + 3 b 2 c 2 + 4 b 4 + 6 a 2 c 2 - 3 abc(a + b + c) 
> a 4 + 2a 2 bc + 8b 2 ca — 3 abc{ci + b + c) > 0 


and 


S c + 2 Sb = 2 c 4 + 3 a 2 b 2 + 4 b 4 + 6a 2 c 2 — 3 abc(a + b + c) 

> (3a"b 2 + 3 a 2 c 2 ) + 3 a 2 c 2 — 3 abc(a + b + c) > 0. 

(Since the given inequality is cyclic if we assume that a < b < c similarly we can 
show that S a , S c , S a + 2 Sb, S c + 2 Sb > 0.) 

According to the SOS theorem we obtain that inequality (1) holds, as required. 
Equality holds iff a = b = c. ■ 


310 Let a , b,c,d e R + such that a + b + c + d + abed — 5. Prove the inequality 


1 1 1 

- + - H h 

a b c 


1 

- >4. 
d 


Solution We’ll use Lagrange’s theorem. 
Let 


f(a,b,c,d)=--{ 1 1 — and 

abed 

We define 

1 1 1 

L = f-Xg=- + -+- + 
a b c 

For the first partial derivatives we get 
3L 1 

— = y — A(1 + bed) = 0, 

da a z 

dL 1 

— = — y — L(1 + abd ) = 0, 

dc c- 


g(a,b, c, d) — a + b + c + d + abcd — 5 — 0. 


1 

X(a + b + c + d + abed — 5). 

d 


dL 

Jb 

dL 

~dd 


1 

y — L(1 + acd) = 0, 

b z 

1 

— -y — X(1 + abc) = 0. 
d- 


So 


_ 1 1 

a 2 (l + bcd) b 2 (l+acd) 

From the first two equations we deduce 

a 2 (l + bed) — b 2 {\ + acd), i.e. 


1 _ 1 

c 2 (\+abd) d 2 (l+abc) 


(a — b)(a + b + abed) — 0. 


Since a + b + abed > 0 we must have a — b. 


21 Solutions 


Analogously we deduce that a = c — d, i.e. a — b — c = d. 

Using a + b + c + d + abed — 5 we get 

a — 5 — 0 44* (a — l)(t/ - ( - tt~ - { - tt - | - 5) = 0, 

and it follows that we must have a = 1 . 

So a — b — c = d— 1. 

Finally we have /( 1, 1,1,1) = 1 + 1 + 1 + 1=4, and we are done. 
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